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abstract
In this paper, a new iterative adaptive dynamic programming (ADP) method is proposed to solve a class of
continuous-time nonlinear two-person zero-sum differential games. The idea is to use the ADP technique
to obtain the optimal control pair iteratively which makes the performance index function reach the
saddle point of the zero-sum differential games. If the saddle point does not exist, the mixed optimal
control pair is obtained to make the performance index function reach the mixed optimum. Stability
analysis of the nonlinear systems is presented and the convergence property of the performance index
function is also proved. Two simulation examples are given to illustrate the performance of the proposed
method.
© 2010 Elsevier Ltd. All rights reserved.

1. Introduction
Nowadays, zero-sum differential game theory has been widely
applied to decision making problems. Many control schemes
are presented in order to reach some form of optimality, e.g.,
obtaining the saddle point. Hence, in most papers, the existence
of the saddle point is proposed before obtaining the saddle point
(Abu-Khalaf, Lewis, & Huang, 2006; Chang, Hu, Fu, & Marcus, 2010;
Jain & Watrous, 2009; Jiang, 2009; Shi, 2002; Wang, 2008). In
the real world, however, the existence conditions of the saddle
point are so difficult to satisfy that many applications of the zerosum differential games are restricted to linear systems (Engwerda,
2008; Jimenez-Lizarraga, Basin, & Alcorta-Garcia, 2009). On the
other hand, for many zero-sum differential games, especially in
nonlinear cases, the saddle point of the game does not exist,
which means that we can only obtain the mixed optimal solution
of the games. Meanwhile, the mixed trajectory method is also
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very difficult to apply (Basar & Olsder, 1982). The main difficulty
of the mixed trajectory method is that the optimal probability
distribution is too hard to obtain in the whole real space.
Furthermore, the mixed optimal solution is hardly obtained
once the control schemes are determined. In most cases (i.e., in
engineering case), however, the saddle point or mixed optimal
solution of the zero-sum differential games has to be achieved
by a deterministic optimal control scheme or by a mixed optimal
control scheme. Therefore, how to obtain the saddle point without
the complex existence conditions of the saddle point and how to
obtain the mixed optimal solution under a deterministic mixed
optimal control scheme when the saddle point does not exist are
important research topics. These motivate our research.
Adaptive dynamic programming (ADP) is a powerful method
for solving optimal control problems and has been paid much
attention in recent years (Wang, Zhang, & Liu, 2009; Zhang,
Wei, & Luo, 2008). ADP has also been applied to solve zero-sum
games (Abu-Khalaf, Lewis, & Huang, 2008; Al-Tamimi, Lewis,
& Abu-Khalaf, 2007). While in these papers, ADP was only
used to solve zero-sum games for the situation that the saddle
point exists under the complex existence conditions, so the
applications are very limited. To the best of our knowledge, there
are no ADP methods for solving zero-sum differential games under
the condition that the saddle point does not exist.
In this paper, we propose a new iterative ADP method which
is effective both for the situations that the saddle point exists
or does not exist. For the situation that the saddle point exists,
the existence conditions of the saddle point are avoided. The
performance index function can reach the saddle point using the
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proposed iterative ADP method. For the situation that the saddle
point does not exist, it is emphasized that for the first time, the
mixed optimal performance index function is obtained under a
deterministic mixed optimal control scheme, using the proposed
iterative ADP algorithm.
2. Preliminaries and assumptions
Consider the following two-person zero-sum differential game.
The system is described by the following continuous-time affine
nonlinear equation
ẋ = f (x, u, w) = a(x) + b(x)u + c (x)w,

(1)

where x ∈ R , u ∈ R , w ∈ R , and the initial condition x(0) = x0 is
given. The performance index function is the following generalized
quadratic form (see Basar & Bernhard, 1995, p. 7) given by
n

k

V (x(0), u, w) =

m

∞

∫

l(x, u, w)dt ,

(2)

0

where l(x, u, w) = xT Ax + uT Bu + w T C w + 2uT Dw + 2xT Eu +
2xT F w . The matrices A, B, C , D, E , F are with suitable dimensions
and A ≥ 0, B > 0, C < 0. According to the situation of two
players we have the following definitions. Let V (x) := infu supw
V (x, u, w) be the upper performance index function and V (x) :=
supw infu V (x, u, w) be the lower performance index function with
the obvious inequality V (x) ≥ V (x) (Basar & Bernhard, 1995).
Define the optimal control pairs to be (u, w) and (u, w) for upper
and lower performance index functions, respectively. Then, we
have V (x) = V (x, u, w) and V (x) = V (x, u, w). If both V (x) and
V (x) exist and
V (x) = V (x) = V ∗ (x)

(3)

holds, we say that the saddle point exists and the corresponding
optimal control pair is denoted by (u∗ , w ∗ ). We have the following
lemma.
Lemma 1 (Bardi & Capuzzo-Dolcetta, 1997). If the nonlinear
system (1) is controllable and the upper performance index function
and the lower performance index function both exist, then V (x) is a
solution of the following upper Hamilton–Jacobi–Isaacs (HJI) equation
T

inf sup{V t + V x f (x, u, w) + l(x, u, w)} = 0,
u

w

(4)

which is denoted by HJI(V (x), u, w) = 0 and V (x) is a solution of the
following lower HJI equation
sup inf{V t + V Tx f (x, u, w) + l(x, u, w)} = 0,
w

u

(5)

which is denoted by HJI(V (x), u, w) = 0.
3. Iterative adaptive dynamic programming method for zerosum differential games
As the HJI Eqs. (4) and (5) cannot be solved in general, in
this section, a new iterative ADP method for zero-sum differential
games is proposed.
3.1. Derivation of the iterative ADP method
The goal of the proposed iterative ADP method is to obtain the
saddle point. As the saddle point may not exist, this motivates us
to obtain the mixed optimal performance index function V o (x),
where V (x) ≤ V o (x) ≤ V (x).

Theorem 1. Let (u, w) be the optimal control pair for V (x) and
(u, w) be the optimal control pair for V (x). Then, there exist control
pairs (u, w) and (u, w) which make V o (x) = V (x, u, w) = V (x,
u, w). Furthermore, if the saddle point exists, then V o (x) = V ∗ (x).
Proof. According to the definition of V (x), we have V (x, u, w) ≤
V (x, u, w). As V o (x) is mixed optimal performance index function,
we also have V o (x) ≤ V (x, u, w) (Owen, 1982). As system (1) is
controllable and w is continuous on Rm , there exists a control pair
(u, w) which makes V o (x) = V (x, u, w). On the other hand, we
have V o (x) ≥ V (x, u, w). We also have V (x, u, w) ≥ V (x, u, w).
As u is continuous on Rk , there exists control pair (u, w) which
makes V o (x) = V (x, u, w). If the saddle point exists, we have (3)
holds. On the other hand, V (x) ≤ V o (x) ≤ V (x). Then clearly
V o (x) = V ∗ (x). 
If Eq. (3) holds, we have a saddle point; if not, we adopt the
mixed trajectory method to obtain the mixed optimal solution of
the game. To apply the mixed trajectory method, the game matrix
is necessary under the trajectory sets of the control pair (u, w).
Small Gaussian noises γu ∈ Rk and γw ∈ Rm are introduced that are
added to the optimal control u and w , respectively, where
γui (0, σi2 ), i = 1, . . . , k, and γwj (0, σj2 ), j = 1, . . . , m, are zeromean Gaussian noises with variances σi2 and σj2 , respectively.
We define the expected performance index function as E (V (x)) =
∑2 ∑2
minPIi maxPIIj
i=1
j=1 PIi Lij PIIj , where we let L11 = V (x, u, w),
L12 = V (x, (u + γu ), w), L21 = V (x, u, w) and L22 = V (x, u, (w +
∑
∑
γw )). Let 2i=1 PIi = 1 and PIi > 0. Let 2j=1 PIIj = 1 and PIIj > 0.
Next, let N be a large enough positive integer. Calculating
the expected performance index function for N times, we can
obtain E1 (V (x)), E2 (V (x)), . . . , EN (V (x)). Then, the mixed optimal
performance index function can be written as
V o (x) = E (Ei (V (x))) =

N
1 −

N i=1

Ei (V (x)).

Remark 1. In the classical mixed trajectory method (Basar &
Olsder, 1982), the whole control sets Rk and Rm should be searched
under some distribution functions. As there are no constraints for
both controls, we can see that there exist controls that cause the
system to be unstable. This is not permitted for real-world control
systems. Thus, it is impossible to search the whole control sets and
we can only search the local area around the stable controls, which
guarantees stability of the system. This is the reason why the small
Gaussian noises γu and γw are introduced. So the meaning of the
Gaussian noises can be seen as the local stable area of the control
pairs. A proposition will be given to show that the control pair
chosen in the local area is stable (see Proposition 3). Similar works
can also be seen in Al-Tamimi et al. (2007) and Wei, Zhang, and Dai
(2009).
We can see that the mixed optimal solution is a mathematically
expected value, which means that it cannot be obtained in reality
once the trajectories are determined. For most practical optimal
control problems, however, the expected optimal solution (or
mixed optimal solution) has to be achieved. To overcome this
difficulty, a new method is proposed in this paper. Let α = (V o (x)−
V (x))/(V (x)−V (x)). Then V o (x) can be written as V o (x) = α V (x)+
(1 − α)V (x). Let lo (x, u, w, u, w) = α l(x, u, w) + (1 − α)l(x, u, w).
∞
Then we have V o (x(0)) = 0 lo dt. According to Theorem 1, the
mixed optimal control pair can be obtained by regulating the
control w in the control pair (u, w) that minimizes the error
between V (x) and V o (x), where the performance
 ∞ index function
V (x) is defined as V (x(0)) = V (x(0), u, w) = 0 l(x, u, w)dt and
V (x(0)) ≤ V (x(0)) ≤ V (x(0)). Define 
V (x(0)) =

∞
l(x, w)dx,
0

where 
l(x, w) = l(x, u, w) − lo (x, u, w, u, w). Then the problem
can be described as minw (
V (x))2 . According to the principle
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of optimality, when 
V (x) ≥ 0 we have the following Hamilton–
Jacobi–Bellman (HJB) equation

Step 7. Regulate the control w for the upper performance index
function and let

HJB(
V (x), w) := min{
Vt (x) + 
Vx f (x, u, w) +
l(x, w)}


V (i+1) (x(0)) = V (i+1) (x(0)) − V o (x(0))
∫ ∞
l(x, u, w(i) )dt .
=

w

= 0.

(6)

For 
V (x) < 0, we have −
V (x) = −(V (x) − V o (x)) > 0, and we

(13)

0

can also obtain the same HJB equation as (6).

The iterative optimal control is formulated as

3.2. The iterative ADP algorithm

w (i) = − C −1 (2DT u + 2F T x + c T (x)
Vx(i+1) )

1

Given the above preparation, we now formulate the iterative
ADP algorithm for zero-sum differential games as follows.
Step 1. Initialize the algorithm with a stabilizing control pair
(u(0) , w(0) ) and the performance index function V (0) . Choose the
computation precision ζ > 0. Set i = 0.

V

(x(0)) =

∞

∫

l(x, u

(i+1)

, w (i+1) )dt ,

(7)

0

where the iterative optimal control pair is formulated as
u

(i+1)

(i)
where 
Vx = d
V (i) (x)/dx.

Step 8. If |V (i+1) (x(0)) − V o (x(0))| < ζ stop. Else, set i = i + 1 and
go to Step 7.
3.3. Properties of the iterative ADP algorithm
In this subsection, results are presented to show the stability
and convergence of the proposed iterative ADP algorithm.

Step 2. For the upper performance index function, let
(i)


1
= − (B − DC −1 DT )−1 2(E T − DC −1 F T )x

(i)

(i) 
+ (bT (x) − DC −1 c T (x))V x ,

(8)

dV

(i)

(x)

dt

and
(9)

2

(i)

(i)

(i)

(u , w ) satisfies the HJI equation HJI(V (x), u , w ) = 0, and
(i)
(i)
V x = dV (x)/dx.


(i)
 (i+1)

Step 3. If V
(x(0)) − V (x(0)) < ζ , let u = u(i) , w = w(i)

(i)T

dV

(i)

(x)

dt

(i)

(16)

(i)T

= V x (b(x) − c (x)C −1 DT )(u(i+1) − u(i) )
1 (i)T

(i)

− V x c (x)C −1 c T (x)V x
4

(10)
dV

1
= − B−1 (2Dw (i+1) + 2E T x + bT (x)V x(i) ),
2

(i)

(x)

dt

(17)

= −(u(i+1) − u(i) )T (B − DC −1 DT )
× (u(i+1) − u(i) ) − l(x, u(i+1) , w (i+1) )
≤ 0.

(11)

(18)

(i)

So, V (x) is a Lyapunov function (Cloutier, 1997). Let ε > 0 and
‖x(t0 )‖ < δ(ε). Then, there exist two functions α(‖x‖) and β(‖x‖)
which belong to class K and satisfy

and
1

w(i+1) = − (C − DT BD)−1 (2(F T − DT B−1 E )x
2

+ (c T (x) − DT B−1 bT (x))V x(i) ),
(i)

(15)

According to (8), we have

l(x, u(i+1) , w (i+1) )dt

where the iterative optimal control pair is formulated as
u

(i)

− 2xT (E − FC −1 DT )u(i+1) + xT FC −1 F T x.

0

(i+1)


+ c (x)w (i+1) .

− xT Ax − u(i)T (B − DC −1 DT )u(i)

Step 4. For the lower performance index function, let
∞

(i+1)

a(x) + b(x)u

(x), we

Combining (15) and (16), we get

(i+1)

V (i) (x(0)) =



0 = V x f (x, u , w (i) ) + l(x, u , w (i) ).

and V (x) = V
(x), set i = 0 and go to Step 4. Else, set i = i + 1
and go to Step 2.

∫

(i)T

= Vx

(i)

From the HJI equation we have


1
(i) 
w(i+1) = − C −1 2DT u(i+1) + 2F T x + c T (x)V x ,
(i)

(i)

Theorem 2. If for ∀i ≥ 0, HJI(V (x), u , w (i) ) = 0 holds, and
(i)
(i)
for ∀ t , l(x, u , w (i) ) ≥ 0, then the control pairs (u , w (i) ) make
system (1) asymptotically stable.
Proof. According to (7), for ∀ t, taking the derivative of V
have

2

(i)

(14)

2

(i)

(12)
(i)

(i)

(i)

(u , w ) satisfies the HJI equation HJI(V (x), u , w ) = 0, and
V (xi) = dV (i) (x)/dx.


Step 5. If V (i+1) (x(0)) − V (i) (x(0)) < ζ , let u = u(i) , w = w (i)
and V (x) = V (i+1) (x). Set i = 0 and go to Step 6. Else, set i = i + 1
and go to Step 4.



Step 6. If V (x(0)) − V (x(0)) < ζ , stop, and the saddle point is
achieved. Else, set i = 0 and go to the next step.

(i)

(i)

α(ε) ≥ β(δ) ≥ V (x(t0 )) ≥ V (x(t )) ≥ α(‖x‖).

(19)

Then we have that system (1) is asymptotically stable (details can
be seen in Liao, Wang, and Yu (2007)). 
Theorem 3. If for ∀i ≥ 0, HJI(V (i) (x), u(i) , w (i) ) = 0 holds, and
for ∀t , l(x, u(i) , w (i) ) < 0, then the control pairs (u(i) , w (i) ) make
system (1) asymptotically stable.
Corollary 1. If for ∀i ≥ 0, HJI(V (i) (x), u(i) , w (i) ) = 0 holds, and
for ∀ t , l(x, u(i) , w (i) ) ≥ 0, then the control pairs (u(i) , w (i) ) make
system (1) asymptotically stable.
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Proof. As V (i) (x) ≤ V

(i)

(x) and l(x, u(i) , w(i) ) ≥ 0, we have 0 ≤
V (x) ≤ V (x). From Theorem 2, we know that for ∀t0 , there
exist two functions α(‖x‖) and β(‖x‖) which belong to class K
(i)
and satisfy (19). As V (x) → 0, there exist time instants t1 and t2
(without loss of generality, let t0 < t1 < t2 ) that satisfy
(i)

(i)

V

(i)

(i)

(i)

(x(t0 )) ≥ V (x(t1 )) ≥ V (i) (x(t0 )) ≥ V (x(t2 )).

Choose ε1 > 0 that satisfies V (i) (x(t0 )) ≥ α(ε1 ) ≥ V

(i)

Then, we can obtain
(i)

(21)

According to (19), we have

α(ε) ≥ β(δ) ≥ V (x(t0 )) ≥ α(ε1 ) ≥ β(δ1 ) ≥ V (x(t ))
≥ α(‖x‖).

(22)

Since α(‖x‖) belongs to class K , we can obtain ‖x‖ ≤ ε . Then we
can conclude that the system (1) is asymptotically stable. 

(i)

Theorem 4. If for ∀i ≥ 0, HJI(V (x), u , w (i) ) = 0 holds, and
(i)
(i)
l(x, u , w (i) ) is the utility function, then the control pairs (u , w (i) )
make system (1) asymptotically stable.
Proof. For the time sequence t0 < t1 < t2 < · · · < tm < tm+1 <
· · ·, without loss of generality, we assume l(x, u(i) , w (i) ) ≥ 0 in
[t2n , t(2n+1) ) and l(x, u(i) , w(i) ) < 0 in [t2n+1 , t(2(n+1)) ), where n =
0, 1, . . . .
t
(i)
(i)
For t ∈ [t0 , t1 ), we have l(x, u , w (i) ) ≥ 0 and t 1 l(x, u ,
0

w (i) )dt ≥ 0. According to Theorem 2, we have ‖x(t0 )‖ ≥
 t ‖x(t )‖ ≥
‖x(t1 )‖. For t ∈ [t1 , t2 ) we have l(x, u(i) , w (i) ) < 0 and t12 l(x, u(i) ,
w (i) )dt < 0. According to Corollary 2, we have ‖x(t1 )‖ > ‖x(t )‖ >
‖x(t2 )‖. So, we can obtain ‖x(t0 )‖ ≥ ‖x(t )‖ > ‖x(t2 )‖, for ∀t ∈
[t0 , t2 ).
Then, using the mathematical induction, for ∀t, we have
‖x(t ′ )‖ ≤ ‖x(t )‖, where t ′ ∈ [t , ∞). So, we can conclude that the
system (1) is asymptotically stable and the proof is completed.

Next, we will give the convergence proof of the iterative ADP
algorithm.
(i)

i→∞

(i)

(i)

Proof. According to HJI(V (x), u , w ) = 0, we can obtain
dV̄ (i+1) (x)/dt by replacing the index ‘‘i’’ by the index ‘‘i + 1’’
dV

(i+1)

dt

( x)

= −(xT Ax + u(i+1)T (B − DC −1 DT )u(i+1)
1 (i)T

dV

(i)

(x)

dt

(24)

Since the system (1) is asymptotically stable, its state x
(i+1)

(i)

(i+1)

(i)

(i+1)

(i)

(x) − V (x) ≤ 0; that is V
(x) ≤ V (x). As such,
(i)
V (x) is convergent as i → ∞. Next,
we define limi→∞ V (x) =



(∞)
(i)
t̂
V
(x). For ∀i, let w∗ = arg maxw t l(x, u, w)dτ + V (x(t̂ )) .

V

(i)

(x) ≤ sup

t̂

∫

w

l(x, u, w)dτ + V

(x(t̂ ))



t
t̂

∫

(i)

l(x, u, w ∗ )dτ + V

=

(i)

(x(t̂ )).

(25)

t

(i+1)

(i)

(i)

(x) ≤ V (x), we have V

(∞)

(x) ≤

 t̂

l(x, u, w ∗ )dτ +
t t̂
V (x(t̂ )). Let i → ∞, we can obtain V
(x) ≤ t l(x, u, w∗ )dτ +

(∞)
(∞)
t̂
V
(x(t̂ )). So, we have V (x) ≤ infu supw t l(x, u, w)dt +

(i)
V (x(t̂ )) .
Let ϵ > 0 be an arbitrary positive number. Since the upper
Since V

(∞)

performance index function is nonincreasing and convergent,
(i)

 t̂

(i)

(∞)

(x) − ϵ ≤ V  (x) ≤
(i)
∗
l(x, u, w )dτ + V (x(t̂ )) . Then,

there exists a positive integer
 i such that V

(x). Let u∗ = arg minu t
 t̂
(i)
(i)
∗
we can get V (x) = t l(x, u , w ∗ )dτ + V (x(t̂ )). Thus, we have
∫ t̂
(∞)
(i)
∗
V
(x) ≥
l(x, u , w ∗ )dτ + V (x(t̂ )) − ϵ
V

t
t̂

∫

l(x, u , w ∗ )dτ + V
∗

≥

(∞)

(x(t̂ )) − ϵ

t

∫

t̂

l(x, u, w)dτ +V

= inf sup
u

w

(∞)


(x(t̂ )) − ϵ.

(26)

t

Since ϵ is arbitrary, we have
V

(∞)

(x) ≥ inf sup
u

w

∫

t̂

l(x, u, w)dτ + V

(∞)


(x(t̂ )) .

t

Therefore, we can obtain
(∞)

(x) = inf sup
u

w

∫

t̂

l(x, u, w)dτ + V

(∞)


(x(t̂ )) .

t

Let t̂ → ∞, we have V

(∞)

(x) = infu supw V (x, u, w) = V (x).



Proposition 2. If for ∀i ≥ 0, HJI(V (i) (x), u(i) , w (i) ) = 0 holds,
then the control pairs (u(i) , w (i) ) make the lower performance index
function V (i) (x) → V (x) as i → ∞.
Theorem 6. If the saddle point of the zero-sum differential game
(i)
exists, then the control pairs (u , w (i) ) and (u(i) , w (i) ) make

(i)

+ V x c (x)C −1 c T (x)V x
4

+ 2xT (E − FC −1 DT )u(i+1) − xT FC −1 F T x).

dt

−

converges
(x) − V (x). Since
 (i+1) to zero,
and so does V
(i)
d V
(x) − V (x) /dt ≥ 0 on these trajectories, it implies

V

(x) = V (x).
(i)

(x)

× (u(i+1) − u(i) ) > 0.

(i)

Proposition 1. If for ∀i ≥ 0, HJI(V (x), u , w ) = 0 holds,
(i)
then the control pairs (u , w (i) ) make the upper performance index
function satisfy
(i)

(i+1)

= (u(i+1) − u(i) )T (B − DC −1 DT )



Theorem 5. If for ∀i ≥ 0, HJI(V (i) (x), u(i) , w (i) ) = 0 holds, and
l(x, u(i) , w (i) ) is the utility function, then the control pairs (u(i) , w (i) )
make system (1) asymptotically stable.

lim V

dt

(i)

Corollary 2. If for ∀i ≥ 0, HJI(V (x), u , w (i) ) = 0 holds, and
(i)
(i)
for ∀t, l(x, u , w (i) ) < 0, then the control pairs (u , w (i) ) make
system (1) asymptotically stable.

(i)

dV

=

Then, according to the principle of optimality (Basar & Olsder,
1982), we have

(i)

(i)

(i)

(x) − V (x))

(i)

≥ V (i) (x(t )) ≥ α(‖x‖).

(i)

(i+1)

that V

(i)

(x(t2 )) ≥ V (x(t ))

(i)

d(V

(20)

(x(t2 )). Then
(i)
there exists δ1 (ε1 ) > 0 that makes α(ε1 ) ≥ β(δ1 ) ≥ V (x(t2 )).
V (i) (x(t0 )) ≥ α(ε1 ) ≥ β(δ1 ) ≥ V

According to (18), we can obtain

(23)

V

(i)

(x) → V ∗ (x) and V (i) (x) → V ∗ (x), respectively, as i → ∞.
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Proof. For the upper performance index function, according to
(i)

Proposition 1, we have V (x) → V (x) under the control pairs
(u(i) , w(i) ) as i → ∞. So the optimal control pair for upper performance index function satisfies V (x) = V (x, u, w) = infu supw
V (x, u, w). On the other hand, there exists an optimal control pair
(u∗ , w∗ ) to make the performance index reach the saddle point.
According to the property of the saddle point (Basar & Olsder, 1982;
Owen, 1982), the optimal control pair (u∗ , w ∗ ) satisfies V ∗ (x) =
(i)

V (x, u∗ , w ∗ ) = infu supw V (x, u, w). So, we have V (x) → V ∗ (x)
(i)
under the control pair (u , w (i) ) as i → ∞. Similarly, we can
(i)
∗
derive V (x) → V (x) under the control pairs (u(i) , w (i) ) as
i → ∞. 
Remark 2. From the proofs we can see that the complex existence
conditions of the saddle point in Abu-Khalaf et al. (2006, 2008),
Bianchini, Genesio, Parenti, and Tesi (2004) and Tsiotras, Corless,
and Rotea (1998), are not necessary. If the saddle point exists,
the iterative performance index functions can converge to the
saddle point using the proposed iterative ADP algorithm. This is
an important contribution of the proposed algorithm in this paper.
We emphasize that when the saddle point does not exist,
the mixed optimal solution can be obtained effectively using the
iterative ADP algorithm. The following propositions can be proved
using similar steps as the proofs of Theorem 2 and Proposition 1.
Proposition 3. If u ∈ Rk , w (i) ∈ Rm and the utility function is
l̃(x, w (i) ) = l(x, u, w (i) ) − lo (x, u, w, u, w), and w (i) is expressed
in (14), then the control pairs (u, w (i) ) make the system (1) asymptotically stable.

Proof. It is proved by contradiction. Suppose that the control pairs
(u, w(i) ) make the performance index function V (i) (x) converge to
V ′ (x) and V ′ (x) ̸= V o (x).
According to Theorem 7, based on the principle of optimality,
as i → ∞ we have the HJB equation HJB(
V (x), w) = 0. From
the assumptions we know that |V (i) (x) − V o (x)| ̸= 0 as i → ∞.
From Theorem 1, we know that there exists a control pair (u, w ′ )
that makes V (x, u, w ′ ) = V o (x) which minimizes the performance
index function 
V (x). According to the principle of optimality, we
also have the HJB equation HJB(
V (x), w ′ ) = 0. It is a contradiction.
So the assumption does not hold. Thus, we have V (i) (x) → V o (x)
as i → ∞. 
Remark 3. For the situation where the saddle point does not exist,
the methods in Abu-Khalaf et al. (2006, 2008) and Bianchini et al.
(2004) are all invalid. While using our iterative ADP method, the
iterative performance index function reached the mixed optimal
performance index function V o (x) under the deterministic control
pair. This is another important contribution of the proposed
algorithm in this paper. Therefore, we emphasize that the proposed
iterative ADP method is more effective.
4. Simulation study
In the first example, we will show that using the proposed
iterative ADP method, the saddle point of the game can be obtained
where the existence conditions of the saddle point are avoided and
we will compare the results with Abu-Khalaf et al. (2008).
Example 1. The dynamics of the benchmark nonlinear plant can
be expressed by system (1), where

[

(i)

Proposition 4. If u ∈ R , w ∈ R and for ∀t, the utility function
V (i) (x) a nonl̃(x, w (i) ) ≥ 0, then the control pairs (u, w (i) ) make 
increasing convergent sequence as i → ∞.
k

m

(i)

Proposition 5. If u ∈ R , w ∈ R and for ∀t, the utility function
l̃(x, w (i) ) < 0, then the control pairs (u, w (i) ) make Ṽ (i) (x) a nondecreasing convergent sequence as i → ∞.
k

m

Theorem 7. If u ∈ Rk , w (i) ∈ Rm and l̃(x, w (i) ) is the utility function,
then the control pairs (u, w (i) ) make 
V (i) (x) convergent as i → ∞.
Proof. For the time sequence t0 < t1 < t2 < · · · < tm <
tm+1 < · · ·, without loss of generality, we suppose l̃(x, w (i) ) ≥ 0
in [t2n , t2n+1 ) and l̃(x, w (i) ) < 0 in [t2n+1 , t2(n+1) ), where n = 0,
1, . . . .
t
For t ∈ [t2n , t2n+1 ), we have l̃(x, w (i) ) ≥ 0 and t 1 l̃(x, w (i) )dt
0

≥ 0. According to Proposition 4, we have 
V (i+1) (x) ≤ 
V (i) (x). For
t2
(i)
t ∈ [t2n+1 , t2(n+1) ) we have l̃(x, w ) < 0 and t l̃(x, w (i) )dt < 0.
1
According to Proposition 5, we have 
V (i+1) (x) > 
V (i) (x). Then, for
∀t0 , we have
∫ t
 ∫ t

 (i+1)

 1
  2

(i)
(i)

+

V
(x(t0 )) = 
l̃
(
x
,
w
)
dt
l̃
(
x
,
w
)
dt

 

t0
t1
∫ t

 (m+1)

+ ··· + 
l̃(x, w (i) )dt 

 + ···
tm

 (i)

< 
V (x(t0 )) .
So, 
V (i) (x) is convergent as i → ∞.
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a(x) = x2

[

b(x) = 0

[

c (x) = 0

−x1 + εx24 sin x3
1 − ε 2 cos2 x3
−ε cos x3
1 − ε 2 cos2 x3
1
1 − ε 2 cos2 x3

0

0

x4

ε cos x3 (x1 − ε x24 sin x3 )
1 − ε 2 cos2 x3
]T

]T

1

1 − ε cos2 x3
2

−ε cos x3
1 − ε 2 cos2 x3

]T
(28)

and ε = 0.2. The initial state is given as x(0) = [1, 1, 1, 1]T .
The performance index function is defined by (2), where the utility
function is expressed as l(x, u, w) = x21 + 0.1x22 + 0.1x23 + 0.1x24 +
‖u‖2 − γ 2 ‖w‖2 and γ 2 = 10.
Any differential structure can be used to implement the
iterative ADP method. For facilitating the implementation of the
algorithm, in this paper, we choose a three-layer neural network
as the critic network with the structure of 4-8-1. The structures of
the u and w for the upper performance index function are 4-8-1
and 5-8-1; while 5-8-1 and 4-8-1 for the lower performance index
function. The initial weights are all randomly chosen in [−0.1, 0.1].
Then, for each i, the critic network and the action network are
trained for 1000 time steps so that the given accuracy ζ = 10−6
is reached. Let the learning rate η = 0.01. The iterative ADP
method runs for i = 70 times and the convergence trajectory of the
performance index function is shown in Fig. 1(a). We can see that
the saddle point of the game exists. Then, we apply the controller
to the benchmark system and run for Tf = 60 s. The optimal
control trajectories are shown in Fig. 1(b). The corresponding state
trajectories are shown in Fig. 1(c) and (d), respectively.

(27)


Theorem 8. If u ∈ Rk , w (i) ∈ Rm and l̃(x, w (i) ) is the utility function,
then the control pairs (u, w (i) ) make V (i) (x) → V o (x) as i → ∞.

Remark 4. The simulation results illustrate the effectiveness of
the proposed iterative ADP algorithm. If the saddle point exists, the
(i)
iterative control pairs (u , w (i) ) and (ui , w (i) ) make the iterative
performance index functions reach the saddle point while the
existence conditions of the saddle point are avoided.
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a

b

c

d

Fig. 1. Simulation results for Example 1. (a) Trajectories of the upper and lower performance index functions. (b) Trajectories of the controls. (c) Trajectories of state x1
and x3 . (d) Trajectories of state x2 and x4 .

a

b

c

d

Fig. 2. Performance index function trajectories. (a) Trajectory of the upper performance index function. (b) Trajectory of the lower performance index function.
(c) Performance index functions with disturbances. (d) Trajectory of the mixed optimal performance index function.

Example 2. In this example, we just change the utility function to
l(x, u, w) = x21 + 0.1x22 + 0.1x23 + 0.1x24 + ‖u‖2 − γ 2 ‖w‖2 −
0.1uw + 0.1xT u + 0.1xT w and all other conditions are the same
as the ones in Example 1. We can obtain V (x(0)) = 0.65297 and
V (x(0)) = 0.44713, with trajectories shown in Fig. 2(a) and (b),
respectively. Obviously, the saddle point does not exist. Thus, the
method in Abu-Khalaf et al. (2008) is invalid. Using the mixed
trajectory method proposed in this paper, we choose the Gaussian
noise γu (0, 0.052 ) and γw (0, 0.052 ). Let N = 5000 times. The
performance index function trajectories are shown in Fig. 2(c).
Then, we obtain the value of the mixed optimal performance index
function V o (x(0)) = 0.55235 and then α = 0.5112. Regulate the
control w and obtain the trajectory of mixed optimal performance

index function displayed in Fig. 2(d). The state trajectories are
shown in Fig. 3(a) and (b), respectively. The corresponding control
trajectories are shown in Fig. 3(c) and (d), respectively.
5. Conclusion
In this paper, an iterative ADP algorithm is developed that is
effective for both the situations that the saddle point exists or
does not exist. For the situation that the saddle point exists, the
contribution of the algorithm is that existence conditions of the
saddle point are avoided and the saddle point can directly be
obtained. As there is no ADP method for the situation that the
saddle point does not exist, we emphasize that for the first time the
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a

b

c

d
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Fig. 3. State and control trajectories. (a) Trajectories of states x1 and x3 . (b) Trajectories of states x2 and x4 . (c) Trajectory of control u. (d) Trajectory of control w .

mixed optimal solution is obtained under the deterministic mixed
optimal control pairs. The stability convergence properties are also
guaranteed. This is another contribution that we emphasize.
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