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Abstract—In this paper, robust stability problems for interval
Cohen–Grossberg neural networks with unknown time-varying
delays are investigated. Using linear matrix inequality, -ma-
trix theory, and Halanay inequality techniques, new sufficient
conditions independent of time-varying delays are derived to
guarantee the uniqueness and the global robust stability of the
equilibrium point of interval Cohen–Grossberg neural networks
with time-varying delays. All these results have no restriction on
the rate of change of the time-varying delays. Compared to some
existing results, these new criteria are less conservative and are
more convenient to check. Two numerical examples are used to
show the effectiveness of the present results.

Index Terms—Cohen–Grossberg neural networks, Halanay in-
equality, interval neural networks, linear matrix inequality (LMI),

-matrix, robust stability, time-varying delays.

I. INTRODUCTION

S INCE Cohen and Grossberg proposed a class of neural
networks in 1983 [12], this model (called Cohen–Gross-

berg neural networks) has received increasing attention due to
its promising potential for applications in pattern formation and
associative memories. This kind of Cohen–Grossberg neural
networks include Hopfield neural networks [18], shunting
neural networks, and other neural networks [14], [15] as special
cases. Compared to Hopfield neural networks, the advantages
of Cohen–Grossberg neural networks are as follows.

1) Cohen–Grossberg neural networks represent a large
kind of biological neural systems, including a number
of models from population biology, neurobiology, and
evolutionary theory, especially the Hopfield neural
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networks as a special case. Cohen–Grossberg neural
networks are more general than Hopfield neural net-
works in the aspects of structure and implementation.

2) The dynamics of Cohen–Grossberg neural networks can
reflect the evolution of biological system and population
model, in which the equilibrium point must be non-
negative, representing the case of species’ competition
and extinction. In some cases of amplification function,
Cohen–Grossberg neural networks can have the same
dynamics as that of Hopfield neural network. However,
the dynamics of Hopfield neural network generally
cannot reflect the evolution of biological system and
population model, for example, Lotka–Volterra system.

Because Cohen–Grossberg neural networks have been
successfully applied in classification, parallel computation,
associative memories, and especially in solving optimization
problems, research on Cohen–Grossberg neural network has
recently attracted much attention and has become a hot topic
in the neural network research community. Such applications
rely on the qualitative stability properties of the network. Thus,
the qualitative analysis of the network’s dynamic behavior is
a prerequisite step for the practical design and application of
neural networks. Because of the finite speed of switching and
transmission of signals, time delays are inevitably present in
electronic implementation of neural networks, which can influ-
ence the stability of the entire network by creating oscillatory
or unstable behaviors. Recently, some sufficient conditions
for the global asymptotic and exponential stability of delayed
Cohen–Grossberg neural networks have been established in
[3], [9]–[11], [16], [19], [20], [27]–[29], [32], [35]–[37], [42],
and [47]. However, in electronic implementation of neural
networks, there also exist inevitably some uncertainties due
to the existence of modeling errors and parameter fluctua-
tions, which lead to complex dynamical behaviors. Thus, a
good neural network design should have robustness against
such uncertainties. In [26], the authors investigated the ro-
bust stability problem for a kind of interval delayed neural
networks and have obtained a sufficient condition for robust
stability of the unique equilibrium point. For the interval neural
network models similar to that in [26], some robust stability
results are derived in [2], [5], [8], [21], [25], and [34] based
on -matrix theory or some algebraic inequality approaches.
Recently, some global robust exponential stability criteria were
proposed in [11], [29], and [35] for interval Cohen–Grossberg
neural networks with time-varying delays based on differen-
tial inequality techniques and -matrix theory. Some linear
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matrix inequality (LMI)-based criteria are proposed in [32]
for uncertain Cohen–Grossberg neural networks with constant
delay. Although the suitability of the criteria based on differ-
ential inequality techniques is improved significantly, these
criteria are generally difficult to check because there are many
parameters to be tuned. Today, the LMI technique has been
successfully employed in tackling many stability problems of
neural networks. The derived stability criteria can efficiently
be solved using the interior point algorithms, and are less con-
servative than some previous results [10], [17], [21]–[24], [33],
[34], [39], [44]. However, for the case of time-varying delays,
the LMI-based stability results usually assume that the value
of derivative of time-varying delays is less than one [1], [3],
[6], [8], [11], [13], [17], [23], [24], [38], [43], which seriously
restricts the application of the corresponding results, especially
in the case of unknown time-varying delays.

In this paper, we investigate the global robust stability of
equilibrium point for interval Cohen–Grossberg neural net-
works with unknown time-varying delays based on the LMI
technique under the assumption that the amplification function
is continuous, positive and bounded. Moreover, we also present
a global robust stability condition for the positive equilib-
rium point of interval Cohen–Grossberg neural networks with
unknown time-varying delays under the assumption that the
amplification function is continuous and nonnegative. All the
obtained results are independent of time-varying delays, which
also means that we do not restrict the value of the derivative of
the time-varying delays.

This paper is organized as follows. Problem statement and
preliminaries are given in Section II. Global robust exponen-
tial stability results independent of time-varying delays are pre-
sented in Section III. Some sufficient conditions for the exis-
tence and uniqueness, and the global robust stability of the con-
cerned Cohen–Grossberg neural networks with positive equilib-
rium point are presented in Section IV. Two numerical examples
are utilized to demonstrate the validity of the obtained results in
Section V, and conclusions are given in Section VI.

II. PROBLEM STATEMENT AND PRELIMINARIES

Consider the following interval Cohen–Grossberg neural net-
works with multiple time-varying delays:

(1)

where denotes the state of the th neuron at time ,
denotes the amplification function, denotes

the appropriately behaved function such that the solution
of the model given in (1) remains bounded, and

denote the activation function, are
bounded and unknown time-varying delays, ,

, and denote the connection
weight and delayed connection weight matrices, respectively,

, , and de-
notes the external constant input bias, . The

initial condition is , where , and
denotes a continuous and bounded set from

to with , .
Throughout this paper, let , whose th row is

composed of the th row of matrix and other
rows are all equal to zero, . For a
real square matrix , denotes a symmetric neg-
ative(positive)-definite matrix, , , , and
denote the transpose, the inverse, the smallest eigenvalue, and
the largest eigenvalue of matrix , respectively. Let de-
note the Euclidean norm defined by . Let

, , ,
, , ,

, ,
, , and ,

. Let and 0 denote the identity matrix and the
zero matrix with appropriate dimensions, respectively.

Definition 2.1: If there exist positive constants and
such that ,

then the origin is said to be globally exponentially stable for
system (1) with , where and

is called the exponential convergence rate.
Assumption 2.1: For any and , the activation

functions and satisfy the following conditions:

(2)

(3)

where and are constants, .
Assumption 2.2: Function satisfies

(4)

and , .
Assumption 2.3: Amplification function is positive,

continuous, and bounded, i.e., ,
, , .

Let , ,
, and .

Lemma 2.1 (cf., [7] and [48]): Let and be constants with
, . Let be a continuous function that

is nonnegative on and that satisfies the following
inequality:

for , where . Then, when ,
we have , where is the unique positive
solution of the equation .

Lemma 2.2 (cf., [23] and [38]): For two vectors and , a
constant , and a matrix with appropriate dimen-
sion, the following inequality holds:
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Lemma 2.3 (cf., [5] and [8]): For any matrix ,
the following inequality holds:

where and .
Lemma 2.4: For two vectors and , a constant ,

and matrices and with appropriate
dimensions, the following inequalities hold:

(5)

(6)

where and .
Proof: By Lemmas 2.2 and 2.3, we have

which means that inequality (5) holds. Similarly

III. GLOBAL ROBUST EXPONENTIAL STABILITY RESULTS

A. Cohen–Grossberg Neural Networks With Multiple
Time-Varying Delays

Let be an equilibrium point of system
(1). By coordinate transformation , and using the
same method as that in [45], we get the following system:

(7)

where ,
, ,

, ,
, ,

,
, and

for .

According to Assumption 2.1, we have
and for . By Assumption 2.2, we
have .

Obviously, the problem of global exponential stability of the
equilibrium point of system (1) is equivalent to the problem
of global exponential stability of the origin of system (7).

Theorem 3.1: Under Assumptions 2.1–2.3, if there exist pos-
itive-definite diagonal matrices , , , , and , and con-
stants , , , , , , and ,

, such that the following matrix inequalities hold:

(8)

(9)

then the equilibrium point of system (7) is unique, and it is glob-
ally robustly exponentially stable, independent of time-varying
delays, where

and corresponds to the symmetric part in a matrix.
Proof: We will prove the theorem in two steps. First, we

will show that (8) and (9) are sufficient conditions guaranteeing
the uniqueness of the equilibrium point of system (7). Consider
(7) at equilibrium point , i.e.,

(10)

If and , then it is easy to see .
Now suppose , , and . Multiplying

and , on both sides of (10), re-
spectively, we have
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(11)

Note that the following inequalities hold for positive-definite
diagonal matrices and :

By Lemmas 2.2–2.4 and the above two inequalities, from (11),
we have

(12)

By (9), we have

(13)

Substituting (13) into (12) and after rearranging, we have

(14)
where is defined in (8). However, for , ,
and , from (8), we get

(15)
Obviously, (15) contradicts with (14), which in turn implies that
at the equilibrium point , and . This
means that the origin of (7) is a unique equilibrium point for a
given .

Second, we will show that conditions (8) and (9) are also suffi-
cient conditions guaranteeing the global robust exponential sta-
bility of the equilibrium point of system (7). Choose the fol-
lowing Lyapunov functional:

(16)

where , , and are all positive numbers. The derivative of
along the trajectories of (7) is as follows:

(17)

where , and
.

Using Assumption 2.1 and Lemmas 2.2–2.4 again, (17) be-
comes
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(18)

From the Lyapunov functional (16), we have

(19)

Considering (9), we have

(20)
where .

Because ,
there exists a constant such that

for . Therefore, combining (19) with (20), (18) becomes

(21)

where .
By Lemma 2.1,

, where .
Furthermore, from (16), we have ,
which leads to

By Definition 2.1, the equilibrium point of (7) is globally ro-
bustly exponentially stable if conditions (8) and (9) hold.

When in (1), , the model (7) be-
comes

(22)
In a similar procedure to the proof of Theorem 3.1, we have the
following result.

Corollary 3.1: Under Assumptions 2.1–2.3, if there exist pos-
itive-definite diagonal matrices , , and , and constants

, , , , and such that the following
matrix inequalities hold:

(23)

(24)

then the equilibrium point of system (22) is unique, and
it is globally robustly exponentially stable, independent of
time-varying delays, where

Proof: The uniqueness of the equilibrium point of system
(22) can be proved similarly to the proof of Theorem 3.1. The
details are omitted here.

Next, we will show that conditions (23) and (24) are also suffi-
cient conditions guaranteeing the global robust exponential sta-
bility of the equilibrium point of system (22). Choose the fol-
lowing Lyapunov functional:

(25)
where and are all positive numbers. The derivative of
along the trajectories of (22) is as follows:

(26)

where and .
Using Assumption 2.1 and Lemmas 2.2–2.4 again, (26) be-

comes
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(27)

From the Lyapunov functional (25), we have

(28)

Considering (24) and (28), (27) becomes

(29)

where ,
.

Therefore, by Lemma 2.1

where . Furthermore, from (25), we have
, which leads

to

By Definition 2.1, the equilibrium point of (22) is globally
robustly exponentially stable if conditions (23) and (24) hold.

For the case of no uncertainties, we have the following results.
Corollary 3.2: Under Assumptions 2.1–2.3, if there exist pos-

itive-definite diagonal matrices , , , , , , , and
, and constant , such that the following

matrix inequalities hold:

(30)

(31)

then the equilibrium point of system (7) without uncertainties is
unique, and it is globally exponentially stable, independent of
time-varying delays, where

and corresponds to the symmetric part in a matrix.
Proof: The uniqueness of the equilibrium point of system

(7) without uncertainties can be proved similarly to the proof of
Theorem 3.1. The details are omitted here.

In the following, we will show that the conditions (30) and
(31) are also sufficient conditions guaranteeing the global expo-
nential stability of the equilibrium point of system (7). Choose
the same Lyapunov functional as that in (16). The deriva-
tive of along the trajectories of (7) is the same as (17).

Using Assumption 2.1 and Lemma 2.2 again, from (17), we
have

(32)

where and are the same as those defined in (21). The
rest of the proof is similar to the proof of Theorem 3.1. The
details are omitted.
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Corollary 3.3: Under Assumptions 2.1–2.3, if there exist pos-
itive-definite diagonal matrices , , , and , and constant

, , such that the following LMIs hold:

...
...

...
...

. . .
...

(33)

(34)

then the equilibrium point of system (22) without uncertainties
is unique, and it is globally exponentially stable, independent of
time-varying delays, where

and corresponds to the symmetric part in a matrix.
Proof: The uniqueness of the equilibrium point of system

(22) without uncertainties can be proved similarly to the proof
of Theorem 3.1. The details are omitted here.

In the following, we will show that conditions (33) and (34)
are also sufficient conditions guaranteeing the global exponen-
tial stability of the equilibrium point of system (22). Choose the
same Lyapunov functional as that in (25). The derivative
of along the trajectories of (22) is as follows:

where and are defined in (29). The remainder of the
proof is the same as the proof of Corollary 3.1. The details are
omitted.

Remark 3.1: For the robust stability of interval systems,
-matrix as a main approach has been utilized widely in

[11], [29], [35], and [47]. To the best of our knowledge, no
delay-independent robust stability results based on LMI for
interval system (1) and (22) with unknown time-varying delay
have been reported in the literature. In this paper, Theorems
3.1 can be changed to the LMI structure and independent of

time-varying delay, which can be verified efficiently using
the well-known interior point algorithms [4]. Moreover, for
the interval Cohen–Grossberg neural networks (1), the robust
stability results in [11] require that , , and

, while our results have no such restrictions on the value
of and , and the value of the derivative of
the time-varying delays may be relaxed to be greater than 1.

B. Cohen–Grossberg Neural Networks With
Single Time-Varying Delay

Note that Theorem 3.1 can also be generalized to the model
(1) with single delay, i.e.,

(35)

where and others are the same as those defined in
(1).

However, in this case, the conservativeness of Theorem 3.1
will be increased. To derive some less conservative stability re-
sults for model (35), we adopt some different skills in the proof
procedure. All these stability results cannot directly be derived
from the results in Section III-A.

Let be an equilibrium point of system
(35). By coordinate transformation , we get the
following system:

(36)

where ,
, and others are the same as those defined in (7). By As-

sumption 2.1, we have for .
Let and .

Theorem 3.2: Under Assumptions 2.1–2.3, if there exist posi-
tive-definite diagonal matrices , , and and constants ,

, , , and such that the following LMIs
hold:

(37)

(38)

where , ,
,

, and , then the equi-
librium point of system (36) is unique, and it is globally robustly
exponentially stable, independent of time-varying delay.

Proof: By Schur complement [4], from (37), we have

(39)
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where
and

.
Choose the same Lyapunov functional as that in (25).

The derivative of along the trajectories of (36) is as fol-
lows:

(40)

where and .
Using Lemmas 2.2–2.4 and Assumption 2.1, (40) becomes

where and are the same as those defined in (29). The
rest of the proof is similar to that of Corollary 3.2. The details
are omitted.

By choosing another different Lyapunov function

(41)

where are positive numbers. In a similar manner to the proof
of Corollary 3.2, we can have the following theorems immedi-
ately.

Theorem 3.3: Under Assumptions 2.1–2.3, if there exist pos-
itive-definite diagonal matrices and and constants ,

, and such that the following conditions hold:

(42)

(43)

then the equilibrium point of system (36) is unique, and
it is globally robustly exponentially stable, independent of
time-varying delay, where .

Theorem 3.4: Under Assumptions 2.1–2.3, if there exist pos-
itive-definite diagonal matrices and and constants ,

, and such that the following LMIs hold:

(44)

(45)

then the equilibrium point of system (36) is unique, and
it is globally robustly exponentially stable, independent
of time-varying delay, where ,

, and
.

For the case of no uncertainties, we have the following results,
respectively.

Corollary 3.4: Under Assumptions 2.1–2.3, if there exist pos-
itive-definite diagonal matrices , , , and and positive
constant such that the following LMIs hold:

(46)

(47)

then the equilibrium point of system (36) without uncertainties
is unique, and it is globally exponentially stable, independent of
time-varying delay, where
and .

Corollary 3.5: Under Assumptions 2.1–2.3, if there exist pos-
itive-definite diagonal matrices , , and and positive con-
stant such that the following LMIs hold:

(48)

(49)

then the equilibrium point of system (36) without uncertainties
is unique, and it is globally exponentially stable, independent of
time-varying delay, where
and .

Corollary 3.6: Under Assumptions 2.1–2.3, if there exist pos-
itive-definite diagonal matrices , , and and a positive con-
stant such that the following conditions hold:

(50)

(51)
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then the equilibrium point of system (36) without uncertainties
is unique, and it is globally exponentially stable, independent of
time-varying delay.

Corollary 3.7: Under Assumptions 2.1–2.3, if there exist pos-
itive-definite diagonal matrices , , and and a positive con-
stant such that the following LMIs hold:

(52)

(53)

then the equilibrium point of system (36) without uncertainties
is unique, and it is globally exponentially stable, independent of
time-varying delay.

Remark 3.2: When , with
, , , or ,

system (1) becomes

(54)

or

(55)

For models (54) and (55), robust stability problems were studied
in [31]. For model (54), [31, Th. 3] requires

and for model (55), [31, Th. 1] requires

where is a positive diagonal ma-
trix to be determined, , ,

for ,
, , , and

denotes the suitable norm defined in [31], .
Comparing Corollary 3.1 of this paper with [31, Th. 3] and
Theorem 3.2 of this paper with [31, Th. 1], the following
differences can be observed. 1) Matrix norm method was used
in [31], and the criteria in [31] are not easily verified because
they involve the norm of an unknown matrix. In contrast, LMI
technique is used in our paper, and the stability criteria can
be easily checked using the interior point algorithms [4]. In
general, matrix norm method and LMI technique are different
approaches and usually lead to different sufficient conditions
for the stability of neural network. 2) Some asymptotic stability
criteria were derived in [31] for the case of constant delays,
while some exponential stability criteria are derived in our

paper. In summary, we have established a new set of robust
stability criteria for the neural networks with delays.

IV. ROBUST STABILITY OF COHEN–GROSSBERG NEURAL

NETWORKS IN BIOLOGY

In the original paper [12], Cohen–Grossberg neural network
model was proposed as a kind of competitive-cooperation dy-
namical system, in which each state of neuron is always nonneg-
ative for all time. It is clear that this subset of Cohen–Grossberg
neural networks includes the famous Lotka–Volterra recurrent
neural networks [29], [30].

When model (1) is applied to biological systems, the initial
condition for (1) is of the following type:

(56)

where each , , is a continuous function defined
on .

In applications, the activation functions of model (1) may not
be bounded, for example, the Lotka–Volterra model [40], [41].
Therefore, in this section, we need the following assumptions
and lemmas.

Assumption 4.1: Activation functions and satisfy
conditions (2) and (3), satisfies (4), respectively, and

, , and , .
Assumption 4.2: The amplification function for all

and , and for any ,
and for all , where and

are bounded positive constants.
Lemma 4.1: Assume that satisfies Assumption 4.2, then

the solution of the system (1) with the initial condition (56) is a
positive function.

Proof: In a similar routine to the proof of [29, Lemma 4]
or [30, Lemma 1], Lemma 4.1 can be proved. The details are
omitted.

If Assumption 4.2 holds, then the nonnegative equilibrium
point of system (1) is a solution of the following equation:

(57)

where

Though (57) might possess multiple solutions, in a similar rou-
tine to the proof of Proposition 1 in [30], we can show that if

is an asymptotical stable nonnegative equilibrium point of
system (1), then it must be a solution of the following problem:

(58)

where .
Lemma 4.2 (See [30]): Equation (58) has a unique solution

for every if and only if is norm coercive, i.e.,
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and locally univalent, where ,
, ,

, if and if
, if , and if , .

Definition 4.1: is said to be a nonnegative equilibrium
point of system (1) if is a solution of (58). Moreover, if

for all , then is said to be a positive equilibrium
point of system (1). In this case, must satisfy

where ,
, , and

.
Definition 4.2 (See [6] and [29]): Let be an ma-

trix, and , then is a nonsin-
gular -matrix if one of the following conditions holds: 1)
All the leading principle minors of are positive. 2) has
all positive diagonal elements and there exists a positive diag-
onal matrix such that is strictly di-
agonally dominant. 3) is quasi-dominant positive diagonal,
i.e., there exist positive numbers such that
or . That is, or , where

.
For any nonsingular -matrix , let

, where . Clearly,
is nonempty and for any

scalars and and vectors .
The following theorem gives a condition for the existence and

uniqueness of the equilibrium point of (1).
Theorem 4.1: Suppose Assumptions 4.1–4.2 hold. Then,

system (1) with initial condition (56) has a unique positive equi-
librium point if there exist positive constants
such that the following inequality holds:

(59)

where and
, .

Proof: According to Lemma 4.2, we only need to prove
that is norm coercive and locally univalent. First, we prove

is locally univalent. For any ,
without loss of generality, by some rearrangement of , we can
assume if , if ,
and if , for some integers .
Moreover, if is sufficiently close to , without
loss of generality, we can also assume if ,

if , if ,
if , and if , for
some integers . It can be seen that

(60)

If , then we have

(61)

Multiplying on both sides of (61), it yields

(62)

where we have used condition (60). It follows from (62) that the
following condition holds:

(63)

By (59), it comes , which means .
In a similar manner to the proof of Theorem 2 in [30], we can
also show . This implies that . Therefore,
is locally univalent.

Next, we will prove that is norm coercive. Because

(64)

multiplying on both sides of (64), we have
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(65)

Considering (59), from (65), we have

(66)

where

Therefore, as ,
which implies that is norm coercive. In combination with
Lemma 4.2, (59) ensures the existence and uniqueness of the
positive equilibrium point of system (1).

Let be an equilibrium point of system
(1) and , then model (1) is transformed into
the following form:

(67)

where if , if ,
, initial condition

satisfies (56), and others are defined in (7).
According to (58), holds for all . This

implies that and hold for all
and .

Lemma 4.1 shows that the concerned Cohen–Grossberg
neural network (1) possesses the property that all trajectories
with initial condition (56) stay in the positive region. Therefore,
the remainder of this section is only concerned with the robust
stability of the positive equilibrium point of system (1) with
initial condition (56).

Theorem 4.2: Suppose Assumptions 4.1–4.2 hold. Then, the
positive equilibrium point of system (1) with initial condition
(56) is globally robustly stable if the following matrix:

(68)

is a -matrix, where the notations are the same as those in
Theorem 4.1.

Proof: This theorem can be proved following a similar rou-
tine to the proof of Theorems 2 and 4 in [29]. Due to the limita-
tion of space, details are omitted.

V. SIMULATION EXAMPLES

In this section, we will give two examples to show the effec-
tiveness of the present results.

1) Example 5.1: Consider the interval Cohen–Grossberg
neural networks (1), where

, , , , and is any
bounded and unknown time-varying delays , .

Because and are any unknown
time-varying delays, the results in [11] are not suitable
for this example. Applying Theorem 3.1 of this paper,
we have , , ,

, ,
, , , ,
, , , ,

, , , , and
. Therefore, the system in this example is globally

robustly exponentially stable.
2) Example 5.2: Consider the following two Cohen–Gross-

berg neural networks with two neurons:

(69)
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Fig. 1. State response curves of Example 5.2 with different initial values.

where , , ,

, and .

Applying Theorem 4.2 of this paper, it yields

and its eigenvalue is and , respectively. Ob-
viously, it is an -matrix, and the equilibrium point of
Cohen–Grossberg (69) is globally asymptotically stable.

The solutions of system (69) are , ,
, and . Among them,

is the unique positive equilibrium point.
When initial condition are , ,

, and for , the response
curves of system (69) are depicted in Fig. 1.

VI. CONCLUSION

New global robust stability criteria are established for the
interval Cohen–Grossberg neural networks with time-varying
delays. All these criteria are independent of time-varying de-
lays and have no restrictions on the value of the derivative of
time-varying delays. Furthermore, the present results improve
upon some existing results, and are less conservative than the
existing results, as demonstrated using two numerical examples.
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