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Robust Exponential Stability of Recurrent Neural
Networks With Multiple Time-Varying Delays
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Abstract—New criteria for the uniqueness and global robust ex-
ponential stability are established for the equilibrium point of in-
terval recurrent neural networks with multiple time-varying de-
lays via a decomposition method and analysis technique. Results
are presented in the form of linear matrix inequality, which can be
solved efficiently. Two numerical examples are employed to show
the effectiveness of the present results.

Index Terms—Multiple time-varying delays, recurrent neural
networks, robust exponential stability.

I. INTRODUCTION

SINCE THE linear matrix inequality (LMI) technique
has been extensively applied to tackle various stability

problems of neural networks and stabilization problems of
control systems recently [3], [4], [7], [9], [11], [12], [16], [17],
[19]–[21], [23], robust stability criteria in the form of LMI
are proposed for interval neural networks with delays. To the
best of the authors’ knowledge, no robust stability criterion
in the form of LMI has been reported for the recurrent neural
network models studied in [5], [13]–[15]. The advantages of
the stability results based on LMI include that not only they are
easily verified using the interior-point algorithm, but also they
consider the neuron’s inhibitory and excitatory effects on neural
networks, which overcomes the shortcomings in the results of
[5], [14]. In many applications, to increase the convergence rate
of neural network tending towards equilibrium point, it is very
important to achieve global exponential stability [8], [13], [22].
Therefore, the global robust exponential stability analysis for
recurrent neural networks studied in [5], [13]–[15] is significant
from both theoretical and practical points of view.

In this paper, using a new decomposition method and analysis
technique, we present some new LMI-based conditions for the
uniqueness and global robust exponential stability for the equi-
librium point of interval neural networks with multiple time-
varying delays, which are computationally efficient.
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II. PROBLEM DESCRIPTION AND PRELIMINARIES

Consider the following interval neural network model with
multiple time-varying delays:

(1)

where is the th neuron state, and
are constant connection coefficients,

with a positive constant, is an activation func-
tion, is an external input, denotes the transmission
delay, .

For convenience, let ,
whose th row is composed of the th row of matrix

and all other rows are zero, .
Let

. Then, model (1) can be written in a
vector-matrix format as follows:

(2)

Throughout the paper, we need the following notation. Let
, and denote

the transpose, the inverse, the largest eigenvalue, the smallest
eigenvalue, and the Euclidean norm of a square matrix , re-
spectively. Let denote a positive (negative)
definite symmetric matrix. Let denote an identity matrix with
compatible dimension. Let ,
where if and if .
Let , where . Let

, where . All
the delays, either constant or time-varying delays, are bounded,
and let , where

.
Remark 2.1: The following neural network models:

(3)
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(4)

where and , have been extensively studied
in many literatures [1], [3], [11], [18]. The above two models
can be expressed in the following compact vector-matrix form,
respectively:

(5)

and

(6)

where . To the best of our knowl-
edge, the present stability results in the form of LMI are only in-
tended for model (3) and (4), while no stability result for model
(1) in the form of LMI has been reported yet. It is important to
study model (1) using LMI technique as was done for models
(3) and (4). This motivates us to present some robust stability
criteria for model (1) via LMI technique.

Assumption 2.1: The bounded activation function, ,
satisfies , for arbi-
trary , and for some positive constant

.
Let . Obviously, is nonsingular.
Lemma 2.1: (see [23]) Let and be two arbitrary real

vectors with same dimensions, then for any matrices and
with compatible dimensions, and any constants ,

the following inequality holds:

(7)

Lemma 2.2: (see [23]) For any square matrix and identity
matrix with compatible dimensions, if , then

(8)

III. GLOBAL ROBUST EXPONENTIAL STABILITY RESULTS

Here, we assume that system (2) has an equilibrium point
for a given . Transformation

converts the system (2) into the following form:

(9)

where is the state vector
of the transformed system,

with is a continuous and bounded func-
tion with the upper bound . By
Assumption 2.1, we can see that and

.
Clearly, dynamics at the equilibrium point is globally ex-

ponentially stable for system (2) if and only if the zero solution
of system (9) is globally exponentially stable.

Theorem 3.1: Under the conditions , if there
exist diagonal matrices and

, such that the following LMI holds:

...
...

. . .
...

(10)

where , and
, then the equilibrium point

of system (2) is globally robustly exponentially stable.
Proof: By Schur complement [2], (10) is equivalent to the

following condition:

(11)

In view of the interval parameter ranges and in a similar
manner to [19], from (11) we can deduce the following condi-
tion to hold:

(12)

In the following, we will prove Theorem 3.1 in two steps.
Firstly, we prove the uniqueness of the equilibrium point by con-
tradiction. Consider the equilibrium equation of (9), i.e.,

(13)

It is evident that if , then . Now suppose
, then multiply both sides of (13) by

(14)

Because
, we have

(15)

Thus, by (15) and Lemma 2.1, from (14) we get

(16)

On the other hand, from (12) we obtain

(17)

for .
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Clearly, (17) contradicts with (16), which in turn implies that
at the equilibrium point , and also . This
means that the origin of (9) or the equilibrium point of model
(2) is unique for a given .

Secondly, we will prove the global exponential stability
of the equilibrium point . Consider the following Lya-
punov–Krasovskii functional:

(18)

The time derivative of the functional (18) along the trajecto-
ries of system (9) is obtained as follows:

(19)

Since

(20)

by (15) and (20), (19) becomes

(21)
where is a small positive constant.

In order to prove , firstly, we choose such that

(22)

Secondly, we choose a sufficiently small constant and a
sufficiently large constant such that

(23)

(24)

By Lemma 2.2, from (24), we can obtain

(25)

Consequently, we have

(26)

Moreover, from (12), we have

(27)

for some sufficiently large constant , sufficiently
small constant and some fixed constants

.
By Lemma 2.1, we have

(28)
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Similarly, for

(29)

and

(30)

By (28)–(30), (21) becomes

(31)

Considering (26) and (27) again, therefore, if
and .

Note that implies that . In the similar
way to the above procedure, we can show that for the two cases

and .
if and only if

.
Furthermore

(32)

Meanwhile, , then

(33)

where
.

Thus, the equilibrium point of (2) is globally robustly ex-
ponentially stable. Summarizing the above, (12) is a sufficient
condition for the global robust exponential stability of system
(2). Furthermore, considering the interval parameter ranges,
(10) is a worse case of (12). This completes the proof.

Theorem 3.2: Under the conditions , if there
exist positive constant and diagonal matrices

, such that the following
LMI holds:

...
...

. . .
...

(34)

where
if and

if , then the equilibrium
point of system (2) is globally robustly exponentially stable.

Proof: Proof follows the steps of the proof of Theorem 3.1
by letting .

Remark 3.1: Theorem 3.2 includes and ,
which has less degrees of freedom than that in Theorem 3.1 (i.e.,
a single number instead of numbers ). How-
ever, Theorem 3.2 accounts for the sign difference of connection
matrix, Theorem 3.1 fails to do so. Generally, Theorem 3.1 and
Theorem 3.2 complement each other.

When in (1), in which it has the same form as
that in (3), we have the following results.

Corollary 3.1: Under the conditions , if
there exist matrices and

, such that the following LMI holds:

(35)

where , then the equi-
librium point of neural networks (3) or (5) is globally robustly
exponentially stable.

Corollary 3.2: Under the conditions , if there
exist constant and such that
the following LMI holds:

(36)

where is defined in The-
orem 3.2, then the equilibrium point of system (3) or (5) is glob-
ally robustly exponentially stable.

IV. ILLUSTRATIVE EXAMPLES

Example 4.1: Consider a two-state interval neural
network defined by (1),
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and . Obviously, , and .
All the results in [3], [10], [14] cannot be applied to this ex-

ample to ascertain the robust stability. Applying Theorem 3.1
of the present paper, we have

Therefore, the concerned neural network is globally robustly
exponentially stable.

Example 4.2: We still consider the neural network as dis-
cussed in Example 4.1 except that is a single delay.

Pertaining to this example, [3, Th. 1] and [14, Th. 1] cannot
ascertain the robust stability for this particular example.

Because

and applying Theorem 3.1 of this brief, we have

So the interval neural network is robustly exponentially stable.

V. CONCLUSION

Some new results on the global robust exponential stability
of equilibrium point for recurrent neural network with multiple
time-varying delays are presented, which are computationally

efficient. Two illustrative examples are utilized to demonstrate
the effectiveness of the proposed results.
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