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Fuzzy H Filter Design for a Class of Nonlinear
Discrete-Time Systems With Multiple Time Delays

Huaguang Zhang, Senior Member, IEEE, Shuxian Lun, and Derong Liu, Fellow, IEEE

Abstract—This paper studies the fuzzy filter design
problem for signal estimation of nonlinear discrete-time systems
with multiple time delays and unknown bounded disturbances.
First, the Takagi–Sugeno (T–S) fuzzy model is used to represent
the state-space model of nonlinear discrete-time systems with
time delays. Next, we design a stable fuzzy filter based on
the T–S fuzzy model, which guarantees asymptotic stability and a
prescribed index for the filtering error system, irrespective of
the time delays and uncertain disturbances. A sufficient condition
for the existence of such a filter is established by using the linear
matrix inequality (LMI) approach. The proposed LMI problem
can be efficiently solved with global convergence guarantee using
convex optimization techniques such as the interior point algo-
rithm. Simulation examples are provided to illustrate the design
procedure of the present method.

Index Terms—Discrete-time systems, filtering, linear ma-
trix inequality, Lyapunov function, Takagi–Sugeno fuzzy model,
time delays.

I. INTRODUCTION

RECENTLY, there has been a lot of interest in the problem
of robust filtering of systems with uncertain external

disturbances and measurement noises [5], [16], [19]. The ad-
vantage of using an filter over a Kalman filter is that no
statistical assumption on the noise signals is needed. In robust

filtering, the noise signals are assumed to be arbitrary sig-
nals with bounded energy (or average power). The filter is
designed by minimizing signal estimation error for the bounded
disturbances and noises of the worst case. Thus, the filter is
more robust than the Kalman filter. Moreover, the filtering
approach provides both a guaranteed noise attenuation level and
a strong robustness against unmodeled dynamics.

Several robust filtering approaches for linear systems
have been developed over the past few years [8], [9], [30], [35].
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However, it is difficult to design an efficient filter for signal es-
timation in nonlinear systems [3]. To the best of our knowl-
edge, the problem of filtering of nonlinear discrete-time
state-space models with multiple time delays has not been fully
investigated in the literature. As is well known, time delays usu-
ally exist in many dynamic systems. Since time delays usually
result in unsatisfactory performance and are frequently a source
of instability, their presence must be taken into account in prac-
tical filter designs [14]. It turns out that the noise attenuation
level guaranteed by an filter design without considering
nonnegligible time delays may become invalid in the presence of
time delays. Time delays often arise in many signal-processing
related problems, such as echo cancellation, local loop equal-
ization, multipath propagation in mobile communications, and
array signal processing [2], [11], [15]. Several robust fil-
tering approaches for linear systems with multiple time delays
have been developed over the past few years [4], [7], [17], [18],
[27], [31].

This paper deals with the fuzzy filter design problem for
nonlinear discrete-time systems with time delays in the state
variables. Recently, there have been many successful applica-
tions of fuzzy systems theory in filtering and control applica-
tions [6], [10], [13], [29]. The Takagi–Sugeno (T–S) fuzzy sys-
tems are considered to be universal approximators for certain
nonlinear systems and they have been proved to be a good repre-
sentation for a class of nonlinear dynamical systems [12], [20],
[25], [28], [33], [34]. In [24], for nonlinear discrete-time sys-
tems, an filter based on T–S fuzzy model is developed. The
operator methodology of functional analysis is used to analyze
and design an fuzzy filter. performance index is used
directly to derive the existence condition for filters. How-
ever, the time-delay problem was not considered, which limited
the application of the results of [24]. The design of an filter
requires solving LMIs with a common positive definite matrix

that has a special block diagonal structure [24], which leads
to conservative designs of fuzzy filters. In this paper, our result
requires a less conservative condition for the analysis and de-
sign of fuzzy filters. Moreover, our analysis and design are
based on the Lyapunov stability theory and thus stability is al-
ways guaranteed for filters designed using the present approach.
In addition, this paper can also be used to design filters for sys-
tems with time delays.

In this paper, first, the T–S fuzzy model is proposed to inter-
polate a class of nonlinear systems with time delays. The fuzzy

filter design problem based on the T–S fuzzy model will
be addressed next, which guarantees asymptotic stability and a
prescribed index for the filtering error system, irrespective
of the time delays and the uncertainties. Finally, the fuzzy
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filter design problem is converted into a linear matrix inequality
(LMI) problem, which makes the prescribed attenuation level
as small as possible, subject to some LMI constraints. The LMI
problem can efficiently be solved by the convex optimization
techniques with global convergence, such as the interior point
algorithm [1].

This paper is organized as follows. In Section II, the modeling
of a class of nonlinear discrete-time systems with multiple time
delays is addressed using the T–S fuzzy system. In Section III,
an analysis is presented for fuzzy filtering based on the T–S
fuzzy model of nonlinear discrete-time systems with time de-
lays. In Section IV, the fuzzy filter design based on the T–S
fuzzy model is addressed. In Section V, a simulation example
is provided to demonstrate the design procedure of fuzzy
filters. Finally, in Section VI, concluding remarks are given.

II. THE MODELING OF A CLASS OF NONLINEAR DISCRETE-TIME

SYSTEMS WITH TIME DELAYS USING THE T–S FUZZY SYSTEM

Consider a class of nonlinear discrete-time systems with mul-
tiple time delays

(1)

where denotes the
state vector; denotes the measurements vector;

denotes the signal vector to be estimated;
and are assumed to be bounded external

disturbance vector and measurement noise vector, respectively;
denote bounded time delays of the state;

and are constant
matrices; and and

are vector fields with
, and . The initial con-

ditions are given by for
and , where . For

the sake of convenience, define . We de-
note

The th rule of the T–S fuzzy model for the nonlinear discrete-
time systems with multiple time delays in (1) is given as follows.

Rule : IF is and is , THEN

(2)

where ; is the number of fuzzy rules used
in the T–S fuzzy model; is the number of premise variables;

is a fuzzy subset;
; and is the final discrete time. The fuzzy system

(2) is supposed to have singleton fuzzifier, product inference,
and centroid defuzzifier.

The nonlinear system (1) can be described as

(3)

where for

(4)

and is the membership function of in .
Here . In (3)

(5)

(6)

We assume that
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Therefore

The output of the nonlinear system (1) can be described as

where

(7)

(8)

Here, and
denote the approximation errors between

the system (1) and the T–S fuzzy model (2). We assume that
there exist and such that the following inequali-
ties hold for all :

(9)

(10)

(11)

(12)

where

...
...

. . .
...

...
...

. . .
...

are positive definite symmetric matrices. Inequalities (9)–(12)
indicate that the model approximation errors are bounded. To-
gether, the model approximation errors satisfy

(13)

The T–S fuzzy model is a piecewise interpolation of several
linear models at different operating points through fuzzy mem-
bership functions [20], [24]. It can be used as an approximation
model for a nonlinear system with time delays. We will design
a fuzzy filter for system (1) to tolerate the approximation
model errors which are upper bounded as in (13).

III. FUZZY FILTERING ANALYSIS BASED ON THE T–S
FUZZY MODEL

Based on the fuzzy model (2), a fuzzy filter dealing with
the signal estimation for the nonlinear system (1) is described
as follows.

The th rule of a fuzzy filter based on the T–S fuzzy
model is given in the following form.

Rule : IF is , and is , THEN

(14)

where is the fuzzy estimator gain for the th estimation rule,
is the number of premise variables in the T–S

model; for
are the initial estimates; and

The fuzzy system (14) is supposed to have singleton fuzzifier,
product inference, and centroid defuzzifier. The overall fuzzy
estimator (14) can be written as
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(15)

From (3) and (15), the augmented system can be written in
the following form:

(16)

where

The fuzzy filter design problem addressed in this paper
is stated as follows.

First, define the estimation error

(17)

where . From (16) and (17),
the filtering error dynamics is described by

(18)

where

Next, we define the index for the filter. Given a scalar
and initial estimation error, the index of the

filter is defined as follows [24]:

(19)

where , and
are positive definite weighting matrices.

Remark 3.1: The fuzzy filter design problem is to design
an asymptotically stable nonlinear filter of the form of (14) such
that the filtering error system (18) is globally asymptotically
stable and satisfies (19). Note that (19) denotes that must
be less than a prescribed level for all possible and

from the energy point of view [24].
Inequality (19) can be rewritten in the following form:

(20)
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Define

(20) becomes

(21)

where

...
...

. . .
...

(thus, ),
, and represents the corresponding symmetric

element of matrix . Therefore, the index defined in
(19) can be modified as in (21).

The next lemma is useful in establishing our main result, The-
orem 3.1.

Lemma 3.1 (Schur Complements for Strict Inequalities [1]):
The LMI

where , and depends
affinely on , is equivalent to

where denotes the Moore–Penrose inverse of matrix
.

The following theorem establishes the existence of fuzzy
filter and guarantees that the filtering error system satisfies the

index and is asymptotically stable.
Theorem 3.1: For nonlinear system (1) and a prescribed real

number , if there exist a positive scalar and
symmetric positive definite matrices and

such that the matrix inequalities shown in (22) at the
bottom of the page hold for

, where

...
...

. . .
...

(22)
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...
...

. . .
...

and is defined as in (21), then the filtering error system (18)
is asymptotically stable and satisfies the index (21).

Proof: We first show that (22) guarantees that the filtering
error system (18) is globally asymptotically stable. We choose
the following Lyapunov function candidate similarly as in [4]
and [5]

(23)

where and are positive definite
symmetric matrices.

Along the trajectories of system (18) with , the
corresponding forward difference is calculated as

(24)

By inequality (13), (24) becomes

(25)

where
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and are defined as in (22).
The sufficient condition for

is as follows:

(26)

According to the Schur complements in Lemma 3.1, (26) is
equivalent to (27) at the bottom of the page. The inequality (22)
can easily be verified to guarantee (27). Therefore, it can be con-
cluded that the filtering error system is globally asymptotically
stable if (22) holds.

We now show that the filtering error system (18) satisfies the
index (21).

In order to determine a sufficient condition for the filtering
error system (18) to satisfy the index (21) under (13), we
consider an arbitrary nonzero [4] and, fol-
lowing similar steps as in (24) and (25), we derive

(28)

where and are defined at the bottom of the next page.
We have used the notation defined in (16) and (22) when de-
riving (28). According to Schur complements in Lemma 3.1,

is equivalent to (22).
According to (22), (28) becomes

(29)

From (29), we obtain

which implies that

(30)

(27)
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According to the definitions of and , we have

(31)

By (24), (31) becomes

(32)
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Fig. 1. The estimation error of x (k)� x̂ (k) [the present method (solid line) and EKF (dash-dot line with square marker)].

where and
(thus, and

).
Let . We have

According to the initial conditions and
for , where

it follows that

(33)

By (33), (32) becomes

(34)
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Fig. 2. The estimation error of x (k)� x̂ (k) [the present method (solid line) and EKF (dash-dot line with square marker)].

Let . Then (34) can
be rewritten as

(35)

Substituting (30) into (35), it follows that

(36)

where .
The assumption

can equivalently be written as

...

(37)
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Fig. 3. The estimation error of s(k)� ŝ(k) [the present method (solid line) and EKF (dash-dot line with square marker)].

According to Schur complements in Lemma 3.1, (37) is equiv-
alent to

(38)

Comparing with
, and with , it is clear that any solution

to the former will also satisfy the latter due to the fact that
and . Therefore, according to Schur complements,

the LMI of (22) ensures that (38) holds.
Hence, the index is achieved with a prescribed , as

shown in (36). This completes the proof.
From the definitions of and given in the theorem, we can

see that it would be more difficult to obtain a negative definite
matrix in (22) if the norms of and are very
large, as a result of large modeling errors.

IV. FUZZY FILTER DESIGN

Theorem 3.1 provides a sufficient condition for the existence
of fuzzy filter assuring an performance for system in
(1). In order to obtain a fuzzy filter, the most important
work is to solve and from (22).

Next, we design a fuzzy filter according to Theorem 3.1.
We obtain the following theorem.

Theorem 4.1: The condition (22) of Theorem 3.1 for the ex-
istence of an admissible filter is equivalent to (39) and (40)

shown at the bottom of the next page, where denotes the cor-
responding symmetric element

diag

and are positive definite
matrices, and and

.
In addition, an admissible filter is given by

Proof:
a) Sufficiency: Assume that (22) is true. According

to , and
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, (22) can be written as shown in
(41) at the bottom of the page, for .

According to (16), we have
Let , and be partitioned ac-

cording to as

(43)

Since , such a partition renders that and
are both square matrices. Assume that is nonsingular.

Define the following matrix:

(44)

Then is nonsingular. Premultiplying (42), as shown at the
bottom of the page, by diag

and postmultiplying by diag ,

(39)

(40)

(41)

...
...

. . .
...

...
...

...
...

...

(42)
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Fig. 4. The estimation error of s(k)� ŝ(k) [the present method (solid line) and EKF (dash-dot line with square marker)].

and defining

, and

we obtain (39).
Since , then it yields

(45)

Since , we have

(46)

Equation (46) can be rewritten as

(47)

According to , we can obtain the fol-
lowing equation from (45) and (47):

(48)

In addition, holds if and only if

holds, which is equivalent to

(49)

b) Necessity: Suppose there exist matrices
, and satisfying (39). Since (40) implies

that is nonsingular, we can construct a filter as
. Then, premultiplying (39) by

diag

and postmultiplying by , we obtain LMIs of (42) and then
(22) can be obtained. Thus, LMIs (39) and (40) are equiva-
lent to (22). Therefore, an admissible filter can be given by

.
This completes the proof.
Remark 4.1: In view of Theorem 4.1, the fuzzy filtering

problem (15) can be solved by the feasibility problem of the
LMIs (39). In fact, any feasible solution to (39) yields a suit-
able filter. To obtain a better filtering performance against dis-
turbances, the attenuation level can be reduced to the min-
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Fig. 5. The estimation error of s(k)� ŝ(k) [the present method (solid line) and EKF (dash-dot line with square marker)].

imum possible value such that (19) is satisfied. The filter
with the smallest attenuation level obtained from Theorem
4.1 can be determined by solving the following convex opti-
mization problem:

subject to (39) with (50)

The design procedure of fuzzy filter is summarized as
follows.
Step 1) Construct the T–S fuzzy model (2) for the nonlinear

system (1).
Step 2) Given , and an initial attenuation

level .
Step 3) Solve the LMI problem (39) to obtain .

We obtain according to (48).
Step 4) Decrease the attenuation level , and repeat Steps

3) and 4) until are obtained with the
smallest possible ;

Step 5) Obtain the fuzzy filter as in (15).

There are two main approaches in fuzzy modeling. One is
fuzzy model identification using input–output data [26], [32],
[33]. The other is fuzzy model construction (fuzzy IF-THEN
rules) using sector nonlinearity or local approximation for the
case where a mathematical model of the nonlinear system is
available [22]. We summarize in the next remark the modeling
method using input–output data pairs.

Remark 4.2: The distribution of input–output data pairs
should be sufficient and proper. In order to identify a fuzzy
model for (1), we assume and are independent
identically distributed random signals uniformly distributed in
the interval [ 1, 1] [26]. Then and in the
fuzzy rules [see (2)] can be obtained using the following steps.
Step 1) Specify the number of fuzzy sets and membership

functions for the premise variables (i.e., part or all
of state variables) in advance.

Step 2) Use recursive least square algorithm to obtain the
parameters of T–S fuzzy model.

Remark 4.3: , and can be estimated by offline
simulations. We provide a method for estimating , and

as follows. We choose
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We can choose and as

diag diag

diag diag

(51)

where diag , and
diag . In the above

calculations, we choose a set of values for . From each ,
we generate two trajectories according to (1) and (2). We can
then obtain , and according to (5)–(8).

V. SIMULATION EXAMPLE

Consider the following discrete-time nonlinear system with
multiple time delays:

(52)

It is assumed that the initial conditions are

We assume that and . Let . Assume
that and . The design purpose is to construct
fuzzy filter to estimate .

The fuzzy filter design procedure for system (52) is as
follows.

Step 1: We use the local sector nonlinearity method to obtain
fuzzy model [22]. The number of fuzzy sets for the state vari-
ables and is two: large (close to 1) and small (close
to 1). The membership functions are calculated as

(53)

where denotes and , respectively. When is
close to 1 ( 1), we have . In this case, we
replace by ( by ). Similar arguments can be applied
to . We then obtain the corresponding local linear approxima-
tion model in fuzzy partition spaces to obtain matrices

, and , .
The T–S fuzzy model based on the linear local models for

system (52) is as follows.

Rule 1: IF is about 1 and is about 1, THEN

Rule 2: IF is about 1 and is about 1, THEN

Rule 3: IF is about 1 and is about 1, THEN

Rule 4: IF is about 1 and is about 1, THEN

where

Step 2: We select 4000 input–output data pairs from (52)
and 4000 input–output data pairs from the fuzzy model ob-
tained, respectively. For all input–output data pairs, we compute
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the corresponding approximation error terms. We obtain

and according to Remark 4.3.
Step 3: Solve the LMI problem (39). We obtain

and the fuzzy estimation gains as follows:

Step 4: Construct the fuzzy filter as follows:

Figs. 1 and 2 show the estimation errors for and
, respectively, by the present fuzzy filter and

the extended Kalman filter (EKF), where we assume that
, and the

noise is normally distributed with zero mean and variance
0.01. Fig. 3 shows the estimation error for by the present
fuzzy filter and the EKF. Fig. 4 shows the estimation
errors for when the noises and are normally
distributed with zero mean and variance 0.01. Fig. 5 shows
the estimation errors for when the noise and
are normally distributed with zero mean and variance 0.01 and

is a colored noise. Dash-dot
lines with square markers denote the estimation errors using the
EKF under the statistical conditions

. From the above simulation results, we
see that the present fuzzy filter can obtain better estimation
and more robust performance than the EKF. The proposed
fuzzy filter is obtained without any information about
external disturbances and measurement noise, as long as they
are bounded. In fact, the statistical properties of and
change with time and are rarely known beforehand. Therefore,
the proposed fuzzy filter is more robust than the EKF.

VI. CONCLUSION

In this paper, based on the T–S fuzzy model, a fuzzy filter
is designed for a class of nonlinear discrete-time systems with
multiple time delays.

The advantages of the present fuzzy filter over the
Kalman filter are as follows.

1) No statistical assumption on the external disturbances and
measurement noise is needed.

2) The proposed fuzzy filter for the nonlinear system
can tolerate approximation errors based on the model error
bounds, which can be regarded as the worst case approxi-
mation error.

3) Fuzzy filters are more robust than the Kalman filter in
the case of uncertain external disturbances and measure-
ment noise.

4) The problem of fuzzy filter design is converted into
a linear matrix inequality problem that can efficiently be
solved using convex optimization techniques, such as the
interior point algorithm.

It should be noticed that the fuzzy filtering method of
Theorem 3.1 can be used in a number of important problems
in signal processing, where delays are unavoidable and must be
taken into account in a realistic filter design such as echo cancel-
lation, local loop equalization, multipath propagation in mobile
communication, array signal processing, and congestion anal-
ysis and control in high-speed communication networks [17].
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