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Abstract—We analyze stability for switched systems which are
composed of both continuous-time and discrete-time subsystems.
By considering a Lie algebra generated by all subsystem matrices,
we show that if all continuous-time subsystems are Hurwitz stable,
all discrete-time subsystems are Schur stable, and furthermore the
obtained Lie algebra is solvable, then there is a common quadratic
Lyapunov function for all subsystems and thus the switched system
is exponentially stable under arbitrary switching. A numerical example is provided to demonstrate the result.
Index Terms—Arbitrary switching, common quadratic Lyapunov functions, continuous-time, discrete-time, exponential
stability, Lie algebra, switched systems.

I. INTRODUCTION

I

N THE LAST TWO decades, there has been increasing interest in stability analysis and controller design for switched
systems; see the survey papers [1], [2], the recent book [3] and
the references cited therein. It is pointed out in [1], [3] that
there are three basic problems in stability analysis and design of
switched systems: 1) find conditions for stability under arbitrary
switching; 2) identify the limited but useful class of stabilizing
switching laws; and 3) construct a stabilizing switching law.
In this paper, we focus our attention on the first problem.
The motivation is very obvious: if a switched system is stable
under arbitrary switching, then we gain more flexibility for considering other control specifications. There are several existing
works on Problem 1), most of which deal with the case where
the switched systems are composed of continuous-time subsystems. [4] showed that when all subsystems are stable and commutative pairwise, the switched linear system is stable under
arbitrary switching. [5] extended this result from the commutation condition to a Lie algebraic condition. [6] showed that a
class of switched symmetric systems are asymptotically stable
under arbitrary switching since a common quadratic Lyapunov
, exists for all subsystems.
function, in the form of

Manuscript received January 4, 2005; revised June 2, 2005. This work was
supported in part by the Japan Ministry of Education, Sciences and Culture
under Grants-in-Aid for Scientific Research (B) under Grant 15760320 and
Grant 17760356. This paper was recommended by Associate Editor X. Xia.
G. Zhai, J. Imae, and T. Kobayashi are with the Department of Mechanical Engineering, Osaka Prefecture University, Osaka 599-8531, Japan (e-mail:
zhai@me.osakafu-u.ac.jp; jimae@me.osakafu-u.ac.jp; kobayasi@me.osakafuu.ac.jp).
D. Liu is with the Department of Electrical and Computer Engineering,
University of Illinois at Chicago, Chicago, IL 60607-7053 USA (e-mail:
dliu@ece.uic.edu).
Digital Object Identifier 10.1109/TCSII.2005.856033

[6]–[8] extended the consideration to stability analysis problems
for switched systems composed of discrete-time subsystems.
Motivated by the observation that all these papers deal with
switched systems composed of only continuous-time subsystems or only discrete-time ones, the authors considered in [9] the
new type of switched systems which are composed of both continuous-time and discrete-time dynamical subsystems. As also
pointed out in [9], it is very easy to find many applications involving such kind of switched systems. A typical example is
a continuous-time plant controlled either by a physically implemented regulator or by a digitally implemented one together
with a switching rule between them.
Example 1: Consider the continuous-time linear time-in,
variant (LTI) system described by
is the continuous-time state,
is the control
where
input in time domain, and , are constant matrices. Suppose
has been dethat a stabilizing state feedback
signed so that
is Hurwitz stable (all the eigenvalues
are in the open left complex plane). It is known
of
that in any computer-aided system, the controller is implemented in a discrete-time manner. When the sampling period
is small enough, the closed-loop system can be viewed as a
.
continuous-time system described by
When the sampling period does not have to be very small, we
only need dealing with the value change on sampling points,
and thus it is natural to consider the discrete-time system
, where is the sampling period and
. Although we used the same feedback gain
here for simplicity, we may want to design different gains for
continuous-time domain and discrete-time one. Therefore, the
entire system can be considered as a switched system composed
of continuous-time and discrete-time subsystems.
For several cases of such mixed-type switched systems,
[9] has given some analysis and design results. For example,
in the case where commutation condition holds, and the
case of switched symmetric systems, it is shown that if all
subsystems are (Hurwitz or Schur) stable, then there exists
a common quadratic Lyapunov function for all subsystems
and thus the switched system is exponentially stable under
arbitrary switching. Recently, the authors extended the results
for switched symmetric systems in [9] to switched normal
systems in [10]. For such switched systems, it is shown that
when all continuous-time subsystems are Hurwitz stable and
all discrete-time subsystems are Schur stable, a common
quadratic Lyapunov function exists for the subsystems and that
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the switched system is exponentially stable under arbitrary
switching. Some discussions are also given for the case where
unstable subsystems are involved.
In this paper, we aim to apply the Lie algebraic approach,
which was proposed in [5], [11], for switched systems composed of both continuous-time and discrete-time subsystems.
By considering a Lie algebra generated by all subsystem
matrices, we show that if all continuous-time subsystems are
Hurwitz stable and all discrete-time subsystems are Schur
stable, and furthermore the Lie algebra is solvable, then there is
a common quadratic Lyapunov function for all subsystems and
thus the switched system is exponentially stable under arbitrary
switching. We establish the common quadratic Lyapunov function in a constructive way, and provide a numerical example to
demonstrate the result.
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A Lie algebra is a finite-dimensional vector space equipped
with a Lie bracket, i.e., a bilinear, skew-symmetric map
satisfying the Jacobi identity
. In the case of matrix Lie algebra, the standard
. If
and
are
Lie bracket is defined as
for the
linear subspaces of a Lie algebra , we write
with
linear space spanned by all the products
and
, and we define the sequence
inductively as
follows:
(5)
for some sufficiently large, then is called solvIf
able. For example, if is a Lie algebra generated by two matrices and , we have

II. SYSTEM DESCRIPTION & PRELIMINARIES

(6)

We consider the switched system which is composed of a set
of continuous-time LTI subsystems
(1)
and a set of discrete-time LTI subsystems
(2)
,
are the subsystem states,
’s and
where
’s are constant matrices of appropriate dimension. To discuss stability of the overall switched system, we assume for simplicity but without loss of generality that the sampling periods
of all the discrete-time subsystems are of the same value (the
discussion can be easily extended to the case where the discretetime subsystems have different sampling periods). Since the
states of the discrete-time subsystems can be viewed as piecewise constant vectors between sampling points, we can consider
the value of the system states in the continuous-time domain.
is activated on
and then
For example, if subsystem
subsystem
is activated for steps and subsystem
is activated from then to , the continuous-time domain is divided
into
(3)
and the system state is defined to take the form shown in (4) at
is not continuous with
the bottom of the page. Although
respect to time due to existence of discrete-time subsystems,
is uniquely defined at all time instants, and thus
the solution
various stability properties can be discussed in the continuoustime domain.
At the end of this section, we give some preliminaries of Lie
algebra for integrity. Most of the material is picked up from [5],
[11]. Interested readers are referred to these references or more
detailed textbooks on Lie algebras [12], [13].

and so on.
The following result plays a key role in our subsequent discussion. It is known as Lie’s Theorem and can be found in most
textbooks on Lie algebra theory [12], [13].
be a solvable Lie algebra over an algeLemma 1: Let
braically closed field, and let be a representation of on a
vector space of finite dimension . Then, there exists a basis
of such that for each
the matrix
in that basis takes the upper-triangular form
..
.

..

.

..
.

(7)

are its eigenvalues.
where
This lemma will be used in Section IV for the Lie algebra
composed of all subsystem matrices in the switched system.
III. STABILITY ANALYSIS USING COMMON QUADRATIC
LYAPUNOV FUNCTION
In this section, we discuss the switched system’s stability
using the approach of common quadratic Lyapunov functions.
Definition 1: If there is a common positive definite matrix
satisfying
(8)
(9)
then
is called a common quadratic Lyapunov
function (CQLF) for all the subsystems.
Remark 1: There are many switched systems in which all
the subsystems have a CQLF. For example, we have shown [6]
that if all the subsystems are (Hurwitz or Schur) stable and symis a CQLF. The result has
metric, then

,

(4)
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been extended in [10] to switched normal systems (that satisfy
,
). In [9], we have proved
constructively that if all the subsystems are (Hurwitz or Schur)
stable and commutative pariwise, then there exists a CQLF for
all the subsystems.
Theorem 1: If there is a CQLF for all the subsystems, the
switched system composed of (1) and (2) is exponentially stable
under arbitrary switching.
Proof: To show the exponential stability of the system, we
and
such that
first find two positive scalars

(10)
hold for all and . Then, in the period where a continuous-time
,
subsystem is activated, we obtain
and in the period where a discrete-time subsystem is activated,
.
(when a discrete-time subsystem is active
For any time
at , we refer to tacitly as the last sampling point since the state
does not change until the next sampling point), we can always
(
), where
divide the time interval [0, ] as
is the total duration time on continuous-time subsystems and
is the total duration time on discrete-time subsystems. It is
not difficult to obtain that no matter what the activation order is

Theorem 2: If all continuous-time subsystems are Hurwitz
stable and all discrete-time subsystems are Schur stable, and
furthermore the Lie algebra
(13)
is solvable, then the switched system composed of (1) and (2) is
exponentially stable under arbitrary switching.
Proof: According to Theorem 1, the proof is reduced to
finding a CQLF for all the subsystems. Without loss of generality, we assume here for simplicity that the dimension of the
and
is
.
matrices
Translating Lemma 1 into the present situation, we see that if
the Lie algebra (13) is solvable, then there exists a nonsingular
complex matrix such that for all ,
(14)
,
are upper-triangular.
where the complex matrices
We first show that there exists a real positive definite matrix
such that
(15)
Especially, we choose
with real diagonal form as
, and thus we have

(16)

(11)
and thus
(12)
,
and
where
denote the largest and the smallest eigenvalue of , respectively. Since we did not add any limitation on the switching signals, the switched system is exponentially stable under arbitrary
switching.

and (17), shown at the bottom of the page. Since all the subsystems are assumed to be Hurwitz/Schur stable,
and
hold for all ’s and ’s. Then, we can
choose the positive scalar arbitrarily so that the first leading
and
principal minors of (16) and (17), namely,
, are positive.
Next, since
and
, we can always
find a positive scalar sufficiently large such that for the fixed
, the second leading principal minors of (16) and (17), namely
(18)

IV. LIE ALGEBRAIC CONDITION
We first state a result which will be used later in the proof of
the main theorem.
Lemma 2: All leading principal minors of a Hermitian mais positive definite (i.e.,
trix are real. A Hermitian matrix
,
) if and only if all its leading principal
minors are positive.
Now, we state and prove the main theorem of this paper. It
is noted that the idea of the proof was proposed in [5], where
the switched systems composed of only continuous-time subsystems are discussed.

and

(19)
are positive.
and
, for the fixed
Finally, since
and , we can always find a positive scalar
sufficiently
large such that the third leading principal minors (i.e., the determinants) of (16) and (17) are positive.
In this way, we have chosen , and orderly so that all
the leading principal minors of (16) and (17) are positive. There-

(17)
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Fig. 1. System’s state and its norm in Example 1.

fore, according to Lemma 2, (15) is satisfied with the chosen
Using the obtained , we substitute (14) into (15) to obtain

.

(20)
which are respectively equivalent to
(21)
where
.
.
We write the complex matrix as
is Hermitian,
is skew-symmetric, from which
Since
(
) is obtained. Thus,
is
a real positive definite matrix. Similarly, we can obtain easily

’s (or
’s) exist. This means that if
and lower-triangular
the Lie algebra (13) is not solvable, we can try to replace some
subsystem matrices with their transposes in (13) and then check
the new Lie algebra again.
Remark 3: As also pointed out in [5], although we have
showed the existence condition of CQLF constructively, the
computation depends on the value of the transformation matrix
. Since it may need some efforts obtaining the value of
when using standard numerical methods, it may be more effidirectly,
cient to solve the LMI’s (8)–(9) with respect to
using the existing LMI softwares.
Remark 4: Another method of proving the stability part of
Theorem 2 originated from [14], [15], where the main approach
is to find a real nonsingular matrix so that all the subsystem
matrices are transformed into

(22)
is the common Lyapunov matrix we
which implies that
want to compute. This completes the proof.
It can be seen from the above proof that the important issue
used for stability under arbitrary switching is all the subsystems
are simultaneously triangularised by a nonsingular complex matrix (see also Remark 4). The Lie algebra condition is only sufficient for this condition. In this sense, the theorem can be stated
and applied in more general case.
Remark 2: It is understood from the proof of Theorem 2 that
the result can be extended to case where both upper-triangular

..
.

where
2

(

..
.

(23)

..
.

) is either a real scalar

2 matrix taking the form of

or a

. Then, for the

continuous-time subsystems that are Hurwitz stable, we have
,
, and for the discrete-time subsystems that
,
. The
are Schur stable, we have
remaining proof can be done similarly as in [14], [15].
Now, we give an example to demonstrate the main result.
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Example 2: Consider the switched system with one continuous-time subsystem and one discrete-time subsystem whose
system matrices are

Noticing that we still have much freedom in constructing the
common Lyapunov matrix in the proof of Theorem 2, we may
consider turning back to repeat the computation procedure if the
above inequalities are not true.

(24)
V. CONCLUSION
It is easy to confirm that
is Hurwitz stable and
stable.
Some standard Lie brackets are computed as

is Schur

A Lie algebraic condition has been established for stability
analysis of a new class of switched systems, which are composed of both continuous-time and discrete-time linear subsystems, under arbitrary switching. The result is theoretically attractive, and the computation is not involved. Future work includes its extention to the case of general nonlinear subsystems,
and to the case where unstable subsystems are involved.
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