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Abstract: In this paper, we aim to solve the finite horizon optimal control problem for a class of discrete-time non-
linear systems with unfixed initial state using adaptive dynamic programming (ADP) approach. A new ε-optimal control
algorithm based on the iterative ADP approach is proposed which makes the performance index function converge itera-
tively to the greatest lower bound of all performance indices within an error according to ε within finite time. The optimal
number of control steps can also be obtained by the proposed ε-optimal control algorithm for the situation where the ini-
tial state of the system is unfixed. Neural networks are used to approximate the performance index function and compute
the optimal control policy, respectively, for facilitating the implementation of the ε-optimal control algorithm. Finally, a
simulation example is given to show the results of the proposed method.
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1 Introduction

The optimal control problem of dynamical systems has
been the focus of many papers during the last several
decades. In many theoretical discussions, controllers are
generally designed to make the controlled systems stabi-
lized or tracked within infinite time horizon [1–9]. That is,
the system cannot really be stabilized or tracked until the
time reaches infinity. However, in real world, most of the
control systems should be stabilized to zero or tracked to
a desired trajectory within finite time. Due to the lack of
methodology and the fact that the number of control steps
is difficult to determine, the controller design of finite hori-
zon problems still presents a challenge to control engineers.
On the other hand, the optimal control schemes should be
effective for different initial states, i.e., for a set of initial
states. However, many optimal control scheme is proposed
only for the situations of fixed initial state [10–20]. To over-
come these difficulties, a new method must be proposed for
finite horizon optimal control problems with unfixed initial
state. This motivates our research.

Dynamic programming is a very useful tool in solving op-
timization and optimal control problems [21–23]. The op-
timality principle can be expressed by a Hamilton-Jacobi-
Bellman (HJB) equation. However, it is often computation-
ally untenable to run real dynamic programming due to the
‘curse of dimensionality’ [21]. Adaptive/approximate dy-
namic programming (ADP) algorithms have gained much
attention from researchers [19, 20, 24–34]. An ADP algo-
rithm was proposed in [35] as a powerful methodology to
solve optimal control problems forward in time. In [36]
and [37], ADP approaches were classified into several main
schemes: heuristic dynamic programming (HDP), dual

heuristic programming (DHP), action dependent heuris-
tic dynamic programming (ADHDP), also known as Q-
learning, and action dependent dual heuristic programming
(ADDHP), globalized-DHP (GDHP) and ADGDHP.

Though ADP algorithms have made great progress in the
optimal control field, to the best of our knowledge, only [38]
discussed finite horizon optimal control problem with fixed
initial state. While if the initial state is unfixed, such as the
initial state belongs to an initial state set, then [38] is in-
valid. There are at least two reasons. First, it cannot be de-
cided which initial point should be used as the computation
initial point. If the iterative ADP algorithm in [38] is im-
plemented for each state point, the computation burden is
extremely large to obtain the optimal control, because the
elements in the initial state set may be infinite. Even if the
iterative ADP algorithm is implemented for each state point,
we still do not know which control law is optimal one ac-
cording to [38].

Therefore, how to solve the optimal control problem for
finite horizon systems with unfixed initial state based on
ADP algorithms is still an open problem. In this paper, for
the first time, we will show how to find an approximate
optimal control that makes the performance index function
converge to the greatest lower bound of all performance in-
dices within an error according to ε (called ε-error bound for
brief). It is also shown that the corresponding approximate
optimal control (called ε-optimal control) can make the
performance index function converge to the ε-error bound
within finite steps. First, the HJB equation for finite hori-
zon discrete-time systems is derived. In order to solve this
HJB equation, a new iterative adaptive dynamic program-
ming algorithm is developed with convergence proof. Sec-
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ond, it will show that the iterative ADP algorithm can ob-
tain the approximate optimal control that makes the perfor-
mance index function converge to an ε-error bound from its
optimal under the situation where the initial state is unfixed.
Furthermore, in order to facilitate the implementation of the
iterative ADP algorithm, we show how to introduce neural
networks to obtain the iterative performance index function.
This in turn results in an ε-optimal state feedback controller
suitable for finite horizon problems.

2 Problem statement

In this paper, we consider the following discrete-time
nonlinear systems:

xk+1 = F (xk, uk), k = 0, 1, 2, . . . , (1)
where xk ∈ R

n is the state, and uk ∈ R
m is the control

vector. Let x0 ∈ Ω0 be the initial state, where Ω0 ⊂ R
n is

the initial state set. We assume that for any initial state xk,
there exists a control uk that makes F (xk, uk) = 0. Let the
system function F (xk, uk) be continuous for ∀xk, uk, and
F (0, 0) = 0. Hence, xk = 0 is an equilibrium state of sys-
tem (1) under the control uk = 0. The performance index
function for state x0 under the control sequence uN−1

0 =
(u0, u1, . . . , uN−1) is defined as

J(x0, u
N−1
0 ) =

N−1∑
k=0

U(xk, uk), (2)

where U(xk, uk) � 0, for ∀xk, uk, is the utility function.
Let uN−1

0 = (u0, u1, . . . , uN−1) be a finite sequence of
controls. We call the number of elements in the control se-
quence uN−1

0 the length of uN−1
0 . Then, |uN−1

0 | = N . We
denote the final state of the trajectory as x(f)(x0, u

N−1
0 ),

i.e., x(f)(x0, u
N−1
0 ) = xN . Then, for ∀k � 0, the finite

control sequence can be written as
uk+i−1

k = (uk, uk+1, . . . , uk+i−1),
where i � 1. Then, the final state can be written as
x(f)(xk, uk+i−1

k ), where x(f)(xk, uk+i−1
k ) = xk+i.

Let uk be an arbitrary finite-horizon admissible control
sequence starting at k, and let

Axk
=

{
uk : x(f)

(
xk, uk

)
= 0

}
.

Define the optimal performance index function as
J∗(xk) = inf

u
k

{
J(xk, uk) : uk ∈ Axk

}
. (3)

Then, according to Bellman’s principle of optimality [21],
J∗(xk) satisfies the discrete-time HJB equation:

J∗(xk) = min
uk

{U(xk, uk) + J∗(F (xk, uk))} . (4)

Now, define the law of optimal control sequence starting at
k by

u∗(xk) = arg inf
u

k

{
J(xk, uk) : uk ∈ Axk

}
,

and define the law of optimal control vector by
u∗(xk) = arg min

uk

{U(xk, uk) + J∗(F (xk, uk))} .

3 Properties of the iterative adaptive dy-
namic programming algorithm

In this section, a new iterative ADP algorithm is devel-
oped to obtain the finite horizon optimal controller for non-
linear systems. The goal of the present iterative ADP al-

gorithm is to construct an optimal control policy u∗(xk),
k = 0, 1, . . . , which drives the system from an arbitrary
initial state x0 to the singularity 0 within finite time, and
simultaneously minimizes the performance index function.
Convergence proofs will also be given to show that the per-
formance index function will indeed converge to the opti-
mum.
3.1 Derivation of the iterative ADP algorithm

In the iterative ADP algorithm, the performance index
function and control policy are updated by recurrent iter-
ations, with the iteration index number i increasing from 0
and with the initial performance index function V0(xk) = 0.

The performance index function V1(xk) is computed as

V1(xk) = min
uk

U(xk, uk) = U(xk, v0(xk)), (5)

s.t. F (xk, uk) = 0,

where

v0(xk)=arg min
uk

U(xk, uk) s.t. F (xk, uk)=0. (6)

For i = 1, 2, 3, . . . , the iterative ADP algorithm will be
implemented as follows:

Vi+1(xk) = min
uk

{U(xk, uk) + Vi(F (xk, uk))}

= U(xk, vi(xk)) + Vi(F (xk, vi(xk))), (7)

where

vi(xk) = arg min
uk

{U(xk, uk) + Vi(xk+1)}

= arg min
uk

{U(xk, uk) + Vi(F (xk, uk))} . (8)

Equations (5)–(8) are called the iterative ADP algorithm.
3.2 Properties

In the above, we can see that the performance index func-
tion J∗(xk) solved by HJB equation (4) is replaced with a
sequence of performance index functions Vi(xk), and the
optimal control law u∗(xk) is replaced with a sequence of
control law vi(xk), where i � 1 is the index of iteration. We
can prove that J∗(xk), defined in (3), is the limit of Vi(xk)
as i → ∞.

Theorem 1 Let xk be an arbitrary state vector. Sup-
pose that A

(1)
xk

�= ∅. Then, the performance index func-
tion Vi(xk) obtained by (5)–(8) is a monotonically nonin-
creasing sequence for ∀i � 1, i.e., Vi+1(xk) � Vi(xk) for
∀i � 1.

Proof The details can be seen in [38].
From Theorem 1, we know that the performance index

function Vi(xk) � 0 is a monotonically nonincreasing se-
quence with lower bound for iteration index i = 1, 2, . . . .
Then, there exists a limit of iterative performance index
function Vi(xk). Define the performance index function
V∞(xk) as the limit of the iterative function Vi(xk), i.e.,

V∞(xk) = lim
i→∞

Vi(xk). (9)

Now, we can derive the following theorem.
Theorem 2 Let the performance index function Vi(xk)

be defined by (7). If the system state xk is controllable, then
the performance index function Vi(xk) converges to the op-
timal performance index function J∗(xk) as i → ∞, i.e.,

Vi(xk) → J∗(xk). (10)
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Proof According to (3), we have

J∗(xk) � min
uk+i−1

k

{J(xk, uk+i−1
k ) : uk+i−1

k ∈ A
(i)
xk
}

= Vi(xk).

Then, let i → ∞, we obtain

J∗(xk) � V∞(xk). (11)

Next, we show that

V∞(xk) � J∗(xk). (12)

For any ω > 0, by the definition of J∗(xk), there exists
η

k
∈ Axk

such that

J(xk, η
k
) � J∗(xk) + ω. (13)

Suppose that |η
k
| = p. Then, η

k
∈ A

(p)
xk

. Therefore, by
Theorem 1,

V∞(xk) � Vp(xk)

= min
uk+p−1

k

{
J(xk, uk+p−1

k ) : uk+p−1
k ∈ A

(p)
xk

}
� J(xk, η

k
)

� J∗(xk) + ω.

Since ω is chosen arbitrarily, we know that (12) is true.
Therefore, from (11) and (12), we prove the theorem.

We can now present the following corollary.
Corollary 1 Let the performance index function Vi(xk)

be defined by (7). If the system state xk is controllable, then
the iterative control law ui(xk) converges to the optimal
control law u∗(xk), i.e., lim

i→∞
ui(xk) = u∗(xk).

4 The ε-optimal control algorithm

In the previous section, we proved that the iterative
performance index function Vi(xk) converges to the opti-
mal performance index function J∗(xk) as i → ∞. This
means that to obtain the optimal performance index function
J∗(xk), we should run the iterative ADP algorithm (5)–(8)
for i → ∞. Howerever unfortunately, it is not achievable
to run for infinite number of times. To overcome this dif-
ficulty, a new ε-optimal control algorithm is established in
this section.
4.1 The derivation of the ε-optimal control algorithm

In this subsection, we will introduce our method for it-
erative ADP with the consideration of the length of control
sequences. For different xk, we will use different i for the
length of optimal control sequence. For a given error bound
according to ε > 0, the number i will be chosen so that the
error between J∗(xk) and Vi(xk) is bounded with a bound
according to ε.

Theorem 3 Let ε > 0 be any small number and xk be
any controllable state. Let the performance index function
Vi(xk) be defined by (8) and J∗(xk) be the optimal per-
formance index function. Then, there exists a finite i that
makes

|Vi(xk) − J∗(xk)| � ε (14)

hold.
Proof The proof follows the definition in (9) and The-

orem 2.

Let T0 = {0}. For i = 1, 2, . . . , define
Ti ={xk ∈ R

n| ∃uk ∈ R
m s.t. F (xk, uk)∈Ti−1}. (15)

According to Theorem 3, we can make the following def-
inition.

Definition 1 Let xk ∈ T∞ be a controllable state vec-
tor. Let ε > 0 be a small positive number. The approximate
length of optimal control with respect to ε is defined as

Kε(xk) = min{i : |Vi(xk) − J∗(xk)| � ε}. (16)
Given a small positive number ε, for any state vector xk,

the number Kε(xk) gives a suitable length of control se-
quence for optimal control starting from xk. For xk ∈ T∞,
since lim

i→∞
Vi(xk) = J∗(xk), we can always find i such that

|Vi(xk) − J∗(xk)| � ε. (17)
Therefore, {i : |Vi(xk) − J∗(xk)| � ε} �= ∅, and Kε(xk)
is well defined.
4.2 Properties of the ε-optimal control algorithm

We can see that an error ε between J∗(xk) and Vi(xk) is
introduced into the iterative ADP algorithm, which makes
the performance index function Vi(xk) converge within fi-
nite iteration step i. In this section, we will show that the
corresponding control is also an effective control that makes
the performance index function reach the optimum within
error bound ε.

Theorem 4 Let xk ∈ T∞ be arbitrary controllable
state. If for arbitrary small positive number ε, the iterative
performance index function satisfies |Vi(xk)−J∗(xk)| � ε
under the control μ∗

ε (xk), where μ∗
ε (xk) satisfies

μ∗
ε (xk) = arg min

uk

{U(xk, uk) + Vi(F (xk, uk))} . (18)

Then, the ε-optimal control sequence
μ∗

ε
(xk) = (μ∗

ε (xk), μ∗
ε (xk+1), . . . , μ∗

ε (xk+i), . . .) (19)
is an admissible control sequence for system (1).

Proof According to (7) and (18), we have
Vi(xk+1) − Vi+1(xk) = −U(xk, μ∗

ε (xk)). (20)
As |Vi(xk)−J∗(xk)| � ε, according to Theorem 1, we have
J∗(xk) � Vi+1(xk) � Vi(xk) � J∗(xk) + ε. Then, there
exists a 0 � δ � ε that satisfies

Vi(xk+1) − Vi(xk) = −U(xk, μ∗
ε (xk)) + δ. (21)

As ε is small, let ε → 0, then we have δ → 0. Hence, we
can get −U(xk, μ∗

ε (xk)) + δ � 0. Then, we can obtain
Vi(xk+1) − Vi(xk) � 0, (22)

which implies that μ∗
ε (xk) is a stable controller. On the

other hand, it is obvious that Vi(xk) � J∗(xk) + ε is fi-
nite. According to the definition of admissible control se-
quence [19, 32], we have that μ∗

ε
(xk) is an admissible con-

trol sequence. The proof is completed.
Remark 1 Theorem 4 shows that in the iterative ADP

algorithm (5)–(8), the positive number ε should be small
enough to obtain the effective approximate optimal control
μ∗

ε (xk). Howerever when ε is smaller, the iterative ADP al-
gorithm has to run for longer time to obtain the higher pre-
cision which leads to heavier computational burden.

Then, we note the following corollary.
Corollary 2 If for ∀i > 0 and arbitrary system state

xk ∈ T∞, the control μ∗
ε (xk) makes |Vi(xk)− J∗(xk)| < ε

hold, then |Vi+1(xk) − J∗(xk)| < ε holds.
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Definition 2 Let xk ∈ T∞ be a controllable state vector
and ε be a positive number. For i = 1, 2, . . . , define the set

T (ε)
i = {xk ∈ T∞ : Kε(xk) � i}. (23)

When xk ∈ T (ε)
i , to find the optimal control sequence

that has a performance index less than or equal to J∗(xk)+
ε, one only needs to consider the control sequences uk with
length |uk| � i. The sets T (ε)

i has the following properties.
Theorem 5 Let ε > 0 and i = 1, 2, . . . . Then,
i) xk ∈ T (ε)

i if and only if Vi(xk) � J∗(xk) + ε.

ii) T (ε)
i ⊆ Ti.

iii) T (ε)
i ⊆ T (ε)

i+1.

iv)
⋃
i

T (ε)
i = T∞.

v) If ε > δ > 0, then T (ε)
i ⊇ T (δ)

i .

Proof i) Let xk ∈ T (ε)
i . By Definition 2, Kε(xk) �

i. Let j = Kε(xk). Then, j � i and by Definition 1,
|Vj(xk)−J∗(xk)| � ε. Therefore, Vj(xk) � J∗(xk)+ε. By
Theorem 1, Vi(xk) � Vj(xk) � J∗(xk) + ε. On the other
hand, if Vi(xk) � J∗(xk) + ε, then |Vi(xk)− J∗(xk)| � ε.
Therefore, Kε(xk) = min{j : |Vj(xk)−J∗(xk)| � ε} � i.
Therefore, xk ∈ T (ε)

i , and vice versa.

ii) When xk ∈ T (ε)
i , Kε(xk) � i. Therefore, Vi(xk) has

definition at xk. Thus, xk ∈ Ti. Hence, T (ε)
i ⊆ Ti.

iii) When xk ∈ T (ε)
i , Kε(xk) � i < i + 1. Therefore,

xk ∈ T (ε)
i+1. Thus, T (ε)

i ⊆ T (ε)
i+1.

iv) Obviously,
⋃
i

T (ε)
i ⊆ T∞ since T (ε)

i are subsets of

T∞. For any xk ∈ T∞, let p = Kε(xk). Then, xk ∈ T (ε)
p .

So xk ∈
⋃
i

T (ε)
i . Hence, T∞ ⊆

⋃
i

T (ε)
i ⊆ T∞, and thus,⋃

i

T (ε)
i = T∞.

v) When xk ∈ T (δ)
i , Vi(xk) � J∗(xk) + δ by part i) of

this theorem. Clearly, Vi(xk) � J∗(xk) + ε since δ < ε.
This implies that xk ∈ T (ε)

i . Therefore, T (ε)
i ⊇ T (δ)

i .
We have the following corollary.
Corollary 3 Let ε > 0 and i = 0, 1, 2, . . . . If xk ∈

T (ε)
i , then for any x′

k ∈ T (ε)
i , the following inequality

|Vi(x′
k) − J∗(x′

k)| � ε (24)

holds.
Proof The corollary can be easily proved by contradic-

tion. Assume that the conclusion is false. Then, for some
x′

k ∈ T (ε)
i , we have

Vi(x′
k) > J∗(x′

k) + ε. (25)

Therefore, we have

Kε(x′
k) = min{j : |Vj(x′

k) − J∗(x′
k)| � ε} > i. (26)

Then, according to Definition 2, we have

x′
k /∈ T (ε)

i , (27)

which is contradicting with the assumption of x′
k ∈ T (ε)

i , so
the conclusion holds.

Corollary 4 For i = 0, 1, . . . , let μ∗
ε (xk) be expressed

as in (18), which makes the performance index function (14)

hold for xk ∈ T (ε)
i . Then, for x′

k ∈ T (ε)
i , μ∗

ε (x
′
k) makes

|Vi(x′
k) − J∗(x′

k)| � ε (28)
hold.

Proof The corollary can also be proved by contradic-
tion.

According to Theorem 5 i), T (ε)
i is just the region where

Vi(xk) is close to J∗(xk) with error less than ε. This region
is a subset of Ti according to Theorem 5 ii). As stated in
Theorem 5 iii), when i is large, the set T (ε)

i is also large.
This means that when i is large, we have a large region
where we can use Vi(xk) as the approximation of J∗(xk)
under certain error. On the other hand, we claim that if xk

is far from the origin, we have to choose a long control se-
quence to approximate the optimal control. Theorem 5 iv)
means that for every controllable state xk ∈ T∞, we can al-
ways find a suitable length i of control sequence to approx-
imate the optimal control. The size of the set T (ε)

i depends
on the value of ε. Smaller value of ε gives smaller set T (ε)

i ,
see Theorem 5 v).

Theorem 6 For i = 0, 1, . . . , if we let xk ∈ T (ε)
i+1

and let μ∗
ε (xk) be expressed in (18), then F (xk, μ∗

ε (xk)) ∈
T (ε)

i . In other words, if Kε(xk) = i + 1, then
Kε(F (x, μ∗

ε (xk))) � i.

Proof Since xk ∈ T (ε)
i+1, by Theorem 5 i), we know that

Vi+1(xk) � J∗(xk) + ε. (29)
According to the expression of μ∗

ε (xk) in (18), we have
Vi+1(xk) = U(xk, μ∗

ε (xk)) + Vi(F (xk, μ∗
ε (xk))). (30)

From (29) and (30), we have
Vi(F (xk, μ∗

ε (xk))) = Vi+1(xk) − U(xk, μ∗
ε (xk))

� J∗(xk)+ε−U(xk, μ∗
ε (xk)). (31)

On the other hand, we have
J∗(xk) � U(xk, μ∗

ε (xk)) + J∗(F (x, μ∗
ε (xk))). (32)

Putting (32) into (31), we obtain
Vi(F (xk, μ∗

ε (xk))) � J∗(F (xk, μ∗
ε (xk))) + ε. (33)

By Theorem 5, we have

F (xk, μ∗
ε (xk)) ∈ T (ε)

i . (34)

Therefore, if Kε(xk) = i + 1, we know that xk ∈ T (ε)
i+1

and F (x, μ∗
ε (xk)) ∈ T (ε)

i according to (34). Therefore, we
have

Kε(F (xk, μ∗
ε (xk))) � i. (35)

The theorem is proved.
Corollary 5 For i = 0, 1, . . . , let μ∗

ε (xk) be expressed
in (18) where the performance index function |Vi+1(xk) −
J∗(xk)| � ε. Then, for any x′

k ∈ T (ε)
i , the following in-

equality
|Vi(x′

k) − J∗(x′
k)| � ε (36)

holds.
Proof |Vi+1(xk) − J∗(xk)| � ε implies xk ∈ T (ε)

i+1.
According to Theorem 6, we have

Kε(F (xk, μ∗
ε (xk))) � i, (37)

which means that
|Vi(F (xk, μ∗

ε (xk))) − J∗(F (xk, μ∗
ε (xk)))| � ε (38)
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and

F (xk, μ∗
ε (xk)) ∈ T (ε)

i . (39)

Then, according to Corollary 3, for any x′
k ∈ T (ε)

i , we have

|Vi(x′
k) − J∗(x′

k)| � ε (40)

hold.
The proof is completed.
Now, we look back at the optimal control problem with

respect to performance index function. If the initial state x0

is fixed, we will show that if we choose x0 to run the it-
erative index function, we can obtain the most effective ε-
optimal control.

Theorem 7 Let x0 be the fixed initial state, μ∗
ε (x0) sat-

isfies (17) and (18) at k = 0. If xk, k = 0, 1, . . . , N ,
is the state under the control law μ∗

ε (xk), then we have
|Vi(xk) − J∗(xk)| � ε for any k.

Proof For system (1) with respect to the performance
index function (2), we have x0 ∈ T (ε)

N and Kε(x0) = N .
Then, for small ε, there exists an ε-optimal control se-
quence:

μ∗
ε
(x0) = (μ∗

ε (x0), μ∗
ε (x1), . . . , μ∗

ε (xN−1)), (41)

which stabilizes system (1) within finite time N and mini-
mizes the performance index function (2). Then, obviously,
we have xN ∈ T0, xN−1 ∈ T (ε)

1 , . . . , x0 ∈ T (ε)
N , where

0 = T0 ⊆ T (ε)
1 ⊆ . . . ⊆ T (ε)

N . Therefore, according to
Theorem 6 and Corollary 5, we have that the ε-optimal con-
trol law μ∗

ε obtained by the initial state x0 using the iterative
ADP algorithm is effective for the states x1, x2, . . . , xN .

The proof is completed.
We can see that if we choose x0 to run the iterative index

function, we can obtain the most effective ε-optimal con-
trol. If the initial state x0 is unfixed, then we do not know
which one should be used to implement the iterative ADP
algorithm. In the next section, we will solve this problem.
4.3 The ε-optimal control algorithm for unfixed initial

state

For a lot of practical nonlinear systems, the initial state
x0 cannot be fixed. Instead, the initial state belongs to a set,
and we define the initial state set as Ω0, where Ω0 ⊆ R

n.
Then, we have x0 ∈ Ω0. For this case, if we only choose
one state x

(i)
0 ∈ Ω0 to run the iterative ADP algorithm and

get corresponding ε-optimal control μ∗
ε , then the ε-optimal

control μ∗
ε may not be ε-optimal for all x0 ∈ Ω0 because

there may exist a state x
(j)
0 ∈ Ω0 such that x

(i)
0 ∈ T (ε)

i ,
while x

(j)
0 ∈ T (ε)

j \T (ε)
i , where j > i.

If we let

I = max{i : x0 ∈ T (ε)
i s.t. x0 ∈ Ω0}. (42)

then according to Corollary 5, we should find the initial state
x0 ∈ T (ε)

I to obtain the most effective ε-optimal control.
Thus, the next job is to obtain the state x0 ∈ T (ε)

I . Accord-
ing to the grid method, we divide the state set Ω0 into P

subsets that are expressed as Ω
(1)
0 , Ω

(2)
0 , . . . , Ω

(P )
0 , where

Ω0 =
P⋃

j=1

Ω
(j)
0 and P > 0 is a positive integer number.

Then, for j = 1, 2, . . . , P , let

X0 = (x
(1)
0 , x

(2)
0 , . . . , x

(P )
0 ), (43)

where x
(j)
0 satisfies x

(j)
0 ∈ Ω

(j)
0 . Then, according to The-

orem 7, for every x
(j)
0 , j = 1, 2, . . . , P , we run the iter-

ative ADP algorithm (5)–(8) at xk = x
(j)
0 , and then, we

can obtain x
(j)
0 ∈ T (ε)

ij
. The corresponding performance in-

dex function and control can be expressed as Vij (x
(j)
0 ) and

μ∗
ε (x

(j)
0 ), respectively. As the initial state set Ω0 is divided

into P subsets, then according to (43), we can redefine I as

I = max { ij : x
(j)
0 ∈ T (ε)

ij
, j = 1, 2, . . . , P

s.t. x
(j)
0 ∈ Ω

(j)
0 , Ω0 =

P⋃
j=1

Ω
(j)
0 }. (44)

Without loss of generality, we can let x
(j̄)
0 ∈ T (ε)

I , where
1 � j̄ � P . Then, the corresponding performance index
function VI(x

(j̄)
0 ) is the ε-optimal performance index func-

tion, and μ∗
ε (x

(j̄)
0 ) is the ε-optimal control, respectively.

For example, let xk ∈ R be the state of system (1) and
the initial state set be Ω0 = {x0 : a � x0 � b}, where
a, b ∈ R. According to the grid method, let h > 0
be the grid size, and P = (b − a)/h. Then, we have
Ω

(j)
0 = {x0 : a + (j − 1)h � x0 < a + jh}, where j =

1, 2, . . . , P . Therefore, we can choose x
(j)
0 = a + (j − 1)h,

where x
(j)
0 satisfies x

(j)
0 ∈ Ω

(j)
0 . Then, run the iterative

ADP algorithm (5)–(8) at xk = x
(j)
0 for j = 1, 2, . . . , P ,

and we can obtain x
(j̄)
0 ∈ T (ε)

I where I satisfies (44). The
corresponding control law μ∗

ε is the effective ε-optimal con-
trol law.

While if the initial set Ω0 is a convex set, we can obtain
more simple results.

Theorem 8 Let Ω0 ⊆ R
n be the initial state set and the

initial state x0 ∈ Ω0. If Ω0 is a convex set on R
n, then x

(I)
0

is a boundary point of Ω0 where I is defined in (44).
Proof The theorem can be proved by contradiction. As-

sume that x
(I)
0 is a interior point of Ω0. Without loss of gen-

erality, let the point be xa = x
(I)
0 . Make a beeline between

the origin and xa. Let the point of intersection between the
beeline and the boundary of the set Ω0 be xb. Let the point
of intersection between the extended line and the boundary
of the set Ω0 be xc. The situation of xa, xb and xc is shown
in Fig. 1.

As x
(I)
0 is an interior point of convex set Ω0, according

to the property of convex set, for ∀x
(j)
0 ∈ Ω0, j = 0, 1, . . . ,

there exists a positive real number 0 � λ � 1 that makes

x
(ja)
0 = λx

(jb)
0 + (1 − λ)x(jc)

0 (45)
hold, where ja, jb and jc are nonnegative integer numbers.

If let xa = x
(I)
0 = x

(ja)
0 , xb = x

(jb)
0 , and xc = x

(jc)
0 ,

then we have
xa = λxb + (1 − λ)xc. (46)

If we assume that xa ∈ T (ε)
a , xb ∈ T (ε)

b , and xc ∈ T (ε)
c ,

then we have
T (ε)

c ⊆ T (ε)
a (47)



386 Q. WEI et al. / J Control Theory Appl 2011 9 (3) 381–390

because xa = x
(I)
0 , where I is expressed in (44). Then, we

can obtain

I =Kε(F (xa, μ
∗
ε (xa)))�Kε(F (xc, μ

∗
ε (xc)))=c. (48)

On the other hand, as xc is the point of intersection be-
tween the extended beeline and the boundary of the set Ω0,
obviously, the point xc is farther from the origin that can
also be seen in Fig. 1. Therefore, we have

Kε(F (xa, μ
∗
ε (xa))) � Kε(F (xc, μ

∗
ε (xc))) = c, (49)

which is a contradiction to (48). Therefore, x
(I)
0 cannot be

expressed as (45). Then the assumption is false, and there-
fore, x

(I)
0 must be the boundary point of the set Ω0.

Fig. 1 The situation outline of the sates xa, xb and xc.

Remark 2 Theorem 8 gives an important property ob-
taining the optimal control law. It means that if the initial set
Ω0 is convex, it is not necessary to search all the state points
of the set. Instead, it only requires to search the boundary of
the set, and therefore, the computational burden is much re-
duced.
4.4 The expressions of the ε-optimal control algorithm

Given the preparations, we now summarize the iterative
ADP algorithms as follows:

Step 1 Give the initial state space Ω0, the max iterative
number imax, and the computation precision ε.

Step 2 Grid the state set Ω0 into P subsets, which are

expressed as Ω
(1)
0 , Ω

(2)
0 , . . . , Ω

(P )
0 , where Ω0 =

P⋃
j=1

Ω
(j)
0

and P > 0 is a positive integer number.
Step 3 For j = 1, 2, . . . , P , let X0 be expressed as (43),

and x
(j)
0 satisfies x

(j)
0 ∈ Ω

(j)
0 .

Step 4 Set i = 0, choose the state point as x0 = xk and
V0( · ) = 0. Set Kε(x0) = 0.

Step 5 Compute v0(x0) as in (6) and compute V1(x0)
as in (5).

Step 6 Set i = i + 1 and Kε(x0) = i.
Step 7 Compute vi(x0) as in (7) subjected to (1), and

compute Vi(x0) as in (8).
Step 8 If |Vi+1(x0) − Vi(x0)| � ε, then x0 ∈ T (ε)

i ,
Kε(x0) = i, and go to Step 10. Vi is the ε-optimal per-
formance index function μ∗

ε (x0) = ui(x0) is the ε-optimal
control, and the optimal control step number Kε(x0) = i.
Otherwise, go to Step 9.

Step 9 If i > imax, then ε-optimal control with finite
time does not exist and go to Step 12. Otherwise, go to Step
6.

Step 10 If j < P , then let I be expressed as (44); we
get x

(j)
0 ∈ T (ε)

I and Kε(x
(j)
0 ) = I; else goto Step 12.

Step 11 Record the corresponding performance index
function VI(x

(j)
0 ), and the control law μ∗

ε (x
(j)
0 ). Let j =

j + 1, goto Step 3.
Step 12 Stop.

5 Neural network implementation for the ε-
optimal control scheme

In the case of linear systems, the performance index func-
tion is quadratic and the control policy is linear. In the non-
linear case, this is not necessarily true, and therefore, we use
neural networks to approximate uk and Vi(xk).

Assume that the number of hidden layer neurons is de-
noted by l, the weight matrix between the input layer and
hidden layer is denoted by V , and the weight matrix be-
tween the hidden layer and output layer is denoted by W .
Then, the output of three-layer NN is represented by

F̂ (X, V, W ) = WTσ(V TX), (50)

where σ(V TX) ∈ R
l, [σ(z)]i =

ez
i − e−zi

ez
i + e−zi

, i = 1, . . . , l

are the activation function.
The NN estimation error can be expressed by

F (X) = F (X, V ∗, W ∗) + ε(X), (51)

where V ∗, W ∗ are the ideal weight parameters, and ε(X) is
the reconstruction error.

Here, there are two networks, which are critic network
and action network, respectively. Both neural networks
are chosen as three-layer feedforward network. The whole
structure diagram is shown in Fig. 2.

Fig. 2 The structure diagram of the algorithm.

5.1 The critic network

The critic network is used to approximate the perfor-
mance index function Vi(xk). The output of the critic net-
work is denoted as

V̂i(xk) = WT
ciσ(V T

ci xk). (52)

The target function can be written as

Vi+1(xk)=xT
k Qxk+ûT

i (xk)Rûi(xk)+V̂i(xk+1). (53)

Then, we define the error function for the critic network
as

eci(k) = V̂i+1(xk) − Vi+1(xk). (54)

The objective function to be minimized in the critic network
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is

Eci(k) =
1
2
e2
ci(k). (55)

Therefore, the gradient-based weight update rule for the
critic network is given by

wc(i+1)(k) = wci(k) + Δwci(k), (56)

Δwci(k) = αc

[
−∂Eci(k)

∂wci(k)

]
, (57)

∂Eci(k)
∂wci(k)

=
∂Eci(k)
∂V̂i(xk)

∂V̂i(xk)
∂wci(k)

, (58)

where αc > 0 is the learning rate of critic network, and
wc(k) is the weight vector of the critic network.
5.2 The action network

In the action network, the state error xk is used as an in-
put to create the optimal control difference as the output of
the network. The output can be formulated as

v̂i(xk) = WT
aiσ(V T

ai xk). (59)

The target of the output of the action network is given
by (7). Thus, we can define the output error of the action
network as

eai(k) = v̂i(xk) − vi(xk). (60)
The weights of the action network are updated to minimize
the following performance error measure:

Eai(k) =
1
2
e2
ai(k). (61)

The weights updating algorithm is similar to that of for
the critic network. By the gradient descent rule, we can ob-
tain

wa(i+1)(k) = wai(k) + Δwai(k), (62)

Δwai(k) = βa

[
−∂Eai(k)

∂wai(k)

]
, (63)

∂Eai(k)
∂wai(k)

=
∂Eai(k)
∂eai(k)

∂eai(k)
∂vi(k)

∂vi(k)
∂wai(k)

, (64)

where βa > 0 is the learning rate of action network.

6 Simulation study

To evaluate the performance of our iterative ADP algo-
rithm, an example is chosen with quadratic utility functions
for numerical experiments. The program is written in MAT-
LAB and running on a Dell Optiplex 960 PC with Windows
XP and Pentium IV processor.

Our example is chosen as the same example, as in [19].
We consider the following affine nonlinear system:

xk+1 = f(xk) + g(xk)uk, (65)

where xk = [x1k x2k ]T and uk = [u1k u2k ]T are the
state and control variables, respectively. The system func-
tions are expressed as

f(xk) =

[
0.2x1k exp(x2

2k)
0.3x3

2k

]
,

g(xk) =

[
−0.2 0

0 −0.2

]
.

The initial state is not a fixed point but belongs to a con-

vex set Ω0. The initial set is expressed as

Ω0 = { x0 = [x10x20]
T| − 1 � x10 � 1.5,

−1 � x20 � 1}. (66)
The performance index function is in quadratic form with
finite-time horizon that is expressed as

V (x0) =
N−1∑
k=0

(
xT

k Qxk + uT
k Ruk

)
, (67)

where the matrix Q = R = I , and I denotes the identity
matrix with suitable dimensions.

The computation error of the iterative ADP is given as
ε = 10−5. The neural network structure of the algorithm
is shown in Fig. 2. The critic network and the action net-
work are chosen as three-layer BP neural networks with the
structure 2-8-1 and 2-8-2, respectively.

As the initial state set Ω0 is convex, we can just search
the boundary to obtain the optimal control law. We start at
the point (−1,−1), and the search step is 0.1 for each di-
rection. We illustrate the convergence of performance index
functions at eight points, which are

xA(−1,−1), xB(−1, 1), xC(1.5,−1), xD(1.5, 1),
xE(1,−0.5), xF(−1, 0.5), xG(1.5,−0.5), xH(1, 1).

The corresponding convergence trajectories are V A, V B,
V C, V D, V E, V F, V G, and V H which are showed in Fig.
3, respectively.

Fig. 3 The convergence of performance index functions

In Fig. 3, we can obtain

xA ∈ T (ε)
4 , xB ∈ T (ε)

6 , xC ∈ T (ε)
4 , xD ∈ T (ε)

7 ,

xE ∈ T (ε)
4 , xF ∈ T (ε)

4 , xG ∈ T (ε)
3 , xH ∈ T (ε)

5 .

Then, we have I = 7, and μ∗
ε (xD) is the optimal con-

trol. To show the effectiveness of the optimal control, we
arbitrarily choose five state points in Ω0, such as

xα(−0.5,−0.5), xβ(1.5, 1), xγ(1,−1),
xδ(−1, 1), xε(0.5, 0.5).

Applying the optimal control law of μ∗
ε (xD) to the five

state points, we obtain results shown in Figs. 4∼8.
The weights of the critic neural network can be expressed

as
Vc = [−0.0372, 0.6074; 0.5399, −0.0652;

0.5512, 0.0886; 0.2510, 0.2409;
0.5296, 0.4954; 0.6183, −0.1049;
0.2063, 0.3888; 0.4510, 0.1227],

Wc = [0.7618, 0.8297, 1.0755, 0.9531,

1.2863, 0.9689, 0.5965, 0.8996].
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The weights of the action neural network can be expressed
as

Va = [−0.1837, −0.2141; −0.1703, −0.1331;
0.1387, 0.5740; 0.0102, 0.0995;

−0.2379, 0.3453; 0.3856, −0.2240;
0.4053, −0.3282; −0.2559, 0.2549;

−0.2840, −0.3082; −0.0920, 0.0409],

Wa = [0.1506, 0.4024, 0.3322, −0.3552,

0.2701, −0.0712, −0.1209, 0.3973,

−0.0935, −0.3311; −0.0751, −0.3773,

−0.5238, −0.3431, 0.1041, 0.2021,

0.2531, 0.0186, −0.3601, 0.1069].

Using the greedy HDP algorithm in [19], we can ob-
tain J∗(xk) = 2.69671478308 for x = [−1 1]T. Us-
ing the ε-optimal control that obtained by the proposed it-
erative ADP algorithm in this paper, we can obtain that
Vε(xk) = 2.69671495855. We have Vε(xk) − J∗(xk) =
1.7547 × 10−7. This illustrates the effectiveness of the ε-
optimal control algorithm proposed in the paper.

Fig. 4 Simulation results for the state xα(−0.5,−0.5).

Fig. 5 Simulation results for the state xβ(1.5, 1).

Fig. 6 Simulation results for the state xγ(1,−1).

Fig. 7 Simulation results for the state xδ(−1, 1).

Fig. 8 Simulation results for the state xε(0.5, 0.5).
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7 Conclusions

In this paper, we solved the finite horizon optimal con-
trol problem for a class of discrete-time nonlinear systems
using an adaptive dynamic programming (ADP) approach.
The idea is to use an ADP technique to obtain the optimal
control law iteratively, which makes the performance index
function reach the optimum within finite time. The optimal
number of control steps can also be obtained by the pro-
posed ADP approach. Convergence analysis of the perfor-
mance index function is proved. Neural networks are used
to approximate the performance index function and com-
pute the optimal control policy, respectively, for facilitating
the implementation of the iterative ADP algorithm. A sim-
ulation example is given to illustrate the performance of the
proposed method.
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