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In this paper, a ﬁnite-horizon neuro-optimal tracking control strategy for a class of discrete-time
nonlinear systems is proposed. Through system transformation, the optimal tracking problem is
converted into designing a ﬁnite-horizon optimal regulator for the tracking error dynamics. Then, with
convergence analysis in terms of cost function and control law, the iterative adaptive dynamic
programming (ADP) algorithm via heuristic dynamic programming (HDP) technique is introduced to
obtain the ﬁnite-horizon optimal tracking controller which makes the cost function close to its optimal
value within an e-error bound. Three neural networks are used as parametric structures to implement
the algorithm, which aims at approximating the cost function, the control law, and the error dynamics,
respectively. Two simulation examples are included to complement the theoretical discussions.
& 2011 Elsevier B.V. All rights reserved.
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1. Introduction
It is well known that the optimal tracking control problem has
been the focus of control systems community for several decades
since it is usually encountered in real world systems [1–3]. In the
case of inﬁnite-horizon optimal tracking control, the system will
not be tracked until the time reaches inﬁnity, while for the ﬁnite
case, the system must be tracked to a reference trajectory in a
ﬁnite duration of time. Since many limitations exist in traditional
optimal tracking control approaches, such as plant inversion [2]
and linearization [3], it is necessary to design direct optimal
tracking control schemes for nonlinear systems. In this paper, we
will study how to solve this problem through the framework of
Hamilton–Jacobi–Bellman (HJB) [4] equation from optimal control theory. Unlike the open-loop optimal controller design for
nonlinear systems, however, for closed-loop optimal feedback control, it is difﬁcult to solve directly the time-varying HJB equation
which involves solving either nonlinear partial difference or differential equations. Though dynamic programming (DP) has been an
useful computational technique in solving optimal control problems
$
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for many years, it is often computationally untenable to run it to
obtain the optimal solution due to the ‘‘curse of dimensionality’’ [5].
As Poggio and Girosi [6] stated, the problem of learning between
input and output spaces is equivalent to that of synthesizing an
associative memory that retrieves appropriate output when the
input is present and generalizes when a new input is applied. With
strong capabilities of self-learning and adaptivity, artiﬁcial neural
networks (ANN or NN) are an effective tool for implementing
intelligent control [7–10]. Besides, it has been used for universal
function approximation in adaptive/approximate dynamic programming (ADP) algorithms, which were proposed in [9–11] as a
method for solving optimal control problems forward-in-time.
There are several synonyms used for ADP including ‘‘adaptive
dynamic programming’’ [12–14], ‘‘approximate dynamic programming’’ [9,15,16], ‘‘neuro-dynamic programming’’ [17], ‘‘neural
dynamic programming’’ (NDP) [18], ‘‘adaptive critic designs’’ [19],
and ‘‘reinforcement learning’’ [15,20]. As an effective intelligent
control method, ADP and the related research have gained much
attention from researchers [9–19,21–35]. Very good surveys were
given in Wang et al. [13], Lewis and Vrabie [14], and Balakrishnan
et al. [25]. According to [9,19], ADP approaches were classiﬁed into
several main schemes: heuristic dynamic programming (HDP),
action-dependent HDP (ADHDP), also known as Q-learning [20],
dual heuristic dynamic programming (DHP), ADDHP, globalized
DHP (GDHP), and ADGDHP. Al-Tamimi et al. [16] proposed a greedy
HDP algorithm to solve the discrete-time HJB (DTHJB) equation for
optimal control of nonlinear systems. Wang et al. [23] developed an
e-ADP algorithm for studying ﬁnite-horizon optimal control of
discrete-time nonlinear systems.
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With the rapid development of NN technology and recently, the
ADP method, various new strategies were devised to deal with the
optimal tracking control problems. Park et al. [36] used the multilayer NN to design an optimal tracking neuro-controller for discrete-time nonlinear systems with quadratic cost function. Zhang
et al. [32] gave a novel inﬁnite-horizon optimal tracking control
scheme for discrete-time nonlinear systems via greedy HDP algorithm. Dierks and Jagannathan [31] utilized the NDP technique to
solve the HJB equation forward-in-time for optimal tracking control
of afﬁne nonlinear systems. However, to the best of our knowledge,
there is still no result to solve the ﬁnite-horizon optimal tracking
control problem for discrete-time nonlinear systems based on
iterative ADP algorithm via HDP technique (iterative HDP algorithm
for brief). In this paper, for the ﬁrst time, we will provide an
iterative ADP algorithm to design ﬁnite-horizon near-optimal
tracking controller for a class of discrete-time nonlinear systems.
The rest of this paper is organized as follows. In Section 2, we
present the problem statement, transform the ﬁnite-horizon
optimal tracking control problem into an optimal regulation
problem, and introduce the DTHJB equation for nonlinear systems. Section 3 starts by deriving the iterative ADP algorithm
with convergence analysis, and then the ﬁnite-horizon optimal
tracking control scheme is proposed which makes the cost
function close to its optimal value within an e-error bound. In
Section 4, the NN implementation of the iterative ADP algorithm
is presented. In Section 5, two examples are given to substantiate
the theoretical results. Section 6 contains concluding remarks.
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second equation of system (6) only gives the evolution of the
reference trajectory which is not affected by the system input.
Therefore, for simplicity, (6) can be rewritten as
ek þ 1 ¼ Fðek ,uk Þ:

ð7Þ
u N1
0

¼
Now, let e0 be an initial state of system (7) and deﬁne
ðu0 ,u1 , . . . ,uN1 Þ be a control sequence with which the system (7)
gives a trajectory starting from e0: e1, e2, . . ., eN. We call the number
of elements in the control sequence u N1
the length of u N1
and
0
0
N1
denote it as 9u N1
9.
Then,
9u
9
¼
N.
The
ﬁnal state under the
0
0
control sequence u 0N1 is denoted as eðf Þ ðe0 ,u N1
Þ ¼ eN .
0
Deﬁnition 1. A nonlinear dynamical system is said to be stabilizable on a compact set O A Rn , if for all initial conditions e0 A O,
there exists a control sequence u N1
¼ ðu0 ,u1 , . . . ,uN1 Þ, ui A Rm ,
0
ðf Þ
i ¼ 0; 1, . . . ,N1, such that the state e ðe0 ,u N1
Þ ¼ 0.
0
Let u kN1 ¼ ðuk ,uk þ 1 , . . . ,uN1 Þ be the control sequence starting
at k with length Nk. For ﬁnite-horizon optimal tracking control
problem, it is desired to ﬁnd the control sequence which minimizes the following cost function:
Jðek ,u N1
Þ¼
k

N
1
X

Uðei ,ui Þ,

ð8Þ

i¼k

where U is the utility function, Uð0; 0Þ ¼ 0, Uðei ,ui Þ Z 0 for 8ei ,ui . In
this paper, the utility function is chosen as the quadratic form as
follows:
Uðei ,ui Þ ¼ eTi Qei þuTi Rui :

2. Problem statement
Consider the discrete-time nonlinear systems given by
xk þ 1 ¼ f ðxk Þ þgðxk Þup ðxk Þ,

ð1Þ

n

m

where xk A R is the state, up ðxk Þ A R is the control vector, f ðÞ and
gðÞ are differentiable in their argument with f ð0Þ ¼ 0. Assume that
f þ gup is Lipschitz continuous on a set O in Rn containing the
origin, and that the system (1) is controllable in the sense that
there exists a continuous control on O that asymptotically
stabilizes the system. In the following part, up ðxk Þ is denoted by
upk for simplicity.
The objective for optimal tracking control problem is to
determine optimal control law unp , so as to make the nonlinear
system (1) to track a reference (or desired) trajectory rk in an
optimal manner. Here, we assume that the reference trajectory rk
satisﬁes
rk þ 1 ¼ fðrk Þ,

ð2Þ
n

n

where rk A R and fðrk Þ A R . Then, we deﬁne the tracking error as
ek ¼ xk rk :

ð3Þ

Inspired by the work of [31,32,36], we deﬁne the steady
control corresponding to the reference trajectory rk as
udk ¼ g 1 ðrk Þðfðrk Þf ðrk ÞÞ,

ð4Þ

where g 1 ðrk Þgðrk Þ ¼ Im and Im is an m  m identity matrix.
By denoting
uk ¼ upk udk

kþ1

when considered from the angle of system (6).
In this sense, the nonlinear tracking problem is converted into
a regulation problem and the ﬁnite-horizon cost function for
tracking is written in terms of ek and uk. Then, the problem of
solving the ﬁnite-horizon optimal tracking control law unp for
system (1) is transformed into seeking the ﬁnite-horizon optimal
control law un for system (7) with respect to (8). As a result, we
will focus on how to design un in the following sections.
For ﬁnite-horizon optimal control problems, the designed feedback control must be ﬁnite-horizon admissible, which means it must
not only stabilize the controlled system on O within ﬁnite number of
time steps but also guarantee the cost function to be ﬁnite.
Deﬁnition 2. A control sequence u N1
is said to be ﬁnite- horizon
k
is
admissible for a state ek A Rn with respect to (8) on O if u N1
k
Þ¼0
continuous on a compact set Ou A Rm , uð0Þ ¼ 0, eðf Þ ðek ,u N1
k
Þ is ﬁnite.
and Jðek ,u N1
k
Let

ð5Þ

and using (1)–(4), we obtain
8
1
>
< ek þ 1 ¼ f ðek þ rk Þ þ gðek þrk Þg ðrk Þðfðrk Þ,
f ðrk ÞÞfðrk Þ þ gðek þ rk Þuk
>
:r
¼ fðr Þ

This quadratic cost function can not only force the system state to
follow the reference trajectory, but also force the system input to
be close to the steady value in maintaining the state to its
reference value. In fact, it can also be expressed as

" #
Q 0 ei
Uðei ,ui Þ ¼ ½eTi riT 
þ uTi Rui ,
ri
0 0

Aek ¼ fu k : eðf Þ ðek ,u k Þ ¼ 0g
be the set of all ﬁnite-horizon admissible control sequences of ek
and

ð6Þ

k

as the new system. Note that in system (6), ek and rk are regarded
as the system variables while uk is seen as system input. The

k þ i1 ðf Þ
AðiÞ
: e ðek ,u kk þ i1 Þ ¼ 0,9u kk þ i1 9 ¼ ig
ek ¼ fu k

be the set of all ﬁnite-horizon admissible control sequences of ek
with length i. Deﬁne the optimal cost function as
Jn ðek Þ ¼ inf u k fJðek ,u k Þ: u k A Aek g:

ð9Þ

16
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Then, for i ¼ 1; 2, . . ., the iterative algorithm can be implemented between the control law

Note that Eq. (8) can be written as
Jðek ,u N1
Þ ¼ eTk Qek þ uTk Ruk þ
k

N
1
X

Uðei ,ui Þ

i ¼ kþ1

¼ eTk Qek þ uTk Ruk þ Jðek þ 1 ,u N1
Þ:
kþ1

ð10Þ

Then, according to Bellman’s optimality principle, it is known that
the optimal cost function J n ðek Þ satisﬁes the DTHJB equation
J n ðek Þ ¼ minfeTk Qek þ uTk Ruk þ J n ðek þ 1 Þg:
uk

ð12Þ

By substituting (12) into (11), the DTHJB equation becomes


1 @J n ðek þ 1 Þ T
gðek þrk ÞR1
J n ðek Þ ¼ eTk Qek þ
4
@ek þ 1
g T ðek þrk Þ

@Jn ðek þ 1 Þ
þJ n ðek þ 1 Þ,
@ek þ 1

and the cost function
Vi þ 1 ðek Þ ¼ minfUðek ,uk Þ þ Vi ðek þ 1 Þg
uk

¼ Uðek ,vi ðek ÞÞ þ Vi ðFðek ,vi ðek ÞÞÞ:

ð11Þ

The optimal control un satisﬁes the ﬁrst-order necessary
condition, which is given by the gradient of the right-hand side
of (11) with respect to uk. Then,
1
@J n ðek þ 1 Þ
:
un ðek Þ ¼  R1 g T ðek þ rk Þ
2
@ek þ 1

1
@V ðe
Þ
vi ðek Þ ¼ arg minfUðek ,uk Þ þ Vi ðek þ 1 Þg ¼  R1 g T ðek þ rk Þ i k þ 1
uk
2
@ek þ 1
ð16Þ

ð17Þ

Remark 1. In the iterative ADP algorithm (14)–(17), i is the
iteration index of the control law and the cost function, while k
is the time index of system’s control and state trajectories. The
cost function and control law are updated until they converge to
the optimal ones.
Next, we will present a convergence proof of the iteration
between (16) and (17) with the cost function Vi -J n and the control
law vi -un as i-1. Before that, we will see what Vi þ 1 ðek Þ will be
when it is expanded. According to (15) and (17), we can obtain

ð13Þ

Vi þ 1 ðek Þ ¼ minfUðek ,uk Þ þ Vi ðek þ 1 Þg
uk

where J n ðek Þ is the optimal cost function corresponding to the
optimal control law un ðek Þ. Since the above DTHJB equation
cannot be solved exactly, we will present a novel algorithm to
approximate the cost function iteratively in next section. Before
that, we make the following assumption.

¼ minfUðek ,uk Þ þUðek þ 1 ,uk þ 1 Þ þ Vi1 ðek þ 2 Þg
u kk þ 1

^
¼ min fUðek ,uk Þ þ Uðek þ 1 ,uk þ 1 Þ
u kk þ i1

þ    þUðek þ i1 ,uk þ i1 Þ þ V1 ðek þ i Þg,
Assumption 1. For system (6), the inverse of the control coefﬁcient matrix gðek þ rk Þ exists.

where

Assumption 1 make sure that for given ek and rk, there exists
an initial control uk which can derive ek to zero in one time step.

subject to Fðek þ i ,uk þ i Þ ¼ 0:

ð18Þ

V1 ðek þ i Þ ¼ min Uðek þ i ,uk þ i Þ
uk þ i

ð19Þ

Then, we have
3. Finite-horizon neuro-optimal tracking control based on
iterative ADP algorithm
Four subsections are included in this section. The iterative
ADP algorithm is introduced in the ﬁrst subsection, while in
the second subsection, the corresponding convergence proof is
developed. Then, the e-optimal control algorithm and its design
procedure are described in the third and fourth subsections,
respectively.

Vi þ 1 ðek Þ ¼ min
u kk þ i

i
X

Uðek þ j ,uk þ j Þ

j¼0

subject to Fðek þ i ,uk þ i Þ ¼ 0
n
o
¼ min Jðek ,u kk þ i Þ : u kk þ i A Aðiekþ 1Þ ,
u kk þ i

ð20Þ

which can also be written as
Vi þ 1 ðek Þ ¼

i
X

Uðek þ j ,vij ðek þ j ÞÞ

ð21Þ

j¼0

when using the notation in (16). These equations will be useful in
the convergence proof of the iterative ADP algorithm.

3.1. Derivation of the iterative ADP algorithm
In this part, we present the iterative ADP algorithm, where the
cost function and the control law are updated by recursive
iterations.
First, we start with the initial cost function V0 ðÞ ¼ 0, and then
solve for the law of single control vector v0 ðek Þ as follows:
v0 ðek Þ ¼ arg minfUðek ,uk Þ þ V0 ðek þ 1 Þg
uk

subject to Fðek ,uk Þ ¼ 0:

ð14Þ

Once the control law v0 ðek Þ is determined, we update the cost
function as
V1 ðek Þ ¼ minfUðek ,uk Þ þ V0 ðek þ 1 Þg ¼ Uðek ,v0 ðek ÞÞ,

Theorem 1. Suppose Að1Þ
ek a |. Then, the cost function sequence fVi g
obtained by (14)–(17) is a monotonically nonincreasing sequence
satisfying Vi þ 1 ðek Þ r Vi ðek Þ for 8i Z1, i.e., V1 ðek Þ ¼ maxfVi ðek Þ :
i ¼ 1; 2, . . .g.
Proof. We prove this theorem by mathematical induction. First,
we let i¼1. The cost function V1 ðek Þ is given in (15) and the ﬁnitek
horizon admissible control sequence is u^ k ¼ ðv0 ðek ÞÞ. Now, we show
kþ1

that there exists a ﬁnite-horizon admissible control sequence u^ k

uk

kþ1
kþ1
k
with length 2 such that Jðek , u^ k Þ ¼ V1 ðek Þ. Let u^ k ¼ ðu^ k ,0Þ, then

which can also be written as

kþ1
9u^ k 9 ¼ 2. Since ek þ 1 ¼ Fðek ,v0 ðek ÞÞ ¼ 0 and u^ k þ 1 ¼ 0, we have

V1 ðek Þ ¼ minUðek ,uk Þ subject to Fðek ,uk Þ ¼ 0
uk

¼ Uðek ,v0 ðek ÞÞ:

3.2. Convergence analysis of the iterative ADP algorithm

ð15Þ

kþ1
is a ﬁnite-horizon
ek þ 2 ¼ Fðek þ 1 , u^ k þ 1 Þ ¼ Fð0; 0Þ ¼ 0. Thus, u^ k
admissible control sequence. Since Uðek þ 1 , u^ k þ 1 Þ ¼ Uð0; 0Þ ¼ 0,
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On the other hand, let d 4 0 be an arbitrary positive number.
Then, there exists a positive integer l such that

we can obtain
kþ1
Jðek , u^ k Þ ¼ Uðek ,v0 ðek ÞÞ þUðek þ 1 , u^ k þ 1 Þ ¼ Uðek ,v0 ðek ÞÞ ¼ V1 ðek Þ:

Vl ðek Þd rV1 ðek Þ r Vl ðek Þ

On the other hand, according to (20), we have
u kk þ 1

Vl ðek Þ ¼ minfUðek ,uk Þ þ Vl1 ðek þ 1 Þg
uk

which reveals that
kþ1

V2 ðek Þ rJðek , u^ k

¼ Uðek ,vl1 ðek ÞÞ þ Vl1 ðFðek ,vl1 ðek ÞÞ:

Þ ¼ V1 ðek Þ:

ð22Þ

Therefore, the theorem holds for i¼1.
Next, assume that the theorem holds for any i¼q, where q 41.
The current cost function can be expressed as
Vq ðek Þ ¼

ð26Þ

because Vi ðek Þ is nonincreasing for i Z1 with V1 ðek Þ as its limit.
Besides, from (17), we can acquire

V2 ðek Þ ¼ minfJðek ,u kk þ 1 Þ : u kk þ 1 A Að2Þ
ek g,

q1
X

17

Combining with (26), we can obtain
V1 ðek Þ Z Uðek ,vl1 ðek ÞÞ þVl1 ðFðek ,vl1 ðek ÞÞd
Z Uðek ,vl1 ðek ÞÞ þ V1 ðFðek ,vl1 ðek ÞÞd
Z minfUðek ,uk Þ þV1 ðek þ 1 Þgd,
uk

which reveals that

Uðek þ j ,vq1j ðek þ j ÞÞ,

V1 ðek Þ Z minfUðek ,uk Þ þV1 ðek þ 1 Þg

j¼0

ð27Þ

uk

k þ q1
u^ k

¼ ðvq1 ðek Þ,vq2 ðek þ 1 Þ, . . . ,v0 ðek þ q1 ÞÞ is the correwhere
sponding ﬁnite-horizon admissible control sequence.
kþq
Then, for i ¼ q þ1, we can construct a control sequence u^ k ¼
ðvq1 ðek Þ,vq2 ðek þ 1 Þ, . . . ,v0 ðek þ q1 Þ,0Þ with length q þ1, under
which the error trajectory is given as ek, ek þ 1 ¼ Fðek , vq1 ðek ÞÞ,
ek þ 2 ¼ Fðek þ 1 ,vq2 ðek þ 1 ÞÞ, . . ., ek þ q ¼ Fðek þ q1 , v0 ðek þ q1 ÞÞ ¼ 0,
kþq
is a
ek þ q þ 1 ¼ Fðek þ q , u^ k þ q Þ ¼ Fð0; 0Þ ¼ 0. This shows that u^ k
ﬁnite-horizon admissible control sequence. As Uðek þ q , u^ k þ q Þ ¼
Uð0; 0Þ ¼ 0, we can acquire
kþq

Jðek , u^ k

Þ ¼ Uðek ,vq1 ðek ÞÞ þUðek þ 1 ,vq2 ðek þ 1 ÞÞ

q1
X

Next, we will prove that the cost function sequence fVi g
converges to the optimal cost function Jn as i-1.
Theorem 3. Deﬁne the cost function sequence fVi g as in (17) with
V0 ðÞ ¼ 0. If the system state ek is controllable, then Jn is the limit of
the cost function sequence fVi g, i.e.,
V1 ðek Þ ¼ J n ðek Þ:
Proof. On one hand, in accordance with (9) and (20), we can
acquire

þ    þ Uðek þ q1 ,v0 ðek þ q1 ÞÞ þ Uðek þ q , u^ k þ q Þ
¼

because of the arbitrariness of d. Based on (25) and (27), we can
conclude that (24) is true. &

J ðek Þ ¼ inf u k fJðek ,u k Þ: u k A Aek g

Uðek þ j ,vq1j ðek þ j ÞÞ ¼ Vq ðek Þ:

r min fJðek ,u kk þ i1 Þ : u kk þ i1 A AðiÞ
ek g ¼ Vi ðek Þ:

j¼0

u kk þ i1

On the other hand, according to (20), we have

Letting i-1, we get

þ 1Þ
Vq þ 1 ðek Þ ¼ minfJðek ,u kk þ q Þ : u kk þ q A Aðq
g,
ek

Jn ðek Þ rV1 ðek Þ:

u kk þ q

ð28Þ

On the other hand, according to the deﬁnition of J ðek Þ, for any
n

which implies that
kþq

Vq þ 1 ðek Þ r Jðek , u^ k

Z 4 0, there exists an admissible control sequence s k A Aek such that
Þ ¼ Vq ðek Þ:

ð23Þ

Accordingly, we complete the proof by mathematical induction.

&

We have concluded that the cost function sequence fVi ðek Þg is a
monotonically nonincreasing sequence which is bounded below,
and therefore, its limit exists. Here, we denote it as V1 ðek Þ, i.e.,
limi-1 Vi ðek Þ ¼ V1 ðek Þ: Next, let us consider what will happen
when we make i-1 in (17).
Theorem 2. For any discrete time step k and tracking error ek, the
following equation holds:
V1 ðek Þ ¼ minfUðek ,uk Þ þ V1 ðek þ 1 Þg:
uk

ð24Þ

Jðek , s k Þ rJ n ðek Þ þ Z:

ð29Þ

Now, we suppose that 9s k 9 ¼ q, which shows that s k A AðqÞ
ek . Then,
we can obtain
V1 ðek Þ r Vq ðek Þ ¼ min fJðek ,u kk þ q1 Þ : u kk þ q1 A AðqÞ
ek g
u kk þ q1

r Jðek , s k Þ,
using Theorem 1 and (20). Combining with (29), we get
V1 ðek Þ r Jn ðek Þ þ Z:
Noticing that Z is chosen arbitrarily in the above expression,
we have
V1 ðek Þ r Jn ðek Þ:

Proof. For any admissible control tk ¼ tðek Þ and i, according to
Theorem 1 and (17), we have
V1 ðek Þ r Vi þ 1 ðek Þ ¼ minfUðek ,uk Þ þ Vi ðek þ 1 Þg rUðek , tk Þ þVi ðek þ 1 Þ:
uk

Let i-1, we get
V1 ðek Þ r Uðek , tk Þ þ V1 ðek þ 1 Þ:
Note that in the above equation, tk is chosen arbitrarily. Thus, we
can obtain
V1 ðek Þ r minfUðek ,uk Þ þV1 ðek þ 1 Þg:
uk

ð25Þ

ð30Þ

Based on (28) and (30), we can conclude that J ðek Þ is the limit of the
cost function sequence fVi g as i-1, i.e., V1 ðek Þ ¼ J n ðek Þ. &
n

From Theorems 1–3, we can obtain that the cost function
sequence fVi ðek Þg converges to the optimal cost function J n ðek Þ of
the DTHJB equation, i.e., Vi -Jn as i-1. Then, according to (12)
and (16), we can conclude the convergence of the corresponding
control law sequence. Now, we present the following corollary.
Corollary 1. Deﬁne the cost function sequence fVi g as in (17) with
V0 ðÞ ¼ 0, and the control law sequence fvi g as in (16). If the system
state ek is controllable, then the sequence fvi g converges to the

18
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optimal control law un as i-1, i.e.,
lim vi ðek Þ ¼ un ðek Þ:

i-1

3.3. The e-optimal control algorithm
According to Theorems 1–3 and Corollary 1, we should run the
iterative ADP algorithm (14)–(17) until i-1 to obtain the
optimal cost function Jn ðek Þ, and then to get a control vector
v1 ðek Þ based on which we can construct a control sequence
u 1 ðek Þ ¼ ðv1 ðek Þ,v1 ðek þ 1 Þ, . . . ,v1 ðek þ i Þ, . . .Þ to control the state to
reach the target. Obviously, u 1 ðek Þ has inﬁnite length. Though it is
feasible in terms of theory, it is always not practical to do so
because most real world systems need to be effectively controlled
within ﬁnite-horizon. Therefore, in this section, we will propose a
novel e-optimal control strategy using the iterative ADP algorithm
to deal with the problem. The idea is, for a given error bound
e 4 0, the iterative number i will be chosen so that the error
between Vi ðek Þ and J n ðek Þ is within the bound.
Let e 4 0 be any small number, ek be any controllable state, and
J n ðek Þ be the optimal value of the cost function sequence deﬁned
as in (17). From Theorem 3, it is clear that there exists a ﬁnite i
such that
9Vi ðek ÞJ n ðek Þ9r e:

ð31Þ

The length of the optimal control sequence starting from ek with
respect to e is deﬁned as
Ke ðek Þ ¼ minfi: 9Vi ðek ÞJ ðek Þ9 r eg:
n

ð32Þ

The corresponding control law
vi1 ðek Þ ¼ arg minfUðek ,uk Þ þVi1 ðek þ 1 Þg
uk

1
@V ðe
Þ
¼  R1 g T ðek þ rk Þ i1 k þ 1
2
@ek þ 1

ð33Þ

is called the e-optimal control and is denoted as mne ðek Þ.
In this sense, we can see that an error e between Vi ðek Þ and
J n ðek Þ is introduced into the iterative ADP algorithm, which makes
the cost function sequence fVi ðek Þg converge in ﬁnite number of
iteration steps.
However, the optimal criterion (31) is difﬁcult to verify
because the optimal cost function Jn ðek Þ is unknown in general.
Consequently, we will use an equivalent criterion, i.e.,
9Vi ðek ÞVi þ 1 ðek Þ9 r e

ð34Þ

to replace (31).
In fact, if 9Vi ðek ÞJn ðek Þ9 r e holds, we have Vi ðek Þ rJ n ðek Þ þ e.
Combining with Jn ðek Þ rVi þ 1 ðek Þ rVi ðek Þ, we can ﬁnd that
0 r Vi ðek ÞVi þ 1 ðek Þ r e,
which means
9Vi ðek ÞVi þ 1 ðek Þ9 r e:
On the other hand, according to Theorem 3, 9Vi ðek ÞVi þ 1
ðek Þ9-0 connotes that Vi ðek Þ-Jn ðek Þ. As a result, if 9Vi ðek Þ
Vi þ 1 ðek Þ9 r e holds for any given small e, we can derive the
conclusion that 9Vi ðek ÞJn ðek Þ9 r e holds if i is sufﬁciently large.
3.4. Design procedure of the ﬁnite-horizon optimal tracking control
scheme using iterative ADP algorithm
In this section, we will give the detailed design procedure for
the ﬁnite-horizon nonlinear optimal tracking control scheme
using the iterative ADP algorithm.
Step 1 Specify an error bound e for the given initial state x0. Choose
imax , the reference trajectory rk, and the matrices Q and R.
Step 2 Compute ek according to (2) and (3).

Step 3 Set i¼0, V0 ðek Þ ¼ 0. Obtain the initial ﬁnite-horizon admissible vector v0 ðek Þ by (14) and update the cost function
V1 ðek Þ by (15).
Step 4 Set i ¼ iþ 1.
Step 5 Compute vi ðek Þ by (16) and the corresponding cost function Vi þ 1 ðek Þ by (17).
Step 6 If 9Vi ðek ÞVi þ 1 ðek Þ9 r e, then go to Step 8; otherwise, go to
Step 7.
Step 7 If i4 imax , then go to Step 8; otherwise, go to Step 4.
Step 8 Stop.
After the optimal control law un ðek Þ for system (6) is derived
under the given error bound e, we can compute the optimal
tracking control input for original system (1) by
upk ¼ u ðek Þ þudk ¼ u ðek Þ þg 1 ðrk Þðfðrk Þf ðrk ÞÞ:

ð35Þ

In the following section, we will describe the implementation
of the iterative ADP algorithm based on NNs in detail.

4. NN implementation of the iterative ADP algorithm
via HDP technique
Now, we implement the iterative HDP algorithm in (14)–(17)
using NNs. In the iterative HDP algorithm, there are three networks, which are model network, critic network and action network. All the networks are chosen as three-layer feedforward NNs.
The inputs of the critic network and the action network are ek,
while the inputs of the model network are ek and v^ i ðek Þ. The
structure diagram of the iterative HDP algorithm is shown in Fig. 1.

4.1. The model network
The purpose of designing the model network is to approximate
the error d ynamics. We should train the model network before
carrying out the iterative HDP algorithm. For given ek and v^ i ðek Þ,
we can obtain the output of the model network as
e^ k þ 1 ¼ oTm sðnTm zk Þ,

ð36Þ

where
T
zk ¼ ½eTk v^ i ðek ÞT :

We deﬁne the error function of the model network as
emk ¼ e^ k þ 1 ek þ 1 :

ð37Þ

The weights in the model network are updated to minimize the
following performance measure:
Emk ¼ 12eTmk emk :

ð38Þ

Using the gradient-based adaptation rule, the weights can be
updated as


@Emk
,
ð39Þ
om ðj þ 1Þ ¼ om ðjÞam
@om ðjÞ

nm ðj þ 1Þ ¼ nm ðjÞam




@Emk
,
@nm ðjÞ

ð40Þ

where am 40 is the learning rate of the model network, and j is
the iterative step for updating the weight parameters.
After the model network is trained, its weights are kept
unchanged.
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Fig. 1. The structure diagram of the iterative HDP algorithm.

4.2. The critic network
The critic network is used to approximate the cost function
Vi ðek Þ. The output of the critic network is denoted as
V^ i ðek Þ ¼ oTci sðnTci ek Þ:

ð51Þ




@Eaik
,
@nai ðjÞ

ð41Þ

nai ðj þ1Þ ¼ nai ðjÞaa

ð42Þ

where aa 4 0 is the learning rate of the action network, and j is the
inner-loop iterative step for updating the weight parameters.

ð43Þ

5. Simulation study

The target function can be written as
Vi ðek Þ ¼ eTk Qek þ vTi1 ðek ÞRvi1 ðek Þ þ V^ i1 ðe^ k þ 1 Þ:

Similarly, the weight updating algorithm is


@Eaik
,
oai ðj þ 1Þ ¼ oai ðjÞaa
@oai ðjÞ

ð52Þ

Then, we deﬁne the error function for the critic network as
ecik ¼ V^ i ðek ÞVi ðek Þ:

The objective function to be minimized for the critic network is
Ecik ¼ 12eTcik ecik :

ð44Þ

The weight updating rule for training the critic network is also
gradient-based adaptation given by


@Ecik
,
ð45Þ
oci ðj þ 1Þ ¼ oci ðjÞac
@oci ðjÞ

nci ðj þ1Þ ¼ nci ðjÞac




@Ecik
,
@nci ðjÞ

ð46Þ

where ac 4 0 is the learning rate of the critic network, and j is the
inner-loop iterative step for updating the weight parameters.
4.3. The action network
In the action network, the state ek is used as input to obtain the
optimal control as the output of the network. The output can be
formulated as
v^ i ðek Þ ¼ oTai sðnTai ek Þ:

ð47Þ

The target control input is given by
1
@V^ ðe^
Þ
vi ðek Þ ¼  R1 g T ðek þ rk Þ i k þ 1 :
2
@e^ k þ 1

ð48Þ

The error function of the action network can be deﬁned as
eaik ¼ v^ i ðek Þvi ðek Þ:

ð49Þ

The weights of the action network are updated to minimize the
following performance error measure:
Eaik ¼

1 T
2eaik eaik :

ð50Þ

In this section, two simulation examples are provided to
conﬁrm the theoretical results.
5.1. Example 1
The ﬁrst example is derived from [31] with some modiﬁcations. Consider the following nonlinear system:
xk þ 1 ¼ f ðxk Þ þ gðxk Þupk ,
T

ð53Þ
2

T

2

where xk ¼ ½x1k x2k  A R and upk ¼ ½up1k up2k  A R are the state
and control variables, respectively. The parameters of the cost
function are chosen as Q ¼ 0:5I and R ¼ 2I, where I denotes the
identity matrix with suitable dimensions. The state of the controlled system is initialized to be x0 ¼ ½0:8 0:5T . The system
functions are given as
"
#
sinð0:5x2k Þx21k
f ðxk Þ ¼
,
cosð1:4x2k Þsinð0:9x1k Þ
gðxk Þ ¼



1

0

0

1


:

The reference trajectory for the above system is selected as
"
#
sinð0:25kÞ
:
rk ¼
cosð0:25kÞ
We set the error bound of the iterative HDP algorithm as

e ¼ 105 and implement the algorithm at time instant k¼0. The
initial control vector of system (6) can be computed as v0 ðe0 Þ ¼
½0:64 sinð0:25Þsinð0:72Þcosð0:7ÞT , where e0 ¼ ½0:8  0:5T . Then,
we choose three-layer feedforward NNs as model network, critic
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network and action network with the structures 4–8–2, 2–8–1,
2–8–2, respectively. The initial weights of the three networks are
all set to be random in ½1; 1. It should be mentioned that the
model network should be trained ﬁrst. We train the model
network for 1000 steps using 500 data samples under the learning
rate am ¼ 0:1. After the training of the model network is completed, the weights are kept unchanged. Then, we train the critic
network and the action network for 20 iterations (i.e., for
i ¼ 1; 2, . . . ,20) with each iteration of 2000 training steps to make
sure the given error bound e ¼ 105 is reached. In the training
process, the learning rate ac ¼ aa ¼ 0:05. The convergence process
of the cost function of the iterative HDP algorithm is shown in
Fig. 2, for k¼0. We can see that the iterative cost function
sequence does converge to the optimal cost function quite
rapidly, which indicates the effectiveness of the iterative HDP
algorithm. Therefore, we have 9V19 ðe0 ÞV20 ðe0 Þ9 r e, which means
that the number of steps of the e-optimal control is Ke ðe0 Þ ¼ 19.
Besides, the e-optimal control law mne ðe0 Þ for system (6) can also
be obtained during the iteration process.
Next, we compute the near-optimal tracking control law for
original system (1) using (35) and apply it to the controlled system
for 40 time steps. The obtained state curves are shown in
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Fig. 7. Simulation results of Example 2.

Figs. 3 and 4, where the corresponding reference trajectories are
also plotted to evaluate the tracking performance. The tracking
control curves and the tracking errors are shown in Figs. 5 and 6,
respectively. Besides, we can derive that the tracking error becomes
e19 ¼ ½0:2778  105 20:8793  105 T after 19 time steps. These
simulation results verify the excellent performance of the tracking
controller developed by the iterative ADP algorithm.

tracking control law to the system for 250 time steps and obtain
the state and reference trajectories shown in Fig. 7(b) and (c).
Besides, the tracking control curves are given in Fig. 7(d). It is
clear from the simulation results that the iterative HDP algorithm
proposed in this paper is very effective in solving the ﬁnitehorizon tracking control problems.

5.2. Example 2

6. Conclusion

The second example is obtained from [32]. Consider the
nonlinear discrete-time system described as (53) where
"
2 #
0:2x1k ex2k
f ðxk Þ ¼
,
0:3x32k

An effective method is proposed in this paper to design the
ﬁnite-horizon near-optimal tracking controller for a class of
discrete-time nonlinear systems. The iterative ADP algorithm is
introduced to solve the cost function of the DTHJB equation with
convergence analysis, which obtains a ﬁnite-horizon near-optimal
tracking controller that makes the cost function close to its
optimal value within an e-error bound. Three NNs are used to
approximate the cost function, the control law, and the nonlinear
system, respectively. The simulation examples conﬁrmed the
validity of the tracking control approach. The strategy presented
in this paper only be true of a class of afﬁne nonlinear systems
and requires complete knowledge of the system dynamics.
Though there are many practical systems for which the approach
can be applied, it is necessary to broaden its applicability for a
more general class of nonlinear systems. Consequently, our future
work includes studying the optimal tracking control problems for
non-afﬁne nonlinear systems and model-free systems.

gðxk Þ ¼



0:2

0

0

0:2


:

The desired trajectory is set to
"
#
sinðkþ 0:5pÞ
rk ¼
:
0:5 cos k
In the implementation of the iterative HDP algorithm, the
initial weights and structures of three networks are set the same
as Example 1. Then, for the given initial state x0 ¼ ½1:5 1T , we
train the model network for 10 000 steps using 1000 data samples
under the learning rate am ¼ 0:05. Besides, the critic network and
the action network are trained for 5000 iterations so that the
given error bound e ¼ 106 is reached. The learning rate in the
training process is also ac ¼ aa ¼ 0:05.
The convergence process of the cost function of the iterative
HDP algorithm is shown in Fig. 7(a), for k¼0. Then, we apply the
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