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Abstract— In this brief, we develop data-based methods for
analyzing the controllability and observability of linear discretetime systems which have unknown system parameters. These
data-based methods will only use measured data to construct
the controllability matrix as well as the observability matrix, in
order to verify the corresponding properties. The advantages
of our methods are threefold. First, they can directly verify
system properties based on measured data without knowing
system parameters. Second, our calculation precision is higher
than traditional approaches, which need to identify the unknown
parameters. Third, our methods have lower computational complexities when constructing the controllability and observability
matrices.
Index Terms— Controllability, data-based analysis, linear
discrete-time systems, measured data, observability, unknown
parameters.

I. I NTRODUCTION
In recent years, modern industrial and engineering systems have become more and more complex. Often, one of
the direct consequences is the difficulty of decision making [1] or realizing the system’s control and optimization
with model-based approaches [2]–[7], which need mathematically building the dynamic models of the system. On
the other hand, computer technologies, digital sensor technologies, and networking techniques are widely used, which
generate a great quantity of historical and real-time data
related to the industrial and engineering processes. In this
case, technologies for data management such as data mining,
data collection, and data fusion have emerged [8]–[11]. All
of these have led to the development of data-based methods which have great interest from the systems and controls communities, especially in the research field of control
techniques [12]–[14].
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In control engineering, the study of system characteristics is an important research topic [15]. It is often desirable to determine an input that causes the state vector to
transfer from one specified value to another. Naturally, this
type of property leads to the concepts of state reachability and controllability [16], [17]. Another interesting property of systems is the ability that determines whether a
state vector can be obtained from the output measurements.
A method to determine such states by observing the inputs
and outputs of the system over some finite interval is quite
desirable. This leads to the concept of state observability [16],
[17]. Up to now, there have been many works on the state
controllability and observability of both linear and nonlinear
systems [16]–[19].
In classical methods, to analyze the system properties, one
has to do system identification first [20] if the dynamic model
of the system is unknown. There are many methods often used
for identifying system dynamic models, such as least square
methods [21]–[24], neural network methods [25]–[32], and
support vector machine methods [33]–[35]. However, these
methods spend much time on system identification and cannot
avoid identification errors, which affects the overall calculation
precision. Specifically, arbitrarily small perturbations in a
model may cause a change in the dimension of the associated
subspaces. The technique of principal component analysis has
been proposed for analyzing signals [36] in order to solve such
problems.
In this brief, we will develop data-based methods for analyzing the controllability and observability of linear discretetime systems, which do not need identification of the system dynamic models. They rely only on the measured state
and output data, and provide higher calculation precision
as well as lower computational complexity than traditional
approaches.
II. S YSTEM D ESCRIPTION AND BASIC A SSUMPTIONS
In this brief, we study linear discrete-time systems
described by

x(k + 1) = Ax(k) + Bu(k)
(1)
y(k) = C x(k) + Du(k)
where x(k) ∈ R n , u(k) ∈ R m , and y(k) ∈ R p are the state,
input, and output of (1), respectively.
The matrices A, B, C, and D are unknown and do not
have random variables as their elements. In the following
sections, we will show that one can directly analyze the
system properties by using measured data, without identifying
the above matrices. We will also illustrate the advantages of
our schemes, including high calculation precision and low
computational complexity.

1045–9227/$26.00 © 2011 IEEE

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 22, NO. 12, DECEMBER 2011

III. DATA -BASED A NALYSIS OF C ONTROLLABILITY
In this section, we will develop a data-based method for
analyzing the state controllability of (1). Let


Wc = B, AB, . . . , An−1 B .
Then, we have the following controllability criterion.
Lemma 1 ([16, Ch. 3]): The system x(k + 1) = Ax(k) +
Bu(k) given in (1) is completely state controllable, if
 
rank Wc = n.
This criterion is also a necessary and sufficient condition
for the state reachability. Furthermore, if the matrix A is
nonsingular, then the above criterion will become a necessary
and sufficient condition for the state controllability.
In traditional approaches, to verify whether (1) is state
controllable, one has to identify the matrices A and B to
compute Wc first, and then check its rank. However, if we
can find a method that can directly construct Wc without the
process of identifying A and B, it will save time in practice
and avoid the corresponding identification errors. This idea
can be achieved by the application of our data-based method.
Before introducing our main theorem, we do m groups of
tests on the system. For all m groups of tests (1 ≤ i ≤ m),
let all the state trajectories start from the same initial state
x [i] (0) = 0 ∈ R n , while the corresponding inputs are chosen
as m constant vectors
u [i] (k) ≡ u [i] = [0, . . . , 0, 1, 0, . . . , 0]T ∈ R m .

(2)

u [i]

Here, the i th element of
is 1, and all other elements
are zeros. Note that in all our m tests, state trajectories
start from the origin, and every test uses a constant control input vector according to (2). Then, measure x [i] (k) at
time instants k = 1, 2, . . . , n and store the measured data
x [i] (1), x [i] (2), . . . , x [i] (n). Define


X̄ (k) = x [1] (k), x [2] (k), . . . , x [m] (k) (0 ≤ k ≤ n)
P j = X̄ ( j ) − X̄ ( j − 1) (1 ≤ j ≤ n)
P = [P1 , P2 , . . . , Pn ]

(3)

where X̄ (k) ∈ R n×m . Note that in the above calculation,
we have X̄(0) = 0. With these data, we now introduce the
following theorem, regarding the state controllability of (1).
Theorem 1: System (1) is completely state controllable if
 
rank P = n
where P is defined in (3).
Obviously, this is a sufficient condition, since the matrix A
is not identified in our method.
Proof: With the initial states x [i] (0) = 0, when setting
the control inputs as u [i] in (2) (i = 1, 2, . . . , m), the state
measurements will be
⎧ [i]
x (1) = Bu [i]
⎪
⎪
⎪
⎪
x [i] (2) = ABu [i] + Bu [i]
⎪
⎪
⎪
⎪
..
⎨
.
(4)
[i]
x (k) = Ak−1 Bu [i] + · · · + ABu [i] + Bu [i]
⎪
⎪
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎩ [i]
x (n) = An−1 Bu [i] + · · · + ABu [i] + Bu [i]
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where A and B are assumed to be unknown. From the
definition of u [i] , we shall have
⎧

⎪
x [1] (1), x [2] (1), . . . , x [m] (1) = B
⎪
⎪

 [1]
⎪
⎪
⎪
x (2), x [2] (2), . . . , x [m] (2) = AB + B
⎪
⎪
⎪
..
⎨
.

 [1]
(5)
[2] (k), . . . , x [m] (k) = A k−1 B + · · · + B
⎪
(k),
x
x
⎪
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎪


⎩ [1]
x (n), x [2] (n), . . . , x [m] (n) = An−1 B + · · · + B.
From the definition of X̄ (k) and P j given in (3), we can obtain
⎧
⎪
⎪ P1 = X̄ (1) − X̄ (0) = B
⎪
⎪
⎪
⎪
P2 = X̄(2) − X̄(1) = AB
⎪
⎪
⎪
..
⎨
.
(6)
j −1 B
⎪
=
X̄(
j
)
−
X̄(
j
−
1)
=
A
P
j
⎪
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎪
⎩
Pn = X̄ (n) − X̄ (n − 1) = An−1 B.
As a result
 


P = P1 , P2 , . . . , Pn = B, AB, . . . , An−1 B = Wc
which completes the proof according to Lemma 1.
Remark 1: In our method, to begin the tests, we set m zero
initial states and m constant input vectors. Actually, the initial
states do not have to be zero, but can take any values. The
key point is to make all of them have the same value while
still using the constant inputs defined in (2). The difference
is that we need to do one more group of tests whose input is
always zero. In this case, for each of the other m groups, we
shall have
⎧ [i]
x (1) = Ax [0] (0) + Bu [i]
⎪
⎪
⎪
⎪
x [i] (2) = A2 x [0] (0) + ABu [i] + Bu [i]
⎪
⎪
⎪
⎪
..
⎨
.
[i] (k) = A k x [0] (0) + A k−1 Bu [i] + · · · + ABu [i] + Bu [i]
x
⎪
⎪
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎩ [i]
x (n) = An x [0] (0) + An−1 Bu [i] + · · · + ABu [i] + Bu [i]
where all tests choose the same nonzero initial state x [i] (0) =
x [0] (0) = 0 (1 ≤ i ≤ m). In the mean time, with u [0] (k) ≡ 0
⎧ [0]
x (1) = Ax [0] (0)
⎪
⎪
⎪
⎪ x [0] (2) = A2 x [0] (0)
⎪
⎪
⎪
⎪
..
⎨
.
[0] (k) = A k x [0] (0)
x
⎪
⎪
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎩ [0]
x (n) = An x [0] (0).
By defining


X̄(k) = x [1] (k) − x [0] (k), . . . , x [m] (k) − x [0] (k) (0 ≤ k ≤ n)
we can still obtain B, AB, . . . , An−1 B the same way as in
Theorem 1, with the above (m + 1) groups of data.
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IV. DATA -BASED A NALYSIS OF O BSERVABILITY
After the above theorem on state controllability using the
measured data, for the same reason of direct system analysis,
we will develop another data-based method for analyzing the
observability of (1) in this section. The difference is that, in
this method, we will use the measured output data, but not the
state data. Let
⎤
⎡
C
⎢ CA ⎥
⎥
⎢
Wo = ⎢ .
⎥
⎦
⎣ ..
n−1
CA
which is the observability matrix. Then, we have the following
criterion.
Lemma 2 ([16, Ch. 3]): The system given in (1) is completely state observable, if and only if
 
rank Wo = n.
To verify whether (1) is state observable, the traditional
approaches need to identify A and C to construct Wo , and
then check its rank. Similar to the case of controllability, we
want to find a method that can directly obtain Wo by using the
measured data, without the process of identifying the above
matrices. This idea can be achieved by the following method.
We set n nonzero initial states of the system as follows:
x [i] (0) = [0, . . . , 0, 1, 0, . . . , 0]T ∈ R n (1 ≤ i ≤ n)

(7)

where the i th element of x [i] (0) is 1, while all other elements
are zeros. Then, measure the corresponding outputs y [i] (k) at
time instants k = 0, 1, 2, . . . , n − 1, while setting the inputs
as u [i] (k) ≡ 0 ∈ R m . Then, store the measured output data
y [i] (0), y [i] (1), . . . , y [i] (n − 1). Define


Ȳ (k) = y [1] (k), y [2] (k), . . . , y [n] (k) (0 ≤ k ≤ n − 1)
⎡
⎤
Ȳ (0)
⎢ Ȳ (1) ⎥
⎢
⎥
Q=⎢
(8)
⎥
..
⎣
⎦
.
Ȳ (n − 1)
where Ȳ (k) ∈ R p×n . With these data, we now introduce the
following theorem, which is about the state observability.
Theorem 2: Assume that the initial states of (1) can be set
as in (7). Then, the system is completely state observable, if
and only if
 
rank Q = n
where Q is defined in (8).
Proof: With the initial states x [i] (0), when u [i] (k) ≡ 0,
the output of (1) will be
⎧ [i]
y (0) = C x [i] (0)
⎪
⎪
⎪ y [i] (1) = C Ax [i] (0)
⎪
⎪
⎪
⎪
⎪
..
⎨
.
(9)
[i]
⎪ y (k) = C Ak x [i] (0)
⎪
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎩ [i]
y (n − 1) = C An−1 x [i] (0)

where A and C are unknown. From (8) and (9), we shall have
⎧
Ȳ (0) = C
⎪
⎪
⎪
⎪
Ȳ (1) = C A
⎪
⎪
⎪
⎪
..
⎨
.
Ȳ
(k)
=
C Ak
⎪
⎪
⎪
⎪
..
⎪
⎪
⎪
.
⎪
⎩
Ȳ (n − 1) = C An−1 .
Therefore

⎡
⎢
⎢
Q=⎢
⎣

Ȳ (0)
Ȳ (1)
..
.

Ȳ (n − 1)

⎤

⎡

⎥ ⎢
⎥ ⎢
⎥=⎢
⎦ ⎣

C
CA
..
.

⎤
⎥
⎥
⎥ = Wo
⎦

C An−1

which completes the proof according to Lemma 2.
Remark 2: Theorems 1 and 2 illustrate a new perspective
of analyzing the controllability as well as the observability
of linear discrete-time systems, respectively. They are direct
approaches. With our schemes, it is not necessary to identify
the parameter matrices, which will save time and will not cause
identification errors that affect the calculation precision.
Remark 3: In Section II, the system described by (1) is
in the form of a deterministic system. However, in real
applications, there are always various impacts of noises on
the system. Here, we will discuss two kinds of noises.
1) When data are measured by sensors, the sensors often
generate measurement noises. Because of this, the measured state and output data are actually

x̂(k) = x(k) + wm (k)
ŷ(k) = y(k) + v m (k)
where wm (k) ∈ R n and v m (k) ∈ R p are the measurement noises. We assume that these noises have known
statistical characteristics. This assumption is based on
the fact that, in practical industrial processes, the statistical characteristics of the measurement noises can be
determined. Then, we can obtain the unbiased estimates
of the real values of x(k) and y(k). In this brief, our
discussions are based on such an assumption where all
the test data are obtained after this estimation process.
2) If the system has the form

x(k + 1) = Ax(k) + Bu(k) + ws (k)
(10)
y(k) = C x(k) + Du(k) + v s (k)
where ws (k) ∈ R n and v s (k) ∈ R p are the system
noises, we have no other choice than to identify A, B,
C, and D first. Obviously, this is in contrary to the main
theme of our brief, and we will not discuss this kind of
noises further.
V. A NALYSIS OF THE C ALCULATION P RECISION
As mentioned in Remark 2, since our methods do not identify A, B, C, and D, the corresponding identification errors
will not occur naturally. In this section, we will illustrate this
advantage with a numerical example, which is about the state
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controllability of (1). Recall the state equation x(k + 1) =
Ax(k) + Bu(k), and set
⎡
⎤
⎡
⎤
0.48 0.51 −0.49
−0.35
A = ⎣ 0.26 −0.32 0.29 ⎦ , B = ⎣ 0.16 ⎦ .
(11)
0.22 −0.23 0.37
−0.21
Then, we introduce the identification errors A and B,
which occurred in the process of identifying A and B
⎤
⎡
⎡
⎤
0.02
−0.04 −0.05 0.05
A = ⎣ 0.02 0.08 −0.02 ⎦ , B = ⎣ −0.04 ⎦ .
−0.03 −0.07 −0.04
−0.03
In traditional methods, if we do not round off the calculation
results, the controllability matrix will be


Ŵc = (B +B), (A+A)(B +B), (A+A)2(B +B)
⎡
⎤
−0.33 0.0156 −0.0004
= ⎣ 0.12 −0.1860 0.0010 ⎦ .
(12)
−0.24 −0.1779 0.0001
As shown in (12), if we round off the elements of Ŵc to two
decimal places as those in A and B, then its third column will
be all zeros. As a result, rank[Ŵc ] = 2 < 3, and the system
will not be considered state controllable, which is actually not
true.
In our method, since we do not identify A and B, then A
and B will not appear in the final result. Recalling (3) and
(4), with zero initial states and u(k) ≡ 1, we shall have
⎡
⎤
−0.35 0.0165 −0.0018


(13)
P1 , P2 , P3 = ⎣ 0.16 −0.2031 0.0137 ⎦
−0.21 −0.1915 −0.0205
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(n − 1) element summations, while there are n 2 elements
in the produced matrix. Therefore, to compute Ak+1 , there
are n 2 (2n − 1) operations. When multiplying Al (1 ≤ l ≤
n − 1) with B, each element of the product is obtained by n
multiplications and (n − 1) summations. Since there are mn
elements in Al B, it is necessary to do mn(2n − 1) operations,
and there are (n − 1) such matrix multiplications. In summary,
to compute Wc = [B, AB, . . . , An−1 B], there are totally
mn(2n − 1)(n − 1) +

n−2 


i n 2 (2n − 1)
i=1


1 5
2n − 7n 4 + (7 + 4m)n 3 − (2 + 6m)n 2 + 2mn
=
2
operations. Then, the traditional methods have computational
complexity of O(n 5 ).
In our methods, recall (6), there are totally mn 2 element
subtractions, while other operations like (5) are only arranging
the measured data. So, our methods have computational complexity of O(mn 2 ). It is clear that our data-based methods have
less computational complexity, which is obviously another
advantage.
VII. C ONCLUSION

which also has full rank. Therefore, we can conclude that the
system defined in (11) is controllable, which is in agreement
with the real case.
From the above example, we can see that our methods are
robust to identification errors, and they have higher calculation
precision. Therefore, the round-off errors will not affect our
schemes, especially in the case when the largest nonvanishing
minor of the controllability (observability) matrix has a value
close to zero.

In this brief, we developed two data-based methods to analyze the controllability and the observability of linear discretetime systems. These data-based methods use the measured
state and output data to directly construct the controllability
matrix as well as the observability matrix, which are applied
to verify the corresponding properties. Our methods not only
have low computational complexity, but also improve the
calculation precision. They present a quite new idea in solving
the problems in control theory. Our methods are feasible to the
study of characteristics of deterministic systems, and robust
to system identification errors. For systems with measurement
noises, if the statistical characteristics of the noises are known,
our methods are still applicable to their analysis.
However, there is still much work to do. As we can see,
(1) is assumed to be time-invariant, since for time-varying
systems one can determine neither the controllability nor the
observability by checking only the rank of Wc or Wo . For
systems having noises in the form of (10), we still have
to identify the parameter matrices. We hope that our work
will inspire more works in data-based approaches for control
and analysis of systems, in particular for complex nonlinear
systems in the future.

VI. A NALYSIS OF C OMPUTATIONAL C OMPLEXITY
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Approximate Dynamic Programming for Optimal
Stationary Control with Control-Dependent Noise
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Abstract— This brief studies the stochastic optimal control
problem via reinforcement learning and approximate/adaptive
dynamic programming (ADP). A policy iteration algorithm is
derived in the presence of both additive and multiplicative
noise using Itô calculus. The expectation of the approximated
cost matrix is guaranteed to converge to the solution of some
algebraic Riccati equation that gives rise to the optimal cost
value. Moreover, the covariance of the approximated cost matrix
can be reduced by increasing the length of time interval between
two consecutive iterations. Finally, a numerical example is given
to illustrate the efficiency of the proposed ADP methodology.
Index Terms— Approximate dynamic programming, controldependent noise, optimal stationary control, stochastic systems.

I. I NTRODUCTION
Reinforcement learning [1] is one of the most important
branches in learning theory. Roughly speaking, it is concerned
with how an agent improves decisions at each step to achieve
some long-term goal, based on interactions with and rewards
received from the environment. One technique to solve reinforcement learning problems is called adaptive/approximate
dynamic programming (ADP), pioneered by Werbos [2]–[5].
The strategy consists of estimating the cost function online,
and making further decisions through successive iterations.
Reinforcement learning and ADP are extensively studied
for Markov decision processes for both the discrete and
continuous state and action spaces, see [6]–[9], for example.
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