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a b s t r a c t
Nowadays, with modern sensor technologies, the inputs, outputs and states of the system
can be accurately measured. Based on this fact, analyzing the properties of the system,
which has unknown mathematical model, directly by using the measured data, has become
feasible. In this paper, some data-based methods are proposed for state stability analysis of
a class of nonlinear discrete-time systems. We also discuss the problem of ﬁnding the
domain of attraction of the equilibrium point, using these data-based methods.
 2012 Elsevier Inc. All rights reserved.

1. Introduction
In recent years, with the development of science and technology, in particular with the rapid development of information
science and technology, many businesses and industries have undergone great changes, such as chemical industry, electric
power engineering, electronics, mechanical engineering, metallurgy, transportation, and logistics business. While the scale of
industrial enterprises is increasing, the production equipments and industrial processes are becoming more and more complex. As a consequence, the traditional methods to control the production processes as well as the equipments, which need
to establish the mathematical models of the systems based on their physical and chemical mechanisms, have become infeasible. Due to the modern digital sensor technologies and their universal applications, such as information collection, storage,
transmission, and processing technologies, as well as their continuous developments, these industrial enterprises generate a
vast amount of digital data on a daily basis, which reﬂects production processes, production performance, management of
material tracking, and equipment operations. How to effectively use these online and ofﬂine data to combine data mining,
pattern recognition and computer technologies such as parallel simulation with control theory and systems engineering, has
become a very important issue that needs to be solved for the manufacturing, transportation, and logistics businesses [18].
Data-based methods, such as data-based control, data-based decision-making, data-based fault diagnosis, and data-based
scheduling, are still not fully developed yet, although there have been some studies in the past ten years [5,6,11,14,23,31,33].
In practice, engineers often encounter such a problem that the traditional theories and approaches, which have to analytically construct the mathematical model of the system, can hardly meet the design and control requirements of complex
nonlinear systems. Fortunately, for nonlinear discrete-time systems, the system information is contained within the sampled
data of input, output and state. Thus, it might be feasible to analyze or control the system directly by using these measured
data. This idea creates an urgent need for the research and technical support of data-based methods. The research on databased control, decision making, fault diagnosis and scheduling, is obviously an interdisciplinary and challenging topic. The
most often studied areas related to the above ﬁelds are machine learning, data-mining, computational intelligence as well as
system and control theory [42]. In each of the above related areas, there are several favorite topics. For machine learning, it
prefers lazy learning, supervised learning, unsupervised learning and reinforcement learning [3,17,20,24,30]. For datamining, people usually do research on database management, parallel processing and visualization [12,13,22,25,39]. The
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most often considered ﬁelds of computational intelligence are evolutionary computation, fuzzy systems and neural networks
[10,19,21,28,36,45,46]. For system and control theory, there are two general research directions. One is about control theory,
such as PID control, optimal control, adaptive control, iterative learning control, H1 control, model-free control, and model
predictive control [2,4,7,8,10,16,37,40,41,43,44]; the other is about system theory, such as studies of system properties
(stability, observability and controllability, etc.), system structures, Lyapunov theory, optimality, and performance analysis
[27–29,32,35,38]. Based on this background, the data-based methods have attracted more and more attention and will be
widely applied to solve industrial and real-life problems, which are encountered in the above ﬁelds.
Since the stability is an important characteristic of the system, and its study is also a great topic in control theory, we will
analyze the system stability in this paper. However, as mentioned above, for large scale complex nonlinear discrete-time systems, the most prominent feature is the vast amount of sampled data, which could not provide a clear and effective mathematical model that can be analyzed. Here, large scale refers to the system scale ranging from a few dozen variables or nodes
to a few thousand. The complexity arises from heterogeneous information sources, multi-modal signals, high nonlinearity,
strong interactions among variables or system states, involvement of human activities, and mixture of tasks [34]. The consequence directly caused by these properties is the widespread uncertainties of the system that prevent the problems being
solved by using classical model-based methods, which need the explicit knowledge of the system dynamic models. Fortunately, we might solve this problem from another perspective, which means studying the stability only by using the measured state data. If this idea is feasible, it will have great practical signiﬁcance in industrial engineering. In this paper, we will
develop some data-based methods for analyzing the stability of a class of nonlinear discrete-time systems.
2. System description and basic assumptions
In this section, we will study a class of nonlinear discrete-time systems in the following form:

xðk þ 1Þ ¼ f ðxðkÞ; uðkÞÞðk P 0Þ;
n

ð1Þ

p

where x(k) 2 R and u(k) 2 R are the state and the input, respectively, and k is the time index. f(x(k), u(k)) is an unknown
nonlinear discrete-time function, in which no randomness is involved in the development of future states, and all of its
parameters are uniform throughout the time (which is a deterministic lumped parameter system).
Since we study the stability problem of industrial production processes, the amount of measured data will be large but
not inﬁnite, and the range of state variables will be limited. Thus, we suppose that all the system states stay in a closed
bounded convex region D  Rn, which contains the origin x = 0 in it.
In practical terms, if a dynamical system has zero input and zero state, the newly generated state will naturally become
zero and the dynamic behaviors of the system will stay the same from then on. Thus, we assume that the origin x = 0 is an
equilibrium point and f(0, 0)  0. Since we only discuss the state stability in this paper, we set u(k)  0. For convenience, let
g(x(k)) = f(x(k), 0). It is clear that studying the state stability of system (1) is equivalent to studying the stability of the following system:

xðk þ 1Þ ¼ gðxðkÞÞðk P 0Þ:

ð2Þ

In summary, we have the following fundamental assumptions.
Assumption 1. For system (2), we assume that
1. all the states x(k) 2 D can be measured and stored, where D is a closed bounded convex region in Rn;
2. g(x(k)) is continuous with respect to x(k), and g(0)  0;
3. the origin x = 0 is the only equilibrium point, and there exists no limit cycle in D.

We will demonstrate that, it is feasible to use the measured data in D to analyze the state stability of system (1) (or equivalently, the stability of system (2)) by using the proposed methods.
3. Stability analysis using data-based methods
Before introducing the data-based stability analysis methods, we ﬁrst give the following deﬁnitions, which will be used in
the discussions.
Deﬁnition 1.([1]). In elementary geometry, a polyhedron is a geometric object with ﬂat sides, which exists in any general
number of dimensions. A convex polyhedron is a special case of a polyhedron, having the additional property that it is also a
convex set of points in the n-dimensional space Rn.

Deﬁnition 2.([26]). Domain of attraction is also called basin of attraction. It is the region in state space of all initial conditions
that tend to a particular solution such as a limit cycle, a ﬁxed point, or other attractors.
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From Deﬁnition 2, an equilibrium point has a domain of attraction if it is asymptotically stable. For a nonlinear discretetime system, it is meaningful to know the boundary of the domain of attraction, because there is a very positive conclusion
that any state trajectory starting inside that domain will converge to this equilibrium point. However, such boundary is very
difﬁcult to ﬁnd, especially for high order systems and large scale complex nonlinear systems [9,28]. According to this situation, we may ﬁnd some substitutes to overcome this difﬁculty. If we can clearly identify the boundary of a sub-domain of
the domain of attraction, which also contains the asymptotically stable equilibrium point, the problem will become much
easier to solve. In engineering practice, this sub-domain can be used for stability analysis instead of the original domain
of attraction.
Now, we provide the following theorems, which apply the above deﬁnitions and the measured data to analyze the stability of system (2). In this paper, k  k denotes the Euclidean norm (or, 2-norm), and j  j denotes the absolute value.
Theorem 1. For system (2), assume that in D, g(x(k)) and

dgðxðkÞÞ
dxðkÞ

are both continuous with respect to x(k), and

2

d gðxðkÞÞ
2
dx ðkÞ

exists.

Therefore, in a neighborhood of x = 0, there exists the following Taylor expansion:

gðxðkÞÞ ¼ gð0Þ þ

dgðxðkÞÞ
j
xðkÞ þ RðxðkÞÞ;
dxðkÞ xðkÞ¼0

where R(x(k)) is the remainder term. If
1. in a neighborhood of the origin x = 0, arbitrarily select n linearly independent initial states x1(0), x2(0), . . . , xn(0), which have the
same norm 0 < r  1, the measured trajectories x1(k), x2(k), . . . , xn(k) (k = 0, 1, . . .) satisfy

k½x1 ð1Þ; x2 ð1Þ; . . . ; xn ð1Þ½x1 ð0Þ; x2 ð0Þ; . . . ; xn ð0Þ1 k 6 a < 1;
2. "x(k) 2 D, the remainder term R(x(k)) satisﬁes

kRðxðkÞÞk 6 kxðkÞk2 ðk P 0Þ;
then, we can conclude that
1. the origin x = 0 is asymptotically stable;
2. the open ball centered at the origin whose radius is (1  a), is a part of the domain of attraction.
Proof. For any state x(k) 2 D (x(k) – 0), let

A0 ¼


dgðxðkÞÞ
;
dxðkÞ xðkÞ¼0

AðxðkÞÞ ¼ A0 þ

RðxðkÞÞxT ðkÞ
kxðkÞk2

ð3Þ
:

Since g(0)  0, the Taylor expansion can be rewritten as:

xðk þ 1Þ ¼ A0 xðkÞ þ RðxðkÞÞ ¼ AðxðkÞÞxðkÞ:

ð4Þ

dgðxðkÞÞ
dxðkÞ

Because g(x(k)) and
are both continuous with respect to x(k), kR(x(k))k 6 kx(k)k2, and r  1, we can infer that in the
neighborhood of x = 0, where the initial states x1(0), x2(0), . . . , xn(0) stay, g(x(k)) satisﬁes

xi ð1Þ ¼ gðxi ð0ÞÞ ¼ A0 xi ð0Þ ð1 6 i 6 nÞ:

ð5Þ

Therefore,

½x1 ð1Þ; x2 ð1Þ; . . . ; xn ð1Þ ¼ A0 ½x1 ð0Þ; x2 ð0Þ; . . . ; xn ð0Þ:
Since xi(0) (1 6 i 6 n) are linearly independent, [x1(0), x2(0), . . . , xn(0)]1 exists. Then,

A0 ¼ ½x1 ð1Þ; x2 ð1Þ; . . . ; xn ð1Þ½x1 ð0Þ; x2 ð0Þ; . . . ; xn ð0Þ1
) kA0 k ¼ k½x1 ð1Þ; x2 ð1Þ; . . . ; xn ð1Þ½x1 ð0Þ; x2 ð0Þ; . . . ; xn ð0Þ1 k:

ð6Þ

From Condition 1, we can obtain

kA0 k 6 a < 1:

ð7Þ

By (3), (7) and Condition 2, for any non-zero state x(k) 2 D, we can obtain




RðxðkÞÞxT ðkÞ
kRðxðkÞÞk  kxðkÞk
kxðkÞk2


6
kA
kAðxðkÞÞk ¼ A0 þ
k
þ
6
kA
k
þ
6 a þ kxðkÞk;

0
0

kxðkÞk
kxðkÞk2 
kxðkÞk2

ð8Þ
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which means kA(x(k))k 6 a + kx(k)k. Obviously, if kx(k)k < 1  a, then kA(x(k))k < a + (1  a) = 1. Deﬁne

S ¼ fxðkÞjxðkÞ 2 D; kxðkÞk < 1  ag;

ð9Þ

which is an open ball centered at x = 0 with radius (1  a). By (4), all the non-zero states in S will satisfy

8k P 0; kxðk þ 1Þk ¼ kAðxðkÞÞxðkÞk 6 kAðxðkÞÞk  kxðkÞk < kxðkÞk:

ð10Þ

Since g(0)  0, x = 0 is the only equilibrium point and there exists no limit cycle in D, then by (10), we shall have

8xðkÞ 2 S; lim kxðkÞk ¼ 0 ) lim xðkÞ ¼ 0:
k!1

k!1

Therefore, we can conclude that the origin x = 0 is asymptotically stable; and by Deﬁnition 2, S is a part of the domain of
attraction. h
Remark 1. There are some aspects that merit our attention.
1. For Condition 1 of Theorem 1, the reason why we choose n linearly independent initial states is that, it is needed to give
full consideration to all dimensions of the state space, to ensure that no counter example exists in the neighborhood of
the origin. In practical engineering, to check whether this condition holds, it is suggested to test more than one group of n
linearly independent initial states. Each group has at least one initial state not belonging to the other groups. If all these
states satisfy this condition, we can consider that Condition 1 holds.
2. Gradually decrease the value of a 2 (0, 1), until Condition 1 no longer holds. We can obtain the maximum (1  a) as the
radius of the open ball, which is a part of the domain of attraction.
3. For Condition 2 of Theorem 1, there is a general expression, which is

kRðxðkÞÞk 6 kxðkÞkc ðk P 0Þ;
where c P 2 is a positive integer. The Conclusion 2 will become that the open ball centered at the origin whose radius is
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c1
1  a, is a part of the domain of attraction, while the rest of the theorem do not change. Then, (8) will lead to
kA(x(k))k 6 a + kx(k)kc1. Obviously, if kx(k)kc1 < 1  a, then kA(x(k))k < a + (1  a) = 1. Therefore, we redeﬁne S as follows:

S ¼ fxðkÞjxðkÞ 2 D; kxðkÞk <

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  ag;

c1

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  a. As a result, we can still obtain (10), and by Deﬁnition 2, this new

c1

which is an open ball centered at x = 0 with radius
S is a part of the domain of attraction.

Now, we introduce the following second-order nonlinear system as an example for Theorem 1.
Example 1


xðk þ 1Þ ¼ gðxðkÞÞ ¼

x1 ðk þ 1Þ

"



x2 ðk þ 1Þ

¼

0:5x1 ðkÞ þ 0:2x22 ðkÞ
0:5x2 ðkÞ

#
ð11Þ

:

Obviously, x = 0 is the only equilibrium point.
2
It can be seen that g(x(k)) and dgðxðkÞÞ
are both continuous with respect to x(k), and d gðxðkÞÞ
exists. Therefore, we can obtain
dxðkÞ
dx2 ðkÞ
the following Taylor expansion:

gðxðkÞÞ ¼



0:5

0

0

0:5



x1 ðkÞ
x2 ðkÞ

"


þ

0:2x22 ðkÞ
0

#
ð12Þ

:


T
The remainder term is RðxðkÞÞ ¼ 0:2x22 ðkÞ; 0 . As a result,

kxðkÞk2  kRðxðkÞÞk ¼ x21 ðkÞ þ x22 ðkÞ  0:2x22 ðkÞ ¼ x21 ðkÞ þ 0:8x22 ðkÞ P 0:
2

ð13Þ
T

Then, kx(k)k P kR(x(k))k, and Condition 2 is satisﬁed. Select two linearly independent initial states x(0) = [0.02, 0.02] and
y(0) = [0.02,  0.02]T for example, which have the same norm 0.0283  1. By (11), we can obtain

xð1Þ ¼ ½0:00992; 0:01T ; yð1Þ ¼ ½0:00992; 0:01T ) k½xð1Þ; yð1Þ½xð0Þ; yð0Þ1 k ¼ 0:5:

ð14Þ

S ¼ fxðkÞjxðkÞ 2 D; kxðkÞk < 1  a ¼ 0:5g;

ð15Þ





6 0:5 < 1. Therefore, we can conclude that x = 0 is
Let a = 0.5, then Condition 1 is satisﬁed. Thus, we obtain dgðxðkÞÞ
j
dxðkÞ xðkÞ¼0 
asymptotically stable.
We then construct an open disk

which is illustrated in Fig. 1. By Theorem 1, S given in (15) is a part of the domain of attraction.
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On the other hand, the mathematical expression of system (11) is given. We analytically study the stability of the equilibrium point x = 0 and the domain of attraction. From (3), we can obtain


A0 ¼

0:5

0

0

0:5


;


AðxðkÞÞ ¼

0:5 0:2x2 ðkÞ
0



0:5

ð16Þ

:

Therefore, kA0k = 0.5 < 1, and we can conclude that the origin x = 0 is asymptotically stable. For A(x(k)), we have

kAðxðkÞÞk ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kmax ½AT ðxðkÞÞAðxðkÞÞ;

ð17Þ

where kmax[AT(x(k))A(x(k))] is the largest eigenvalue of [AT(x(k))A(x(k))]. Such that, by solving det[kI  AT(x(k))A(x(k))] = 0,
where I is the identity matrix, we can obtain

kmax ½AT ðxðkÞÞAðxðkÞÞ ¼ 0:5
By setting


 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
0:5 þ x22 ðkÞ=25 þ
0:5 þ x22 ðkÞ=25  0:25 :

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kmax ½AT ðxðkÞÞAðxðkÞÞ < 1, we can obtain the real domain of attraction:

ST ¼ fxðkÞjx1 ðkÞ 2 R; 3:75 < x2 ðkÞ < 3:75g:

ð18Þ

Obviously, S given in (15) is a part of the domain of attraction ST.
Comparing the two methods, when analyzing the stability of the equilibrium point, they have the same conclusion; while
the data-based method can only ﬁnd a part of the domain of attraction.
In addition, we arbitrarily select some initial states in S, and simulate the trajectories starting from them with Matlab program. These initial points are (0.3, 0.3), (0.2, 0.3), (0.2, 0.25) and (0.3, 0). Their trajectories are illustrated in Fig. 1, which
converge to the origin x = 0. Since ST given in (18) is much larger than S, to deliver our results more clearly, we do not show it
here.
In order to introduce the next theorem, we use

xðb;iÞ ð0Þ ¼ ½0;    ; 0; b; 0;    ; 0T
(i = 1, 2, . . . , n) to represent the vector whose ith element is b > 0 and all other elements are zeros. Similarly, let

xðb;iÞ ð0Þ ¼ ½0;    ; 0; b; 0;    ; 0T
represent the vector, which has the ith element as (b), while all other elements are zeros. Assume that x(b,i)(0), x(b,i)(0) 2
D (1 6 i 6 n). Otherwise, we adjust the value of b until all of them are within D.

0.5

(0.3, 0.3)

(−0.2, 0.3)

0.25

(0.3, 0)

0
(0, 0)

−0.25
(−0.2, −0.25)

−0.5
−0.5

−0.4

−0.3

−0.2

S

−0.1

0

0.1

0.2

0.3

0.4

0.5

Fig. 1. The open disk S, which is a part of the domain of attraction, and the state trajectories starting from (0.3, 0.3), (0.2, 0.3), (0.2, 0.25) and (0.3, 0) for
Example 1.
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Theorem 2. For system (2), if
1. "x(k), y(k) 2 D, where x(k) – y(k) (k P 0), function g has the following properties:
(a) for any real number 0 6 a 6 1,

jg i ½axðkÞ þ ð1  aÞyðkÞj 6 jag i ðxðkÞÞ þ ð1  aÞg i ðyðkÞÞj;
where gi represents the ith element of g (i = 1, 2, . . . , n);
(b) jxi(k)j 6 jyi(k)j ) jgi(x(k))j 6 jgi(y(k))j (i = 1, 2, . . . , n);
2. there are 2n measured trajectories starting from x(b,i)(0) and x(b,i)(0) (i = 1, 2, . . . , n), which satisfy the following
inequalities:

8k P 0;

kxðb;iÞ ðk þ 1Þk < kxðb;iÞ ðkÞk;

kxðb;iÞ ðk þ 1Þk < kxðb;iÞ ðkÞk;

then, we can conclude that
(1) the origin x = 0 is asymptotically stable;
(2) if we construct a closed convex polyhedron X, which has the 2n initial points x(b,i)(0), x(b,i)(0), as its vertices, then X
together with its interior is a part of the domain of attraction.
Proof. Since D is a closed bounded convex region and x(b,i)(0),x(b,i)(0) 2 D (1 6 i 6 n) by assumption, we shall have X  D.
Obviously, the origin is inside X. Among these 2n vertices of X, arbitrarily select two adjacent points, and denote them
as xl(0) and xm(0), where xl(0), xm(0) 2 {x(b,i)(0), x(b,i)(0), i = 1, 2, . . . , n}. For any real number 0 6 a 6 1, there exists a point
in D:

xa ð0Þ ¼ axl ð0Þ þ ð1  aÞxm ð0Þ;

ð19Þ

which is on the connection line between xl(0) and xm(0). Therefore, it is on an edge of X, and the jth element of xa(0) is

xa;j ð0Þ ¼ axl;j ð0Þ þ ð1  aÞxm;j ð0Þð1 6 j 6 nÞ;

ð20Þ

where xl,j(0) and xm,j(0) are the jth elements of xl(0) and xm(0), respectively. Let xa(k) (k P 0) represent the trajectory starting
from xa(0). By (19), (20) and Condition 1(a), we can obtain

jxa;j ð1Þj ¼ jg j ðxa ð0ÞÞj ¼ jg j ½axl ð0Þ þ ð1  aÞxm ð0Þj 6 jag j ðxl ð0ÞÞ þ ð1  aÞg j ðxm ð0ÞÞj ¼ jaxl;j ð1Þ þ ð1  aÞxm;j ð1Þj:

ð21Þ

Since D is a closed bounded convex region, xa(k) and [axl(k) + (1  a)xm(k)] (k P 0) will always stay in D [15]. Then by (21),
Conditions 1(a) and 1(b), we shall have

jxa;j ð2Þj ¼ jg j ðxa ð1ÞÞj 6 jg j ½axl ð1Þ þ ð1  aÞxm ð1Þj 6 jag j ðxl ð1ÞÞ þ ð1  aÞg j ðxm ð1ÞÞj ¼ jaxl;j ð2Þ þ ð1  aÞxm;j ð2Þj:

ð22Þ

That is to say,

jxa;j ð2Þj 6 jaxl;j ð2Þ þ ð1  aÞxm;j ð2Þj:
By repeating the above process, we can obtain

jxa;j ðkÞj 6 jaxl;j ðkÞ þ ð1  aÞxm;j ðkÞjð1 6 j 6 n; k P 0Þ )

n
X

jxa;j ðkÞj2 6

j¼1

n
X

jaxl;j ðkÞ þ ð1  aÞxm;j ðkÞj2 ) kxa ðkÞk

j¼1

6 kaxl ðkÞ þ ð1  aÞxm ðkÞk 6 akxl ðkÞk þ ð1  aÞkxm ðkÞk:

ð23Þ

From Condition 2, since xl(0), xm(0) 2 {x(b,i)(0), x(b,i)(0), i = 1, 2, . . . , n}, then their trajectories satisfy

8k P 0;

kxl ðk þ 1Þk < kxl ðkÞk;

kxm ðk þ 1Þk < kxm ðkÞk:

ð24Þ

Since it is assumed that x = 0 is the only equilibrium point and there is no limit cycle in D, by (23) and (24), we have

lim kxl ðkÞk ¼ 0; lim kxm ðkÞk ¼ 0 ) lim kxa ðkÞk ¼ 0 ) lim xa ðkÞ ¼ 0:

k!1

k!1

k!1

k!1

ð25Þ

Similarly, since any point on the surface or within X can be expressed as a convex combination [15] of some points in
{x(b,i)(0), x(b,i)(0), 1 6 i 6 n}, we can conclude that the state trajectory starting from any point on the surface or within X will
converge to the origin x = 0.
Therefore, x = 0 is asymptotically stable; and by Deﬁnition 2, the closed convex polyhedron X together with its interior is
a part of the domain of attraction.
To demonstrate Theorem 2, we introduce the following second-order system as an example. h
Example 2

xðk þ 1Þ ¼ gðxðkÞÞ ¼



x1 ðk þ 1Þ
x2 ðk þ 1Þ

"


¼

0:5x21 ðkÞ þ 0:5x22 ðkÞ
0:5x2 ðkÞ

#
:

ð26Þ
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Obviously, the origin x = 0 is the only equilibrium point.
Arbitrarily select a real number 0 6 a 6 1, then for any x(k), y(k) 2 R2, we can obtain

n
o
g 1 ½axðkÞ þ ð1  aÞyðkÞ ¼ 0:5 ½ax1 ðkÞ þ ð1  aÞy1 ðkÞ2 þ ½ax2 ðkÞ þ ð1  aÞy2 ðkÞ2








¼ 0:5 a x21 ðkÞ þ x22 ðkÞ þ ð1  aÞ y21 ðkÞ þ y22 ðkÞ  að1  aÞ x21 ðkÞ þ x22 ðkÞ  að1  aÞ y21 ðkÞ þ y22 ðkÞ
þ 2að1  aÞ½x1 ðkÞy1 ðkÞ þ x2 ðkÞy2 ðkÞg

n
o
¼ ag 1 ðxðkÞÞ þ ð1  aÞg 1 ðyðkÞÞ  0:5að1  aÞ ½x1 ðkÞ  y1 ðkÞ2 þ ½x2 ðkÞ  y2 ðkÞ2

6 ag 1 ðxðkÞÞ þ ð1  aÞg 1 ðyðkÞÞ:

ð27Þ

Since g1[ax(k) + (1  a)y(k)] and a g1(x(k)) + (1  a)g1(y(k)) are both nonnegative, we shall have

jg 1 ½axðkÞ þ ð1  aÞyðkÞj 6 jag 1 ðxðkÞÞ þ ð1  aÞg 1 ðyðkÞÞj:

ð28Þ

On the other hand,

g 2 ½axðkÞ þ ð1  aÞyðkÞ ¼ 0:5½ax2 ðkÞ þ ð1  aÞy2 ðkÞ ¼ ag 2 ðxðkÞÞ þ ð1  aÞg 2 ðyðkÞÞ ) jg 2 ½axðkÞ þ ð1  aÞyðkÞj
¼ jag 2 ðxðkÞÞ þ ð1  aÞg 2 ðyðkÞÞj:

ð29Þ

From (27)–(29), we can infer that g(x(k)) given by (26) satisﬁes Condition 1(a). It can be seen that if jxj(k)j 6 jyj(k)j then
jgj(x(k))j 6 jgj(y(k))j (j = 1, 2). Thus, Condition 1(b) is also satisﬁed.
Choose b = 1, then the 2n initial points in Condition 2 are (1,0), (1,0), (0,1) and (0,1). By using Matlab program, we can
simulate the trajectories starting from them, which are illustrated in Fig. 2. We can see that, the norms of these states are
monotonically decreasing, and all of their trajectories converge to x = 0. Therefore, Condition 2 is satisﬁed. According to Theorem 2, x = 0 is asymptotically stable. Construct a quadrangle X, using (1, 0), (1, 0), (0, 1), and (0, 1) as its vertices. Obviously, X is closed and convex. By Theorem 2, X together with its interior is a part of the domain of attraction.
Next, we use the analytical method to study the stability of the equilibrium point x = 0 and the domain of attraction.
Deﬁne

AðkÞ ¼



0:5x1 ðkÞ 0:5x2 ðkÞ
0

0:5


:

ð30Þ

2
1.732

1.732
1.5

(0, 1)

1
(−0.5, 0.5)

0.5
(−1, 0)

(1, 0)

0

(0, 0)

Ω

−0.5
S

−1

(0, −1)

−1.5
−1.732
−1.732

−2

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

Fig. 2. The domain of attraction S, the quadrangle X and the state trajectories starting from (1, 0), (1, 0), (0, 1), (0, 1), and (0.5, 0.5) for Example 2.
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Then, (26) can be rewritten as x(k + 1) = A(k)x(k). Since there is only one equilibrium point, the domain in which all the states
satisfy kA(k)k < 1 will be the domain of attraction.
By solving det[kI  AT(k)A(k)] = 0, where I is the identity matrix, we can obtain

kmax ðAT ðkÞAðkÞÞ ¼
Let

1 2
1
½x ðkÞ þ x22 ðkÞ þ 1 þ
8 1
8

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½x21 ðkÞ þ x22 ðkÞ þ 12  4x21 ðkÞ:

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kmax ðAT ðkÞAðkÞÞ < 1, then the domain of attraction is

S¼

xðkÞj

x21 ðkÞ x22 ðkÞ
þ
<1 ;
4
3

ð31Þ

which is illustrated in Fig. 2. Since g(0)  0, and in S we have kA(k)k < 1, then

8xð0Þ 2 S; lim xðkÞ ¼ 0:
k!1

Therefore, x = 0 is asymptotically stable. We can see that, X together with its interior is a part of the domain of attraction S.
Comparing the two methods, when analyzing the stability of the equilibrium point, they have the same conclusion; while
the data-based method can only ﬁnd part of the domain of attraction.
In addition, we arbitrarily select another initial point (0.5, 0.5) 2 X. It can be seen that its trajectory also converges to
x = 0. S, X and all of these trajectories are illustrated in Fig. 2.
4. Conclusions and future work
In this paper, we develop some data-based methods to solve the problem of stability analysis of a class of nonlinear discrete-time systems, without knowing the explicit mathematical expression of the system dynamic models. The advantage of
Theorems 1 and 2 is that, one can determine whether the equilibrium point is asymptotically stable, just by measuring a
group of state trajectories and doing some simple analysis on them, while setting the input to zero. Another good point is
that, we can construct a part of the domain of attraction by using these measured data. We can then directly and positively
conclude that, a state trajectory will converge to the equilibrium point, if it starts within that domain. This idea makes the
problem of stability analysis much easier to solve, especially for the case of large-scale complex nonlinear systems. The theorems given in this paper are for local stability, but not for global stability. The latter one requires more conditions, which are
not easily satisﬁed.
Our research gives a new perspective on analyzing the characteristics of nonlinear discrete-time systems. The future work
of the data-based methods may be on some other topics, such as analyzing the controllability and the observability of the
system, and building models of stochastic parameter systems.
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