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Abstract—Iterative algorithms such as maximum likelihood ex-
pectation maximization (ML-EM) algorithm are rapidly becoming
the standard for image reconstruction in emission computed to-
mography. The maximum likelihood approach provides images
with superior noise characteristics compared to conventional fil-
tered backprojection algorithm. A major drawback of the iterative
image reconstruction methods is their high computational cost.
In this paper, we develop a new algorithm called the improved
ordered subset expectation maximization (IOS-EM) algorithm.
This algorithm modifies the number of projections in each subset
and the step size (i.e., the relaxation factor) for each iteration in
order to recover various frequency components in early iteration
steps. In the method presented in this paper, the number of pro-
jections in a subset increases and the step size decreases after each
iteration. In addition, pixel data are grouped into subdivisions to
accelerate image reconstruction. Experimental results show that
the IOS-EM algorithm can provide high quality reconstructed
images at a small number of iterations.

Index Terms—Expectation maximization, filtered backpro-
jection, image reconstruction, iteration algorithms, maximum
likelihood, ordered subset.

I. INTRODUCTION

TOMOGRAPHIC image reconstruction has been an active
research field in recent years. Soon after the invention of

computed tomography (CT) in 1972 [6], reconstruction using
filtered backprojection (FBP) was developed for astrophysical
applications. Since then, FBP has remained the most widely
used reconstruction method in CT. FBP and statistical model
based iterative algorithms are the two major classes of recon-
struction methods. FBP is widely used in clinical settings for its
high speed and easy implementation. Iterative algorithms take
into account the statistical nature of the acquired projection data
and incorporate the physical model into reconstruction. Typical
iterative methods include maximum likelihood approach [15],
[16], algebraic reconstruction technology [5], [8], etc.

The well studied maximum likelihood expectation maxi-
mization (ML-EM) algorithms have been found to produce very
good results in applications. But, it requires a large number of
iterations, resulting in delays of the availability of reconstructed
images. One of the main reasons for this is that EM algorithms
have very slow convergence speed and thus a large number of
iterations may be required to obtain an acceptable reconstructed
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image. Several modifications have been suggested to accelerate
the convergence of these algorithms using line search [11] and
vector extrapolation [14] techniques. Other fast alternatives
have also been proposed to speed up the convergence. One
popular and effective method for accelerating reconstruction
process involves the use of ordered subset (OS) [7] or block-it-
erative methods [1]. The ML-EM method combined with the
OS algorithm, called the OS-EM method, can accelerate the
ML-EM algorithm up to ten times or more. The interest in
CT imaging has prompted the development of several ordered
subset or block iterative algorithms [3], [9], [13] with the intent
of accelerating the iterative reconstruction process.

To improve the convergence speed of existing OS-EM
methods and to improve the quality of reconstructed images,
we develop in this paper a new method which constitutes a
natural extension to the OS-EM algorithm. In Section II of
the present paper, we provide some background information
about OS-EM algorithms. We then develop, in Section III, an
improved OS-EM algorithm. The present algorithm adjusts the
number of projections in each subset and the step size for each
iteration to recover various frequency components in early steps
of iterations. The number of projections in a subset increases
and the step size decreases after each iteration. In addition,
pixel data will be grouped into subdivisions to accelerate the
speed for image reconstruction. Simulation results will be
presented in Section IV, where our algorithms will be compared
to various existing algorithms including FBP, ML-EM, and
OS-EM. We provide a few pertinent remarks in Section V to
conclude the present paper.

II. BACKGROUND

Data in emission CT can be described by the following linear
algebraic system [2], [10]

where is the measured
projection vector, is the total number of projections,

is the activity image vector,
is the total number of pixels, is the response matrix,
and is an zero mean random noise vector. Since
consists of the system response for each pixel at each slit ring
position for each detector, will be a very large matrix and is
therefore difficult to invert directly. However, is sparse and
iterative methods for computing its inverse become attractive.
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The measured projection vector is Poisson distributed with
expected value given by [18]

In this paper, represents the true mean pixel rate of the sino-
gram and represents the true mean pixel rate of the image.
The th measurement is an independent Poisson distributed
random variable with the mean given by

where is the th element of the response matrix . The
variance of a Poisson distributed random variable is equal to its
mean. The variance for each line of response may vary from
bin to bin and hence, the noise process may not be stationary. We
consider the discretized two-dimensional model. In the above,

denotes the expected value of pixel .
Suppose that we count coincidences along lines. The th

element of the -dimensional measured projection vector,
, is the number of coincidences which are counted

for the th line during data collection period. If the image vector
is , the probability of the measurement vector to be is

The reconstruction problem is to estimate the image vector
given the data measurement . As mentioned before, one

approach to this problem is the maximum likelihood method
which estimates that maximizes which is equiva-
lent to maximize a log-likelihood function subject to non-
negative constraints on , i.e., it finds which maximizes

The gradient of is much simpler to compute than that of
, which is given by

(1)

The Kuhn–Tucker conditions for maximizing subject to
nonnegativity constraints [12], [19] are

(2)

(3)

Conditions (2) and (3) along with the formula given in (1) lead
to the maximum likelihood expectation maximization (ML-EM)
algorithm

(4)

where is the th element of the reconstructed image, is iter-
ation number, is projection number, and is the pixel number.

The ML-EM algorithm is a simultaneous updating scheme
that has its roots in statistical theory. The update for this algo-
rithm is driven by the likelihood function and has been shown
to converge to the most likely solution given the projection data
[17]. Even though in general the ML-EM algorithm’s conver-
gence rate is quite good, it becomes extremely low for medical
images due to their large sizes. Thus, a significant amount of
computation is often needed to obtain an acceptable image. The
ordered subset method, derived from the ML-EM, consists of
applying the ML-EM algorithm to ordered subsets of projec-
tions.

III. AN IMPROVED ORDERED SUBSET EXPECTATION

MAXIMIZATION ALGORITHM

The ordered subset (OS) algorithm is a useful method to
accelerate image reconstruction for the maximum likelihood
expectation maximization (ML-EM) method. The ML-EM
method combined with the OS algorithm is called the OS-EM
method [7]. With OS-EM, the projection data is grouped into
ordered subsets. The OS level is defined as the number of
these subsets. The standard ML-EM algorithm is then applied
to each of the subsets in turn, using the rows of the response
matrix corresponding to these ray sums, i.e., the total number
of ray photons which leave the source in the direction of a
detector. The resulting reconstruction becomes the starting
value for use by the next iteration. In ML-EM algorithm, the

th correction image used for image modification is acquired
by a backprojection of which is calculated in all projection
views. While in OS-EM algorithm, the correction image is
acquired by a backprojection of which is calculated in a
subsets of projection views.

The OS-EM algorithm is an ML-EM algorithm acting on a
subset of the projections at the time , which can be written
as

(5)

Subsets in (5) may correspond naturally to groups of projec-
tions. In our simulation studies, we use subsets corresponding
to projections in opposing pairs, even though other choices may
be considered. It is advantageous to select subsets in a balanced
way so that pixel activity contributes equally to each subset. The
order in which projections are processed is arbitrary, though it
may be chosen in a special order. For example, one might en-
courage substantial new information to be introduced as quickly
as possible by choosing first the projection corresponding to the
direction with greatest variability in the image, a second projec-
tion perpendicular to the first, and third and fourth projections
halfway in between the first two, and so on.

To improve the convergence speed of existing OS-EM
methods and to improve the quality of reconstructed images,
we develop in this paper a new method which constitutes a
natural extension to the above OS-EM algorithm. The present
algorithm adjusts the number of projections in each subset and
the step size for each iteration to recover various frequency
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components in early iteration steps. The number of projections
in a subset increases and the step size decreases after each
iteration.

We note that (4) has an equivalent form as the additive version
of the ML-EM algorithm

(6)

Our algorithm is developed through analogy observed between
the rescaled block iterative EM algorithm [1] and the OS-EM
algorithm. Our algorithm updates the current image estimate
using only a portion of the projection data, called “subset of
projections.” This algorithm modifies the number of projections
in a subset and the iterative step size after each iteration. The
algorithm is given as follows:

(7)

The update direction is multiplied by a relaxation factor that
differs for each subset and it is computed as ,
where denotes the index of a complete cycle and is a scaling
factor. The scaling factor is defined as

The function above is chosen such that is a se-
quence of positive numbers (examples follow) and
when . For the present improved OS-EM (IOS-EM)
algorithm, large number of subsets can be used with small re-
laxation. For example, we choose relaxation factor in our sim-
ulation as

Generally, can be chosen as 1. But, can be chosen smaller,
if the number of subsets is larger or the level of noise is higher.

Let the projection data be grouped into subsets
, where is the subset level of projec-

tion. In the OS-EM algorithm, the same number of projections
are used in each subset . The quality of recon-
structed images depends upon the number of projections in a
subset. The larger the number of projections in each subset is,
the slower the convergence of the reconstructed image will be.
In the reconstruction method developed in the present paper,
we use (7), and the number of projections in each subset is
increased after each iteration step. For example, if the total
number of projections in an image is 64, the numbers of subsets
can be chosen in successive iterations as 64, 32, 16, 8, 4, 2, and
1, with the corresponding numbers of projections in each subset
as 1, 2, 4, 8, 16, 32, and 64, respectively. Such a sequence
of subsets implies that the high frequency components are
recovered first and the low frequency components are recovered
gradually in succeeding iteration steps.

In addition, we will also use the idea of pixel data subdivi-
sion in our algorithm. In this case, the pixel data are grouped
into subdivisions at intervals of one pixel or several pixels

, where is the subdivision level of pixels to
accelerate image reconstruction and convergence. For example,
we can group pixel data into two subdivisions, with one subdi-
vision for even numbered pixels and the other for odd numbered
pixels, i.e., we choose with
and . The modification of the pixels is
gradually performed according to different subdivisions.

Finally, our IOS-EM algorithm can be written as follows:

(8)

Using this algorithm, the number of projections in each subset
is variable to achieve fast convergence and good quality of re-
constructed images. For example, the number of projections
in a subset can increase as follows for successive iterations:

, i.e., the first iteration
has 1 projection in each subset, the second iteration has two pro-
jections in each subset, and so on. To evaluate the convergence
speed and to compare the quality of reconstructed images, we
apply the present IOS-EM algorithm (8) to reconstruct images
using the following sequences with the total numbers of itera-
tions all equal to 30:

The first number in each scheme is the number of projections
in each subset in the first iteration, the second number is the
number of projections in each subset in the second iteration, and
so on. We note that the scheme A above is not exactly equiv-
alent to the regular OS-EM algorithms. Though in scheme A,
each iteration has the same number of subsets, pixel data sub-
division is applied as well to accelerate the convergence. One
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Fig. 1. The original computer generated image.

of the benefits of using our algorithm is to accelerate the re-
covery of high frequency components of a reconstructed image
and to approach the expected value more rapidly, which is diffi-
cult when using the ML-EM algorithm. If the number of projec-
tions in a subset decreases to one, the algorithms is just like the
algebraic reconstruction technique. In this case, reconstructed
image is very much influenced by noise in the projection data.
Thus, the number of projections in each subset can be increased
gradually to reduce the effect of noise. If the number of projec-
tions in a subset increases to equal to the total number of views,
the algorithm becomes the ML-EM algorithm. In this case, the
convergence of the reconstructed image becomes very slow, but
reconstructed images are less influenced by noise in the projec-
tion data. In summary, the present algorithm is expected to work
well for speeding up the convergence and reducing the effect of
noise.

IV. SIMULATION RESULTS

The convergence rate can be measured in terms of the mean
absolute error (MAE) and the normalized mean square error
(NMSE). The MAE of an image is defined as

where is the number of pixels in the object, denotes the
value of pixel of the original image, and denotes the value
of pixel of a reconstructed image. The NMSE of an image is
defined as

The original computer generated image is shown in Fig. 1.
The object array is 64 64 and projections are simulated over
180 with the uniform sampling scheme. Image reconstruction
and convergence rate are compared using noiseless projection
data (Figs. 2–4) and noisy projection data (Figs. 5–7). The noisy

Fig. 2. Images reconstructed from noiseless projection data using FBP,
ML-EM, OS-EM, and IOS-EM (scheme A) algorithms.

Fig. 3. Images reconstructed from noiseless projection data using schemes B,
C, D, and E of the IOS-EM algorithm.

projection data is generated by adding to the original data a
uniform field of random coincidences reflecting a scan of 5%
of the total counts [4]. Images are reconstructed by using four
methods: filtered backprojection (FBP), maximum likelihood
expectation maximization (ML-EM), ordered subset-expecta-
tion maximization (OS-EM), and improved ordered subset-ex-
pectation maximization (IOS-EM) algorithm. Attenuation is not
considered in our simulations. In the present IOS-EM algorithm,
the pixel data are grouped into two subdivisions. The modifica-
tion of the pixel is alternately performed based on different sub-
divisions of pixel. Simple post-reconstruction filtering is used
to control the noise. The method ensures that the iterative algo-
rithms converge toward a uniform resolution. The convergence
rate is measured by MAE and NMSE.

Images reconstructed by FBP, ML-EM, OS-EM, and IOS-EM
(scheme A) algorithms are shown in Fig. 2. In IOS-EM algo-
rithm using scheme A, the number of projections in each subset
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Fig. 4. The mean absolute error and the normalized mean square error
for ML-EM, OS-EM, and various schemes of the IOS-EM algorithm for
reconstruction from noiseless projection data.

Fig. 5. Images reconstructed from noisy projection data using FBP, ML-EM,
OS-EM, and IOS-EM (scheme B) algorithms.

is kept fixed at 8. It is therefore expected that other schemes
will perform better than scheme A, as is shown in Fig. 3 using
schemes B, C, D, and E. The MAE and the NMSE for various
ML-EM, OS-EM, and IOS-EM algorithms are shown in Fig. 4.
From Fig. 4, we see that scheme C performs the best since it has
the fastest convergence. Under the conditions of these simula-
tions, the algorithm we developed in this paper appears to have
faster convergence than ML-EM and OS-EM algorithms.

To confirm that the behavior of the various preconditioners
are not different under noisy conditions, simulations are also
performed using noisy projection data. Reconstructed images
using FBP, ML-EM, OS-EM, and IOS-EM (scheme B) are
shown in Fig. 5, and reconstructed images using schemes C,
D, E, and F of IOS-EM are shown in Fig. 6. The convergence
rate compared with all kinds of reconstruction algorithms using
noisy projection data are shown in Fig. 7. From Fig. 7, we see
that scheme E has the fastest convergence speed. Again, the

Fig. 6. Images reconstructed from noisy projection data using schemes C, D,
E, and F of the IOS-EM algorithm.

Fig. 7. The mean absolute error and the normalized mean square error
for ML-EM, OS-EM, and various schemes of the IOS-EM algorithm for
reconstruction from noisy projection data.

algorithm we developed in this paper has faster convergence
than ML-EM and OS-EM algorithms.

V. CONCLUSION

Iterative image reconstruction methods such as maximum
likelihood expectation maximization (ML-EM) algorithm and
algebraic reconstruction technology, have several advantages
over analytical image reconstruction methods such as filtered
backprojection. The major drawback with the iterative image
reconstruction is the computational cost, that is, the slow
convergence speed of the reconstructed image. This is one of
the reasons that the iterative method has never been used in
clinical applications. To reduce computation time, an ordered
subsets (OS) algorithm was introduced. In this method, the
projection data are grouped into subsets and the modification
of the pixels in a reconstructed image is performed by using
the projection data in one subset at a time. The OS algorithm
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can accelerate the recovery of high frequency components
of a reconstructed image, which is difficult to obtain when
using ML-EM algorithm. If the number of projections in a
subset increases to equal to the total number of views, the
algorithm becomes the ML-EM algorithm. In this case, the high
frequency components are difficult to recover. On the other
hand, if the number of projections in a subset is reduced to one,
the algorithm is just like the algebraic reconstruction technique.
In this case, reconstructed images are very much influenced by
noise in the projection data. The appropriate choice of subset
level depends on a number of factors, for example, subset
balance and the level of noise in the projection data. Generally
speaking, it is better not to use less than four projections per
subset. OS-EM algorithm requires more projections per subset
to converge if the level of noise in the projection data is high.

The quality of reconstructed images depends upon the
number of projections in a subset. We developed a new algo-
rithm to reconstruct high quality images with fewer number of
iterations. The scheme of the proposed algorithm is to increase
the number of projections per subset after each step of itera-
tion. In addition, based on the idea of data subdivision, pixel
data are also grouped into subdivisions to accelerate image
reconstruction. The experimental results show that the present
IOS-EM algorithm can provide high quality reconstructed
images at a small number of iterations. Scheme C is superior to
other schemes for projections without noise, and scheme E is
recommended for projections with Poisson noise.
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