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Policy Iteration Adaptive Dynamic Programming
Algorithm for Discrete-Time Nonlinear Systems

Derong Liu, Fellow, IEEE, and Qinglai Wei, Member, IEEE

Abstract—This paper is concerned with a new discrete-time
policy iteration adaptive dynamic programming (ADP) method
for solving the infinite horizon optimal control problem of
nonlinear systems. The idea is to use an iterative ADP technique
to obtain the iterative control law, which optimizes the iterative
performance index function. The main contribution of this paper
is to analyze the convergence and stability properties of policy
iteration method for discrete-time nonlinear systems for the first
time. It shows that the iterative performance index function
is nonincreasingly convergent to the optimal solution of the
Hamilton-Jacobi-Bellman equation. It is also proven that any
of the iterative control laws can stabilize the nonlinear systems.
Neural networks are used to approximate the performance index
function and compute the optimal control law, respectively, for
facilitating the implementation of the iterative ADP algorithm,
where the convergence of the weight matrices is analyzed. Finally,
the numerical results and analysis are presented to illustrate the
performance of the developed method.

Index Terms— Adaptive critic designs, adaptive dynamic
programming (ADP), approximate dynamic programming,
discrete-time policy iteration, neural networks, neurodynamic
programming, nonlinear systems, optimal control, reinforcement
learning.

I. INTRODUCTION

YNAMIC programming is a very useful tool in solving

optimal control problems. However, due to the curse
of dimensionality [1], it is often computationally untenable
to run dynamic programming for obtaining the optimal solu-
tion. The adaptive/approximate dynamic programming (ADP)
algorithms were proposed in [2] and [3] as a way to solve
optimal control problems forward in time and gained much
attention from the researchers [4]-[12]. There are several
synonyms used for ADP including adaptive critic designs
[13]-[15], ADP [16]-[19], approximate dynamic program-
ming [20], [21], neural dynamic programming [22], neu-
rodynamic programming [23], and reinforcement learning
[24]-[26]. In [14] and [21], ADP approaches were classified
into several main schemes, which include heuristic dynamic
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programming (HDP), action-dependent HDP, also known as
Q-learning [27], dual heuristic dynamic programming (DHP),
action-dependent DHP, globalized DHP (GDHP), and action-
dependent GDHP. Iterative methods are also used in ADP to
obtain the solution of the Hamilton-Jacobi-Bellman (HJB)
equation indirectly and have received more and more attention
[28]-[35]. There are two main iterative ADP algorithms, which
are value iteration ADP (value iteration for brief) algorithm
and policy iteration ADP (policy iteration for brief) algorithm
[36], [37].

Value iteration algorithm for optimal control of discrete-
time nonlinear systems was given in [38]. In 2008,
Al-Tamimi et al. [39] studied value iteration algorithm for
deterministic discrete-time affine nonlinear systems, which
was referred to as HDP and was proposed for finding the opti-
mal control law. Starting from a zero initial performance index
function, it is proven in [39] that the iterative performance
index function is a nondecreasing sequence and bounded.
When the iteration index increases to infinity, the iterative per-
formance index function converges to the optimal performance
index function, which satisfies the HJB equation. In 2008,
Zhang et al. [40] applied value iteration ADP to solve optimal
tracking control problems for nonlinear systems. Liu ef al. [16]
realized the value iteration ADP by GDHP. For the value iter-
ation algorithm of ADP, the initial performance index function
is required to be zero [16], [18], [39]-[42]. On the other hand,
for value iteration algorithm, the stability of the system under
the iterative control law cannot be guaranteed. This means that
only the converged optimal control law can be used to control
the nonlinear system, and all the iterative controls during the
iteration procedure may be invalid. Therefore, the computation
efficiency of the value iteration algorithm of ADP is very low.
Till now, all the value iteration algorithms are implemented
offline, which limit their practical applications.

Policy iteration algorithm for continuous-time systems
was proposed in [17]. Murray et al. [17] proved that
for continuous-time affine nonlinear systems, the iterative
performance index function will converge to the optimum
nonincreasingly and each of the iterative controls stabi-
lizes the nonlinear systems using policy iteration algorithms.
This is a great merit of policy iteration algorithm and
hence achieved many applications for solving optimal con-
trol problems of nonlinear systems. In 2005, Abu-Khalaf
and Lewis [43] proposed a policy iteration algorithm for
continuous-time nonlinear system with control constraints.
Zhang et al. [44] applied policy iteration algorithm to
solve continuous-time nonlinear two-person zero-sum games.
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Vamvoudakis er al. [45] proposed a multiagent differential
graphical games for continuous-time linear systems using
policy iteration algorithms. Bhasin et al. [46] proposed an
online actor-critic-identifier architecture to obtain the optimal
control law for uncertain nonlinear systems by policy iteration
algorithms. Till now, nearly all the online iterative ADP
algorithms are policy iteration algorithms. However, almost all
the discussions on the policy iteration algorithms are based on
continuous-time control systems [44]—[47]. The discussions on
policy iteration algorithms for discrete-time control systems
are scarce. Only in [36] and [37] a brief sketch of policy
iteration algorithm for discrete-time systems was displayed,
whereas the stability and convergence properties were not
discussed. To the best of our knowledge, there are still no
discussions focused on the policy iteration algorithms for
discrete-time systems, which motives our research.

In this paper, it is the first time that the properties of
policy iteration algorithm of ADP for discrete-time nonlinear
systems are analyzed. First, the policy iteration algorithm is
introduced to find the optimal control law. Second, it will
show that any of the iterative control laws can stabilize the
nonlinear system. Third, it will show that the iterative control
laws using policy iteration algorithm can make the iterative
performance index functions converge to the optimal solution
monotonically. Next, an effective method is developed to
obtain the initial admissible control law by repeating exper-
iments. Furthermore, to facilitate the implementation of the
policy iteration algorithm, it will show how to use neural
networks for implementing the developed policy iteration
algorithm to obtain the iterative performance index functions
and the iterative control laws. The weight convergence prop-
erties of the neural networks are also established. In numer-
ical examples, comparisons will be displayed to show the
effectiveness of the developed algorithm. For linear systems,
the control results by the policy iteration algorithm will be
compared with the ones by the algebraic Riccati equation
(ARE) method to justify the correctness of the developed
method. For nonlinear systems, the control results by the
policy iteration algorithm will be compared with the ones
by value iteration algorithm to show the effectiveness of the
developed algorithm.

The rest of this paper is organized as follows. In Section II,
the problem formulation is presented. In Section III, the pol-
icy iteration algorithm for discrete-time nonlinear systems is
derived. The stability, convergence. and optimality properties
will also be proven in this section. In Section IV, the neural
network implementation for the optimal control scheme is
discussed. In Section V, the numerical results and analyses
are presented to demonstrate the effectiveness of the developed
optimal control scheme. Finally, in Section VI, the conclusion
is drawn and our future work is declared.

II. PROBLEM FORMULATION

In this paper, we will study the following deterministic
discrete-time systems:

Xer1 = Pl ug)  k=0,1,2,... (1)

where x; € R" is the n-dimensional state vector and u; € R™
is the m-dimensional control vector. Let xg be the initial state
and F(xk, ur) be the system function.

Let u;, = f{ug,urs1,...} be an arbitrary sequence of
controls from k to co. The performance index function for state
xo under the control sequence u, = {ug, u1, ...} is defined as

o0
J (o, ug) = D U, i) @

k=0
where U (xg, ug) > 0, for V xi, ux # 0, is the utility function.
We will study optimal control problems for (1). The goal
of this paper is to find an optimal control scheme, which
stabilizes (1) and simultaneously minimizes the performance
index function (2). For convenience of analysis, results of this

paper are based on the following assumption.

Assumption 2.1: System (1) is controllable; the system

state x; = O is an equilibrium state of (1) under the
control uy = 0, ie., F(0,0) = 0; the feedback control
up = u(xy) satisfies uxy = u(xy) = 0 for xp = 0; the

utility function U (x, ux) is a positive definite function for any
xr and ug.

As (1) is controllable, there exists a stable control sequence
uy, = {ug, ug41 ...} that moves xi to zero. Let ﬂk denote the
set, which contains all the stable control sequences. Then, the
optimal performance index function can be defined as

J* (xx) :inf{J(xk,gk): Uy EQk} (3)

According to Bellman’s principle of optimality, J*(xx) satis-
fies the following discrete-time HJB equation:

I Ge) = inf {U (o i) + T (F o, ui)) ) (4)
Define the law of optimal control as
u*(xy) = argilglkf {U ek, ui) + T*(F (xi, u))}. (5)
Hence, the HIB equation (4) can be written as
I () = U (e, w™ (xx)) + T (F (e, u™(xx))). (6)

We can see that if we want to obtain the optimal control
law u*(xz), we must obtain the optimal performance index
function J*(xx). Generally, J*(xx) is unknown before all the
controls u; € R" are considered. If we adopt the traditional
dynamic programming method to obtain the optimal perfor-
mance index function at every time step, then we have to
face the curse of dimensionality. Furthermore, the optimal
control is discussed in infinite horizon. This means the length
of the control sequence is infinite, which makes the optimal
control nearly impossible to obtain by the HIB equation (6).
To overcome this difficulty, a new iterative algorithm based
on ADP is developed.

III. PoLICY ITERATION ALGORITHM

In this section, the discrete-time policy iteration algorithm
of ADP is developed to obtain the optimal controller for
nonlinear systems. The goal of the developed policy iteration
algorithm is to construct an iterative control law v; (x), which
moves an arbitrary initial state xo to the equilibrium 0, and
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simultaneously makes the iterative performance index function
to reach the optimum. Stability proofs will be given to show
that any of the iterative controls can stabilize the nonlinear
system. Convergence and optimality proofs will also be given
to show that the performance index functions will converge to
the optimum.

A. Derivation of the Policy Iteration Algorithm

For the optimal control problems, the developed control
scheme must not only stabilize the control systems, but also
make the performance index function finite, i.e., the admissible
control law [39].

Definition 3.1: A control law u(xy) is defined to be admis-
sible with respect to (2) on Q; if u(xx) is continuous on Qj,
u(0) =0, u(xy) stabilizes (1) on Qf, and Vxg € Q1, J(xp)
is finite.

In the developed policy iteration algorithm, the performance
index function and control law are updated by iterations, with
the iteration index i increasing from zero to infinity. Let vg (xx)
be an arbitrary admissible control law. For i = 0, let Vp(xz) be
the iterative performance index function constructed by vg (xx)
that satisfies the following generalized HIB (GHJB) equation:

Vo(xk) = U (xk, vo(xx)) + Vo(xrsr) @)

where x;y1 = F(xk,vo(xx)). Then, the iterative control law
is computed by

v1(xg) = argH;iH{U(Xk, ur) + Vo(xrg1))

= arg H;iﬂ{U(Xk, up) + Vo(F (xx, ur))}.  (8)

For Vi = 1,2,..., let Vi(xx) be the iterative performance
index function constructed by wv;(xx), which satisfies the
following GHJB equation:

Vi(xi) = U (xk, 0i(x1) + Vi(F (x, 0 (xx))) (C))
and the iterative control law is updated by

Vi1 (xx) = argrrlgn{U(xk, ur) + Vi(xpg1)}

= argmin (U (xi, ) + Vi (F (s, 1))} (10)

From the policy iteration algorithm (7)-(10), we can see
that the iterative performance index function V;(xx) is used
to approximate J*(x;) and the iterative control law v; (xx) is
used to approximate u*(xx). As (9) is generally not the HIB
equation, we have the iterative performance index function
Vi(xk) # J*(xx) and v;(xx) # u*(xx) for Vi = 0,1,...
Therefore, it is necessary to determine whether the algorithm
is convergent, which means that V;(x;) and v;(xx) converge
to the optimal ones as i — oo. In the following section, we
will show the properties of the policy iteration algorithm.

B. Properties of the Policy Iteration Algorithm

For the policy iteration algorithm of continuous-time non-
linear systems [17], it shows that any of the iterative control
laws can stabilize the system. This is a merit of the policy
iteration algorithm. For the discrete-time systems, the stability
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of the system can also be guaranteed under the iterative
control law.

Lemma 3.1: For i = 0,1,..., let Vi(xx) and v;(xz)
be obtained by the policy iteration algorithm (7)—(10),
where wvg(xr) is an arbitrary admissible control law.
If Assumption 2.1 holds, then for Vi = 0, 1, ..., the iterative
control law v; (xg) stabilizes the nonlinear system (1).

For continuous-time policy iteration algorithms [17],
according to the derivative of the difference for the iterative
performance index functions along with time variable ¢, it
is proven that the iterative performance index functions are
nonincreasingly convergent to the optimal solution of the
HIB equation. For discrete-time systems, the method for the
continuous-time is invalid. Thus, a new convergence proof is
established in this paper. We will show that using the policy
iteration algorithm of discrete-time nonlinear systems, the
iterative performance index functions are also nonincreasingly
convergent to the optimum.

Theorem 3.1: For i = 0,1,..., let Vi(xz) and v;(xg)
be obtained by (7)-(10). If Assumption 2.1 holds, then for
Vxr € R”, the iterative performance index function V;(xy) is
a monotonically nonincreasing sequence for Vi > 0

Vig1(xx) < Vi(xp). (11)
Proof: First, for i = 0,1,..., define a new iterative
performance index function I'j41(xx) as
Lip1(xx) = U(xg, vig1 (xx)) + Vi(xg+1)
where v;1(xr) is obtained by (10). According to (9), (10),
and (12), for Vx;, we can obtain

Fip1 (k) < Vilxg).

Inequality (11) will be proven by mathematical induction.
According to Lemma 3.1, for i = 0,1,..., we have that
vi+1(xr) is a stable control law. Then, we have x; — O,
for Yk — oco. Without loss of generality, let xy = 0, where
N — oo. We can obtain

Vit1(en) =Tig1(xen) = Vilxn) = 0.

First, we let k = N — 1. According to (10), we have

(12)

13)

(14)

vit1(xN—1) = argmh} {Uxy=1,un—1) + Vi(xn)}

= argmin {U(xy_1,un—1) + Vig1(xn)}. (15)

UN—1

According to (9), we can obtain

Vis1(ey—1) = Ulxy—1, 0ix1(xn=1)) + Vig1 (xn)
= min {U(xy_1,un—1) + Vi(xn)}

UN—-1
< U@xn-1,0i(xy-1)) + Vi(xn)
= Vi(xn-1).
Therefore, the conclusion holds for k = N — 1. Assume that

the conclusion holds fork =/+1,1 =0,1,... Fork =1, we
can obtain

Vig1(xr)

(16)

U(xt, 0i41(x1)) + Vigr (x141)
U (xr, vi+1(xp)) + Vi(xi41)
=iy (x).

IA

a7)
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According to (13), for Vx;, we have
i1 () < Vilxp).

According to (17) and (18), we can obtain that for
i=0,1,..., (11) holds for Vxi. The proof is completed. H

Corollary 3.1: For i = 0,1,..., let V;(xx) and v;(xx) be
obtained by (7)—(10), where vg(xy) is an arbitrary admissible
control law. If Assumption 2.1 holds, then for Vi =0, 1, ...,
the iterative control law v; (xg) is admissible.

From Theorem 3.1, we know that the iterative performance
index function V;(xg) > 0 is monotonically nonincreasing and
bounded below for iteration index i = 1, 2, ... Hence, we can
derive the following theorem.

Theorem 3.2: For i = 0,1,..., let V;(xx) and v;(x;) be
obtained by (7)-(10). If Assumption 2.1 holds, then we have
that the iterative performance index function V;(x;) converges
to the optimal performance index function J*(xi), as i — oo

19)

(18)

lim V;(xx) = J*(xx)
11— 00

which satisfies the HIB equation (4).
Proof: The statement can be proven by the following three
steps.
1) Show that the limit of the iterative performance index
Sfunction V;(xy) satisfies the HIB equation, as i — o0.
According to Theorem 3.1, as V;(xx) is nonincreasing and
lower bounded sequence, we have that the limit the iterative
performance index function V;(xy) exists as i — oo. Define
the performance index function Vu,(xg) as the limit of the
iterative function V; (x)
Voo (xx) = lim V; (xx). (20)
1— 00
According to the definition of I'j4(xz) in (12), we have

Tip1(ex) = Uxe, vig1(xx)) + Vixrs1)

= rr;ikn{U(xk, u) + Vi(xk41)} (21
According to (17), we can obtain
Vig1 (k) < Tir () (22)
for Vxi. Let i — o0o. We can obtain
Voo (X)) = Jim Vi(xk) < Vigr(xe) < Tigr (xk)
< ngn{U(xk, u) + Vi(xk41)}- (23)
Thus, we can obtain
Voo (i) < rrlgn{U(Xk, ug) + Voo (Xk+1)}- (24)

Let ¢ > 0 be an arbitrary positive number. Since V;(xy) is
nonincreasing for i > 1 and lim;_, » Vi(xx) = Veo(xx), there
exists a positive integer p such that

Vp(xk) — & < Voo (xk) < Vp(oxp).
Hence, we can obtain
Voo (X)) = U (x, vp (xk)) + Vp (F(xk, vp(xx))) — &

>
> U(xg, Up(xk)) + Voo (F (xg, Up (xx))) — &
> HI}}(H{U(XI“ up) + Voo (xx+1)} — €.

(25)

Since ¢ is arbitrary, we have

Voo (xk) = n;ikn{U(Xk, u) + Voo (Xk+1)}- (26)
Combining (24) and (26), we can obtain
Voo (xk) = Hz}ikn{U(xk’ up) + Voo (xx+1)}. 227)

Next, let x(xx) be an arbitrary admissible control law,
and define a new performance index function P(x;), which
satisfies

P(xg) = U(xp, u(xx)) + P(xk+1)-

Then, we can declare the second step of the proof.

2) Show that for an arbitrary admissible control law u (xy),
the performance index function Vo (xx) < P(xg).

The statement can be proven by mathematical induction.
As u(xg) is an admissible control law, we have x; — 0 as
k — oo. Without loss of generality, let xy = 0, where
N — o00. According to (28), we have

(28)

P(xx) = ngnoo {U (ks s (xx)) + U (xiqe1, (1)) + -
+U@xn—1, u(xny-1)) + P(xn)}

where xy = 0. According to (27), the iterative performance
index function Vo (xr) can be expressed as

(29)

Voo (xi) = ngnoo {U Xk, 000 (x1)) + U (Xk+1, Voo (Xk+1))
+- -+ UN-1, 00 (xn=1)) + Voo (xn)}

= lim
N—o0

{min[U(xk, ur) + min {U(xk+1a Ug1) + -
U Uk+1

—i—glvl_nl {U(xn-1, un—1) + Voo(xN)} }”
(30)

According to Corollary 3.1, for Vi = 0,1,..., since
v; (xx) is an admissible control law, we have that veo(x;) =
lim;_, o ; (x¢) is an admissible control law. Then, we can get
xy = 0, where N — oo, which means Voo (xy) = P(xy) = 0.
For N — 1, according to (27), we can obtain

P(xy—1) = Ulxy—1, u(xn-1)) + P(xn)
> mlg {Uxn=1,un—1) + P(xn)}

= glvl_q {Uxy=1,un—1) + Voo (xn)}

= Voo(xn_1). (3D
Assume that the statement holds for k =1+ 1,1/ =0,1,...
Then, for k = [, we have
P(x)) = Uxr, p(xp)) + Pxi41)
z min {U(xr, ur) + P(xr41)}
> nllliln{U(xz, ur) + Voo(xi41)}
= Voo (x1). (32)
Hence, for Vxi, k =0, 1, ..., the inequality
Voo (xk) < P(xi) (33)

holds. Mathematical induction is completed.
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3) Show that the performance index function Vso(xy) is
equal to the optimal performance index function J*(xi).

According to the definition of J*(xx) in (3), for
Vi =0,1,..., we have
Vi(xi) = T (xx). (34)
Let i — oo, and then we can obtain
Voo (xk) = J*(xi0). (35)

On the other hand, for an arbitrary admissible control law
1 (xx), we have (33) holds. Let u(xx) = u™(xg), where u*(xg)
is an optimal control law. Then, we can obtain

Voo (xx) < J*(xx). (36)

According to (35) and (36), we can obtain (19). The proof
is completed. n

Corollary 3.2: Let x; € R" be an arbitrary state vector. If
Theorem 3.2 holds, then we have that the iterative control law
v (xg) converges to the optimal control law as i — oo, i.e.,
u* (xg) = lim; -, o0 0; (X).

Remark 3.1: From Theorems 3.1 and 3.2, we have proven
that the iterative performance index functions are monotoni-
cally nonincreasing and convergent to the optimal performance
index function as i — oo. The stability of the nonlinear
systems can also be guaranteed under the iterative con-
trol laws. Hence, we can say that the convergence and
stability properties of the policy iteration algorithms for
continuous-time nonlinear systems are also valid for the pol-
icy iteration algorithms for discrete-time nonlinear systems.
However, we emphasize that the analysis techniques between
the continuous- and discrete-time policy iteration algorithms
are quite different. First, the HIB equations of continuous-
and discrete-time systems are different inherently. Second, the
analysis method for continuous-time policy iteration algorithm
is based on derivative techniques [17], [43]-[47]. The analy-
sis method for continuous-time policy iteration algorithm is
invalid for discrete-time situation. In this paper, for the first
time, we have established the properties for the discrete-time
policy iteration algorithms, which established the theoretical
basis of the applications for the optimal control problem of
discrete-time nonlinear systems using policy iteration algo-
rithms. Hence, we say that the discussion in this paper is
meaningful.

Remark 3.2: In [39], value iteration algorithm of ADP is
proposed to obtain the optimal solution of the HIB equation
for the following discrete-time affine nonlinear systems:

Xkt = f () + g (e uk (37
with the performance index function
o
J(xp) = Z (ij Oxj+ ujT-Ruj) (38)

j=k

where Q and R are defined as the penalizing matrices for
system state and control vectors, respectively. Let Q € R"*"
and R € R™ ™ be both positive definite matrices. Starting
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from Vo(xx) =
expressed as

0, the value iteration algorithm can be

1 oV (xx 1)
ui(ep) = —= R~ g o) T =1
2 OXf+1

Vig1 () = x Qx4 u] () Rui (xx) + Vi (i)

It was proven in [39] that V;(x;) is a monotonically non-
decreasing sequence and bounded, and hence converges to
J*(xx). However, using the value iteration equation (39), the
stability of the system under the iterative control law cannot be
guaranteed. We should point out that using the policy iteration
algorithm (7)—(10), the stability property can be guaranteed.
In Section V, the numerical results and comparisons between
the policy and value iteration algorithms will be presented to
show these properties.

Hence, we say that if an admissible control of the nonlinear
system is known, then policy iteration algorithm is preferred
to obtain the optimal control law with good convergence and
stability properties. From this point of view, the initial admis-
sible control law is a key to success for the policy iteration
algorithm. In the following section, an effective method will
be discussed to obtain the initial admissible control law using
neural networks.

(39)

C. Obtaining the Initial Admissible Control Law

As the policy iteration algorithm requires to start with an
admissible control law, the method of obtaining the admissible
control law is important to the implementation of the algo-
rithm. Actually, for all the policy iteration algorithms of ADP,
including [17] and [43]-[47], the initial admissible control law
is necessary to implement their algorithms. Unfortunately, to
the best of our knowledge, there is no theory on how to design
the initial admissible control law. In this paper, we will give
an effective method to obtain the initial admissible control law
by the experiments using neural networks.

First, let W(xz) > 0 be an arbitrary semipositive definite
function. Fori =0, 1, .. ., we define a new performance index
function as

@iy (xx) = U(xk, (k) + i (xp41) (40

where ®g(x;) = W(xx). Then, we can derive the following
theorem.

Theorem 3.3: Suppose Assumption 2.1 holds. Let
Y(xg) > 0 be an arbitrary semipositive definite function.
Let u(xx) be an arbitrary control law for (1), which satisfies
1#(0) = 0. Define the iterative performance index function
@, (xx) as (40), where ®g(xx) = W(xx). Then, u(xr) is an
admissible control law if and only if the limit of ®;(xg)
exists as i — 00.

Proof: We first prove the sufficiency of the statement.
Assume that u(xy) is an admissible control law. According to
(40), we have

D1 (xx) — @i(xx) = Uxg, u(xr)) + D; (xp41)
—(U (xk, p(xp)) + @1 (xx41))

= O; (xgy1) — Di—1 (xp41)- 41
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Algorithm 1 Obtain the Initial Admissible Control Law

Algorithm 2 Discrete-Time Policy Iteration Algorithm

Initialization:
Choose a semi-positive definite function ¥ (zy) > 0;
Initialize two neural networks (critic networks for brief)
cnetl and cnet2 with small random weights;
Let ®o(zy) = ¥(zk);
Give the max iteration of computation ;.

Iteration:

1: Establish a neural network (action network for brief) with
small random weights to generate an initial control law
w(zg) with p(xg) = 0 for z = 0;

2: Let ¢ = 0. Train the critic network cnetl to approximate
D (zy), where O () satisfies

() = Uk, p(xr)) + Po(ht1);

3: Copy cnetl to cnet2, i.e., cnet2 = cnetl;

4: Let ¢ = ¢ + 1. Use cnet2 to get ®;(xk4+1) and train
the critic network cnetl to approximate @, (), where
D, 11 (xy) satisfies

Qi1 (wx) = U, p(zr)) + @i(wrr1);

5: Use cnetl to get @, () and use cnet2 to get O, (xy).
If |®;41(zk) — ®i(zk)| < &, then goto Step 7. Else goto
next step;

6: If © > imax, then goto Step 1. Else goto Step 3;

7: return p(xzy) and let vo(xg) = p(zy).

Then, according to (41), we can obtain

D11 (xx) — Dj (xx) = Dy (xx4i) — Polxri)

D; (x) — ©j—1(xx) = Py (xp4i—1) — Polxgyi—1)
) (42)

D (xx) — Polxk) - D (xx) — Polx).

Then, we can get
i
i1 (0) = DU (ukey o (et j)) + ¥ (). (43)
j=0
Let i — co. We can obtain

o
lim ©;(xx) = D Uk (i) + P (x0)-
1— 00 j:()

(44)

If u(xg) is an admissible control law, then we have that
2720 Uxk+j, pt(xx4)) is finite. As for an arbitrary finite
Xi, W(xg) is finite, then for Vi = 0,1,2,..., we have that
@, 1(xz) is finite. Hence, lim;_  ®@;(x;) is finite, which
means @, (xz) = ®;(xz), as i — oo.

On the other hand, if the limit of ®;(x;) exists as i — o0,
according to (42)—(44), as ¥ (xy) is finite, then we can get that
2720 Uxk+j, pt(xi4)) is finite. Since the utility function
U (xg, uy) is positive definite for Vxg, uy, then we can obtain
U(Xk4j, 1 (xx+j)) = 0as j — o0o. As u(xg) =0 for x; =0,
we can get that x; — 0 as k — oo, which means that (1) is
stable and u(xx) is an admissible control law. The necessity
of the statement is proven and the proof is completed. ]

Initialization:
Choose randomly an array of initial states zg;
Choose a computation precision ¢;
Give the initial admissible control law vg(xg);
Give the max iteration of computation %,,,x.

Iteration:
Let the iteration index 7 = 0;

1: Construct the iterative performance index function V()

according to vg(zx) by

Vo(zk) = Uz, vo(zk)) + Vo(Tr+1);

2: Update the iterative control law by

vi(zx) = argmin {U(zx, uk) + Vo(@r+1)} 5

3: Let ¢ = 7 4+ 1. Construct the iterative performance in-
dex function V;(xy), which satisfies the following GHJB
equation

Vi(wg) = U(zg, vi(zy)) + Vi(F (zg, vi(zr)));

4: Update the iterative control law v;1(xx) by

viy1(Ty) = arg Igikn {U(zg, uk) + Vi(zrs1) }

5: If Vi1 (xg) — Vi(zg) < e, goto Step 7. Else goto Step 6;

6: If © < imax, then goto Step 3. Else, goto Step 8§;

7: return v;(z)) and V;(zy). The optimal control law is
achieved;

8: return The optimal control law is not achieved within
Imax lterations.

According to Theorem 3.3, we can establish an effective
iteration algorithm by repeating experiments using neural net-
works. The detailed implementation of the iteration algorithm
is expressed in Algorithm 1.

Remark 3.3: We can see that the previously outlined
training procedure can be easily implemented by computer
program. Creating an action network, the weights of the
critic networks cnet1 and cnet2 can be updated iteratively. If
the weights of the critic network are convergent, then g (xx)
must be an admissible control law. As the weights of actin
network are chosen randomly, the admissibility of the control
law is unknown before the weights of the critic networks
are convergent. Hence, the iteration process of Algorithm 1
is implemented offline. For convenience of implementation,
in this paper, we choose W(xx) = 0 to obtain the initial
admissible control law. The detailed training method of neural
networks is shown in the following section.

D. Summary of the Policy Iteration Algorithm of ADP

According to the above preparations, we can summarize the
discrete-time policy iteration algorithm in Algorithm 2.
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Fig. 1. Structure diagram of the algorithm.

IV. NEURAL NETWORK IMPLEMENTATION FOR THE
OPTIMAL CONTROL SCHEME

In this paper, BP neural networks are used to approximate
v; (xg) and V;(xg), respectively. The number of hidden layer
neurons is denoted by /, the weight matrix between the input
layer and hidden layer is denoted by Y, and the weight
matrix between the hidden layer and output layer is denoted
by W. Then, the output of three-layer neural network is
represented by

FX,Y,W)=Wlo(Y"X +b) (45)

where o (Y7 X) € R, [0(2)]i = (€% — e7%) /(e + %)),
i =1,...,1[ are the activation functions and b is the threshold
value.

Here, there are two networks, which are critic network and
action network, respectively. Both the neural networks are
chosen as three-layer feedforward neural network. The whole
structure diagram is shown in Fig. 1.

A. Critic Network

The critic network is used to approximate the performance
index function V;(xg). The output of the critic network is
denoted as

V! () = WS o (Ze(k)) (46)

where Z.(k) = YCTxk + b.. The target function is expressed
in (9). Then, we define the error function for the critic network
as

egi (k) = ‘A/ij (xx) — Vi(xp). (47)

The objective function to be minimized in the critic network
training is
EL0) = (], (0)?
Ccl 2 cl :
Therefore, the gradient-based weight update rule [24] for the
critic network is given by

(48)

W2 (o) = W) + AW, ()

aEgi(k) a&iérl(xk)
oV () oWl (k) }
= W} (k) — acel, ()0 (Ze(k))

W (k) —ac|:

(49)

where o, > 0 is the learning rate of critic network. If the
training precision is achieved, then we say that V;41(xx) can
be approximated by the critic network.
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There is an important property we should point out. Usually,
the iterative performance index function V;(xy) is difficult to
obtain directly as the critic network is not trained yet. In this
situation, there are two methods to obtain the target function
of V;(xy). First, define a new iteration index [ =0, 1, ... and
let the iterative performance index function be expressed as
Vi1 (xx). Then, let V;;(xx) be updated by

Vi1 (k) = U (xk, 0i (xk)) + Vig (xk+1) (50)

where ‘,}l‘,()()CkJ,_l) = Vi—1(xx41) is the output of the critic
network in the previous iteration. The error function of the
critic neural network can be expressed as

eci (k) = Vigr1 () — Vi1 (xe).

Updating the neural networks according to (48) and (49) until
eci1(k) = 0. Let [ =1+ 1 and repeat (50) and (51), until the
following holds:

Vi (ex) = U (xx, 0i (xx)) + Vig Oexp1)-

Then, we have V;(xx) = V;;(xx). This method is simple.
However, usually, (52) holds for | — oo, i.e.,

&1V

(52)

Vioo (k) = U (xg, 0; (xk)) + Vioo (Xk41)- (53)

Thus, the amount of computation is very large and it will take
a long time to make the weights of the critic network converge.

The other method can be expressed as follows. According
to (9), we have

N-1

Vi) = D Ui > 0i (et ) + Vi n)-
j=0

(54)

As v; (xg) is an admissible control law, we have V; (xx+ny) — 0
for N — oo. Thus, choose a large enough N and we have

N-1

Vi(ek) = D Ui 0 (xkt ).

j=0

(55)

Then, the error function (47) can be obtained. We can see
that this method is much easier to apply. For convenience of
computation, the second method is used in this paper.

B. Action Network

In the action network, the state error xi is used as input to
create the iterative control law as the output of the network.

The output can be formulated as
j iT
07 (xe) = Wy, 0 (Za(k)) (56)

where Z,(k) = YaTxk + b,. The target of the output of the
action network is given by (10). Thus, we can define the output
error of the action network as

e} (k) = 6] (x) — vi (xe).

The weights of the action network are updated to minimize
the following performance error measure:

(57)

. 1 . .
Eyi (k) = 5 (€3, (k)" (eg; (k).
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The weights updating algorithm is similar to the one for the
critic network. By the gradient descent rule, we can obtain

Wit ) = W) + AW/ (0)

OE!, (k) de (k) 0b! (k)
del (k) o5] (k) awji(k)]
= W10 = Ba (Za(0)) (e}, (0))T

where S, > 0 is the learning rate of action network. If the
training precision is achieved, then we say that the iterative
control law v; (xx) can be approximated by the action network.

In this paper, to enhance the convergence speed of the neural
networks, only one layer of neural network is updated during
the training procedure. To guarantee the effectiveness of the
neural network implementation, the convergence of the neural
network weights is proven, which makes the iterative perfor-
mance index function and iterative control be approximated
by the critic and action networks, respectively. The weights
convergence property of the neural networks is shown in the
following theorem.

Theorem 4.1: Let the target performance index function and
the target iterative control law be expressed by

W (k) — Ba [

(58)

Vi1 (x0) = Wil o (Zo (k) (59)

and

vi(xk) = Wi 0 (Za(k)) (60)

respectively. Let the critic and action networks be trained by
(49) and (58), respectively. If the learning rates o, and S, are
both small enough, then we have the critic weights W,; (k) and
action network weights W,; (k) are asymptotically convergent
to the optimal weights W; (k) and W (k), respectively.

Proof: Let Wcji = Wcji — W and W;i = W;i — W;. From
(49) and (58), we have

Wi () = W) — acel; () (Ze (k)
and

=g _ .

Wi ) = Wi, (k) = el (k) (ZaK)).
Consider the following Lyapunov function candidate:

L(W/

vy — viTwi wiTwi
ci’ Wai) - tr{‘/Vci Wci + Wai Wai}' (61)
Then, the difference of the Lyapunov function candidate
(61) is given by
AL(W/

ci?

iy — T (+DT 7 j+1 T (+DT 77 j+1
Wai) - tr{chi Wci + Wai Wai }
T yirJ 7T yirJ
_tr{WCi Wci + Wai Wai}
. 2
e (=2 + acllo @ ()1?)

L (<24 Balo ZatinP).

According to the definition of o(-) in (45), we know
that ||o (Z.(k))||> and |o(Z.(k))||> are both finite for
VY Z.(k), Zy(k). Thus, if a. and f3, are both small enough that
satisfy a. < 2/l (Z-(k))I* and B, < 2/llo(Z4(k))||*, then
we have AL(WZ, W/.) < 0. The proof is completed. [ ]

ci?

:aC

+ﬁa

V. NUMERICAL ANALYSIS

To evaluate the performance of our policy iteration algo-
rithm, four examples have been chosen: 1) a linear system;
2) a discrete-time nonlinear system; 3) a torsional pendulum
system; and 4) a complex nonlinear system to show its broad
applicability.

Example 1: In the first example, a linear system is consid-
ered. The results will be compared with the traditional linear
quadratic regulation method to verify the effectiveness of the
developed algorithm. We consider the following linear system:

Xk+1 = Axg + Bug (62)

where x; = [x1x, x2x]17 and ugx € RL. Let the system matrices
be expressed as

0 0.1
A= [0.3 —1}’
The initial state is xo = [1, —1]%. Let the performance index
function be expressed by (2). The utility function is the
quadratic form that is expressed as U (xg, ux) = ka Oxy +
u,{ Ruy, where Q = I, R =0.51, and [ is the identity matrix
with suitable dimensions.

Neural networks are used to implement the developed
policy iteration algorithm. The critic network and the action
network are chosen as three-layer BP neural networks with the
structures of 2-8—1 and 2—-8—1, respectively. For each iteration
step, the critic network and the action network are trained for
80 steps using the learning rate of & = 0.02 so that the neural
network training error becomes less than 107>. The initial

admissible control law is obtained by Algorithm 1, where the
weights and thresholds of action network are obtained as

[ —4.1525 —1.1980 ]
0.3693 —0.8828
1.8071 2.8088
0.4104 —0.9845
0.7319 —1.7384
1.2885 —2.5911

—0.3403 0.8154
| —0.5647 1.3694 |

Wa.initial = [—0.0010, —0.2566, 0.0001, —0.1409, —0.0092,

0.0001, 0.3738, 0.0998]
ba initial = [3.5272, —0.9609, —1.8038, —0.0970, 0.8526,

1.1966, —1.0948, 2.5641]"

Yy initial =

respectively. Implement the policy iteration algorithm for six
iterations to reach the computation precision ¢ = 107>, and
the convergence trajectory of the iterative performance index
functions is shown in Fig. 2(a). During each iteration, the
iterative control law is updated. Applying the iterative control
law to the given system (62) for Ty = 15 time steps, we
can obtain the iterative states and iterative controls, which are
shown in Fig. 2(b) and (c), respectively.

We can see that the optimal control law of (62) is obtained
after six iterations. On the other hand, it is known that the
solution of the optimal control problem for the linear system
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Fig. 2. Numerical results of Example 1. (a) Convergence trajectory of

iterative performance index function. (b) Iterative states. (c) Iterative controls.
(d) Trajectories of xo under the optimal control of policy iteration and ARE.

is quadratic in the state and given as J*(xz) = ka Pxy, where
P is the solution of the ARE. The solution for the ARE for
the given linear system (62) is

p— 1.091 —0.309
~ | =0309 2.055 |

The optimal control can be obtained as wu*(x;) =
[—0.304, 1.029]x;. Applying the optimal control law to the
linear system (62), we can obtain the same optimal control
results. The optimal trajectories of system state x, under the
optimal control laws by policy iteration and ARE are shown
in Fig. 2(d).

Example 2: The second example is chosen from the exam-
ple in [32], [39], and [40]. We consider the following nonlinear
system:

X1 = f (k) + g (e )u (63)

where x; = [x1x x2]7 and u; are the state and control
variables, respectively. The system functions are given as

2
fon = | P2 ] w = | 7, |

The initial state is xo = [2, —1]7. In this example, two utility
functions, which are quadratic and nonquadratic forms, will be
considered, respectively. The first utility function is a quadratic
form, which is the same as the one in Example 1 where the
matrix Q = R = I. The configurations of the critic network
and the action network are chosen the same as the ones in
Example 1. For each iteration step, the critic network and the
action network are trained for 100 steps using the learning rate
of o = 0.02 so that the neural network training error becomes
less than 107>, Implement the policy iteration algorithm for
six iterations to reach the computation precision 107>, The
convergence trajectories of the iterative performance index
functions are shown in Fig. 3(a). Applying the optimal control
law to the given system (63) for Ty = 10 time steps, we can
obtain the iterative states trajectories and control, which are
shown in Fig. 3(b)-(d), respectively.
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Fig. 3. Numerical results using policy iteration algorithm. (a) Convergence
trajectory of iterative performance index function. (b) Optimal trajectory of
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Fig. 4. Numerical results using value iteration algorithm. (a) Convergence
trajectory of iterative performance index function. (b) Optimal trajectory of
state x1. (c) Optimal trajectory of state x3. (d) Optimal control.

In [39], it is proven that the optimal control law can be
obtained by value iteration algorithm (39). The convergence
trajectory of the iterative performance index function is shown
in Fig. 4(a). The optimal trajectories of system states and
control are shown in Fig. 4(b)—(d), respectively.

Next, we change the utility function into a non-
quadratic form in [34] with modifications, where the utility
function is expressed as

U (x, ug) = In(x{ Oxg + 1) + In(x] Qxx + Du) Ruy. (64)

Let the other parameters remain unchanged. Using the devel-
oped policy iteration algorithm, we can also obtain the optimal
control law of the system. The performance index function is
shown in Fig. 5(a). The optimal trajectories of iterative states
and controls are shown in Fig. 5(b)—(d), respectively.
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Fig. 5. Numerical results for nonquadratic utility function using policy

iteration algorithm. (a) Convergence trajectory of iterative performance index
function. (b) Iterative states. (c) Iterative controls. (d) Optimal states and
control.

Remark 5.1: From the numerical results, we can see that
for quadratic and nonquadratic utility functions, the optimal
control law of the nonlinear system can both be effectively
obtained, respectively. On the other hand, We have shown
that using the value iteration algorithm in [39], we can also
obtain the optimal control law of the system. However, we
should point out that the convergence properties of the iterative
performance index functions by the policy and value iteration
algorithm are obviously different. This makes the stability
of the control system under the iterative control law quite
different. In the following example, detailed comparisons will
be displayed.

Example 3: We now examine the performance of the
developed algorithm in a torsional pendulum system [24].
The dynamics of the pendulum is as follows:

do

a

74 Mgl sing — £, %
do _ _ 49
dt & ddt

(65)

where M = 1/3 kg and [ = 2/3 m are the mass and length
of the pendulum bar, respectively. The system states are the
current angle @ and the angular velocity . Let J = 4/3MI?
and f; = 0.2 be the rotary inertia and frictional factor,
respectively. Let g = 9.8 m/s? be the gravity. Discretization
of the system function and performance index function using
Euler and trapezoidal methods [48] with the sampling interval
At = 0.1s leads to

X141 | _ 0.1x2k + x1x
X2(k+1) —0.49 x sin(x1x) — 0.1 X fg x xox + X2k

+ [091} k. (66)

where x1x = 6 and x3r = wi. Let the initial state be
xo = [1, —1]7. Let the utility function be the quadratic form
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Fig. 6. Numerical results of Example 3 using policy iteration algorithm.

(a) Convergence trajectory of iterative performance index function.
(b) Iterative controls. (c) Iterative states. (d) Optimal states and control.

and the structures of the critic and action networks are 2—12-1
and 2—-12-1. The initial admissible control law is obtained by
Algorithm 1, where the weight matrices are obtained as

[ —0.6574 1.1803 ]
1.5421 —2.9447
—4.3289 —3.7448
5.7354 2.8933
0.4354 —0.8078
—1.9680 3.6870

Yy initial =

1.9285  1.4044
—4.9011 —4.3527
1.0914 —0.0344
~1.5746  2.8033
1.4897 —0.0315
| 0.2992 —0.0784 |
Wainitil = [—2.1429, 1.9276, 0.0060, 0.0030, 4.5618,
3.2266, 0.0005, —0.0012, 1.3796
—0.5338, 0.5043, —5.1110]
ba,inital = [0.8511, 4.2189, 5.7266, —6.0599, 0.4998,

—5.7323, —0.6220, —0.5142, —0.3874,
3.3985, 0.6668, —0.2834] .

For each iteration step, the critic and action networks are
trained for 400 steps using the learning rate of a = 0.02
to reach 107>, Implement the policy iteration algorithm for
16 iterations to reach the computation precision 107>, and
the convergence trajectory of the iterative performance index
function is shown in Fig. 6(a). Apply the iterative control
laws to the given system for Ty = 100 time steps and the
trajectories of the iterative control and states are shown in
Fig. 6(b) and (c), respectively. The optimal trajectories of
system states and control are shown in Fig. 6(d).

From the numerical results, we can see that using the devel-
oped policy iteration algorithm, any of the iterative control law
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Fig. 7. Numerical results of Example 3 using value iteration algorithm.

(a) Convergence trajectory of iterative performance index function.
(b) Iterative controls. (c) Iterative states. (d) Optimal states and control.

stabilizes the system. However, for the value iteration algo-
rithm, the situation is quite different. For the value iteration
algorithm, the initial performance index function Vp(xx) = 0.
Run the value iteration algorithm (39) for 30 iterations to reach
the computation precision 107> and trajectory of the perfor-
mance index function is shown in Fig. 7(a). Applying the iter-
ative control law to the given system (66) for 7y = 100 time
steps, we can obtain the iterative states and iterative controls,
which are shown in Fig. 7(b) and (c), respectively. The optimal
trajectories of control and system states are shown in Fig. 7(d).

For unstable control systems, although the optimal control
law can be obtained by value and policy iteration algorithms,
for value iteration algorithm, however, we can see that not
all the controls can stabilize the control system. Moreover,
the properties of the iterative controls obtained by value
iteration algorithm cannot be analyzed and this makes the
value iteration algorithm only be implemented offline. For the
developed policy iteration algorithm, the stability property
can be guaranteed. Hence, we can declare the effectiveness
of the policy iteration algorithm in this paper.

Example 4: As a real world application of the developed
method, the problem of nonlinear satellite attitude control has
been selected [49], [50]. Satellite dynamics are represented as

do _1
— =" (Npet — @ X Tw)
dt

where Y, w, and Npe are the inertia tensor, angular velocity
vector of the body frame with respect to inertial frame, and the
vector of the total torque applied on the satellite, respectively.
The selected satellite is an inertial pointing satellite. Hence, we
are interested in its attitude with respect to the inertial frame.
All the vectors are represented in the body frame and the sign
x denotes the cross product of two vectors. Let Npet = Negrl +
Ndis, where Ngy is the control and Ngis is the disturbance.
Following [50] and its order of transformation, the kinematic

(67)
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equation of the satellite is

d ¢ 1 sin(¢)tan(¢) cos(¢) tan(d) Wy
— |6 |=]0 cos(¢) — sin(¢) wy, | (68)
dt v 0 sin(gb)/cos @ cos(gb)/cos @) w;

where ¢, 6, and ¥ are the three Euler angles describing the
attitude of the satellite with respect to x-, y-, and z-axes of
the inertial coordinate system, respectively. Subscripts x, y,
and z are the corresponding elements of the angular velocity
vector w. The three Euler angles and the three elements of the
angular velocity form the elements of the state space for the
satellite attitude control problem and form the following state
equation:

X = fx)+gu (69)

where

x=[¢ 0¥ o w w17, u:[ux Uy uz]

f('x)z |:T_1(Nd1q—CUXTCO):|’ g(x): [('?:(?} (70)

and M3, denotes the right-hand side of (68). The three-by-
three null matrix is denoted by 03x3. The moment of inertia
matrix of the satellite is chosen as

100 2 05
Y=| 2 100 1 |kg-m’ (71)
05 1 110

The initial states are 60°, 20°, and 70° for the Euler angles of
¢, 0, and ¥, respectively, and —0.001, 0.001, and 0.001 rad/s
for the angular rates around x-, y-, and z-axes, respectively.
For convenience of analysis, we assume that there is no
disturbance in the system. Let the sampling time is 0.25 s
using the Euler method. Let the utility function be quadratic
form where the state and control weight matrices are selected
as Q = diag(0.25, 0.25, 0.25, 25, 25, 25) and R =
diag(25, 25, 25), respectively.

Neural networks are used to implement the developed policy
iteration algorithm. The critic and action networks are chosen
as three-layer BP neural networks with the structures of
6-15-1 and 6-15-3, respectively. For each iteration step, the
critic and action networks are trained for 800 steps using the
learning rate of a = 0.02 so that the neural network training
error becomes less than 107>, Implement the policy iteration
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(a) Convergence trajectory of iterative performance index function.
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velocities wy, @y, and w;. (d) Optimal control trajectories.

algorithm for 150 iterations. We have proven that the weights
of critic and action networks are convergent in each iteration
and thus convergent to the optimal ones. The convergence
trajectories of critic network weights are shown Fig. 8. The
weight convergence trajectories of the first column of action
network are shown in Fig. 9.

The iterative performance index functions are shown in
Fig. 10(a). After the weights of the critic and action networks
are convergent, we apply the neuro-optimal controller to the
given system (62) for Ty = 1500 time steps. The optimal
state trajectories of ¢, 8, and ¥ are shown in Fig. 10(b). The
trajectories of angular velocities wy, wy, and w, are shown in
Fig. 10(c), and the optimal control trajectories are shown in
Fig. 10(d). The numerical results illustrate the effectiveness
of the developed policy iteration algorithm.

VI. CONCLUSION

In this paper, an effective policy iteration ADP algorithm
is developed to find the infinite horizon optimal control for

discrete-time nonlinear systems. It is shown that any of the
iterative control law can stabilize the control system. It has
been proven that the iterative performance index functions are
monotonically nonincreasing and convergent to the optimal
solution of the HJB equation. Neural networks are used to
approximate the performance index function and compute
the optimal control policy, respectively, for facilitating the
implementation of the iterative ADP algorithm. Finally, four
numerical examples are given to illustrate the performance of
the developed method.

On the other hand, for the discrete-time policy iteration
algorithm, some further properties can be discussed. In this
paper, we assume that the iterative control law v;(x;) and
the iterative performance index function V;(x;) can be well
approximated by neural networks. Since neural networks
always have approximation errors, generally, the exact v; (xk)
and V;(xx) cannot be achieved. In the case of approximation
errors, we should say that the convergence property of the
iterative performance index functions and the stability of
the system under the iterative control law are not proven.
Additional convergence and stability criterions should be
established. The convergence and stability properties of the
discrete-time policy iteration algorithm with approximation
errors will be discussed in our future work.
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