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Simultaneous Blind Separation of Instantaneous
Mixtures With Arbitrary Rank
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Abstract—This paper presents a gradient-based method for si-
multaneous blind separation of arbitrarily linearly mixed source
signals. We consider the regular case (i.e., the mixing matrix has
full column rank) as well as the ill-conditioned case (i.e., the mixing
matrix does not have full column rank). We provide one necessary
and sufficient condition for the identifiability of simultaneous blind
separation. According to our identifiability condition and the ex-
isting general identifiability condition, all source signals are sepa-
rated into two categories: separable single sources and inseparable
mixtures of several single sources. A sufficient condition is also de-
rived for the existence of optimal partition of the mixing matrix
which leads to a unique maximum set of separations. One suffi-
cient condition is proved to show that each maximum partition of
the mixing matrix corresponds to a unique class of separated sig-
nals and as a result we can determine the number of maximum
partitions from the classes of outputs under different separation
matrices. For sub-Gaussian or super-Gaussian source signals, a
cost function based on fourth-order cumulants is introduced to si-
multaneously separate all separable single sources and all insepa-
rable mixtures. By minimizing the cost function, a gradient-based
method is developed. Finally, simulation results show the effective-
ness of the present method.

Index Terms—Blind source separation, cumulants, gradient-
based method, ill-conditioned case, independence, maximum
partition.

I. INTRODUCTION

DURING the past ten years, the blind source separation
problem has received intensive attention from the signal

processing community and the neural network community, and
many interesting theoretical and practical results have been es-
tablished. In the present paper, we consider linear instantaneous
mixtures of sources and observable mixtures, described by

(1)

where is a vector of mu-
tually independent unknown sources with zero mean,

is a vector of measured mixed
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signals, and is an unknown constant mixing
matrix. The mixing matrix may or may not have full column
rank. In many references dealing with blind separation problem,
the mixing matrix is assumed to be nonsingular ( )
or have full column rank . However,
in practice, there is no guarantee that the mixing matrix is
always square and nonsingular. In particular, when the number
of sources is not known a priori, there is no guarantee that we
can always choose and that the mixing matrix has full
column rank. Hence, the ill-conditioned case where the mixing
matrix does not have full column rank is more often encoun-
tered. In fact, the ill-conditioned case has received attention
recently (see, e.g., [4], [17], [19] for the case of instantaneous
mixtures and [18] for the case of convolutive mixtures) and the
present ill-conditioned case includes all four ill-conditioned
cases in [17] as special cases.

It is noted that the model (1) with additive noise, i.e.,

(2)

where is an -dimensional noise vector, can be considered

as a special case by letting where
... ,

, and is the identity matrix
(see, e.g., [4]). Hence, the model (1) covers the model (2) as a
special case.

In this paper, we use the following general blind separation
model:

(3)

where is a -dimensional output vector, is a
blind separation matrix, or (

), and . Our task is to determine such that all
nonzero components of output are mutually independent

where some components correspond to theoretically separable
single sources up to certain scales while other components cor-
respond to inseparable mixtures of several single sources.

In the literature, there are two classes of approaches to re-
cover original sources from instantaneous mixtures: the sequen-
tial extraction approach (see, e.g., [7], [17], [19], [23], [26])
and the simultaneous separation approach (see, e.g., [4]–[6],
[8]–[16], [20]–[22], [24], [25], [27], [28]). The main disadvan-
tage of the sequential approach is that the extraction errors will
inevitably accumulate from component to component. Hence,
simultaneous source separation is more desirable if possible.
The mixing matrix is required to have full column rank in
most of the existing simultaneous separation algorithms such as
orthogonal projection operators and oblique projection opera-
tors [2], the equivariant adaptive separation via independence
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(EASI) algorithm [5], the joint approximate diagonalization of
eigen-matrices (JADE) algorithm [6], the deflation algorithm
[10], the independent component analysis (ICA) algorithms [8],
[14], the fast ICA algorithm [13], the generalized ICA algorithm
[25], the learned parametric mixture algorithm [28], and many
algorithms outlined in a survey paper [27]. In particular, each
subspace is required to have full column rank in orthogonal pro-
jection operators and oblique projection operators [2]. Hence,
none of these algorithms is suitable for the ill-conditioned case
considered in the present paper.

Among the works dealing with the ill-conditioned case, the
blind partition method in [4] is used to simultaneously separate
the theoretically separable single sources and inseparable mix-
tures. In [19], a recurrent neural network model with an adap-
tive learning algorithm is proposed to deal with blind source ex-
traction of singularly mixed sources. In [17], the Gauss-Newton
algorithm is presented to sequentially extract all theoretically
separable sources. However, both [17] and [19] fall into the cat-
egory of a sequential extraction approach. As pointed out in [4]
and [17], for a given problem, there may exist many different
partitions using the blind partition method [4] and there may
even exist many different maximum partitions [17]. Among all
these different partitions, we are interested in maximum parti-
tions or the optimal partition (i.e., a unique maximum partition
that can lead to a unique set of separated signals with maximum
number of separated signals) alluded by the authors of [17].
The reason lies in the following facts: 1) Any separated mix-
ture of a maximum partition or the optimal partition cannot be
further separated any more unless we know further information
on sources as in Bofill and Zibulevsky’s method [3]; 2) Parti-
tioning columns of the mixing matrix into as many subspaces
as possible without intersection can help us understand more
clearly the original sources. For example, when six people talk
over a wireless link, the mixture of six people’s voice signals
are not easy to understand. However, if we can separate the orig-
inal mixture into three mixtures where each mixture only con-
tains two voice signals, then each mixture could be understood.
Hence, it is an interesting task to determine conditions under
which the optimal partition exists and how to obtain the set of
separations corresponding to the optimal partition. If there exist
many maximum partitions it is also an important task to obtain
all possible separations corresponding to these maximum parti-
tions. If the mixing matrix has full column rank it is well known
that each component of the separated outputs corresponds to
one original source. That is to say, all separated outputs have a
unique property and belong to a unique class. When the mixing
matrix does not have full column rank, the question to ask is
whether or not all separated outputs corresponding to the same
maximum partition belong to a unique class. If the answer is
yes, then we can determine the total number of maximum par-
titions according to the number of classes of separated outputs.
To the best of our knowledge, simultaneous blind separation for
the ill-conditioned case is still far from being completely solved.
In this paper, we will investigate the simultaneous blind source
separation problem for the ill-conditioned case as well as the
regular case.

This paper is organized as follows. Section II provides one
identifiability condition for simultaneous blind source separa-

tion and a sufficient condition for the existence of the optimal
partition. Section III discusses an interesting property of max-
imum partition(s). Section IV constructs a cost function for si-
multaneous blind source separation and develops a gradient-
based method. Section V presents simulation results. Section VI
concludes the paper with a few pertinent remarks.

II. IDENTIFIABILITY AND OPTIMAL PARTITION

We first introduce two definitions and some basic symbols
used throughout the paper.

For sources , let . We parti-
tion into disjoint subsets , i.e.,
for and . Let be the number of
sources in . Then, . Let .
Obviously, is a mixture of all sources in , . For
example, let , ,

, and . Then,
, , ,

, , and .
Definition 1: Mixtures are said to be separated

if there exists a matrix such that satisfies
, , and all the other entries of are

equal to zero.
Remark 1: If there exists a matrix such that

has the following form:

...
. . .

... (4)

where

with all entries nonzero, each a matrix or vector of zeros with
proper dimensions, and or , then from
we see that mixtures

are separated. It is noted that the last rows of the matrix
in (4) will disappear when .
In fact, for separated mixtures , the matrix will

have the form of (4) after reordering the columns of . There-
fore, in the sequel, without loss of generality, unless otherwise
stated, the matrix is always assumed to have the form of (4)
if the mixtures are separated signals.

We denote to be an submatrix composed of
columns of and denote to be the submatrix
composed of the remaining columns of .

Definition 2: The set of matrices is said to be a
partition of the mixing matrix if there exist submatrix pairs
of denoted by such that

and
... for any column

vector of , , where and have no common
columns for , and together form . The set
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of matrices is said to be a maximum partition
if there is no partition of the mixing matrix
with . The set of matrices is said to be
the optimal partition if it is a unique maximum partition of the
mixing matrix .

It is easy to verify that the conditions of a partition are equiv-
alent to those in [4, Th. 1] which is a general identifiability re-
sult applicable to the ill-conditioned case and the regular case.
Based on this equivalence, for a partition , there
must exist an matrix such that the matrix has the
form of (4) with .

Remark 2: According to the conditions of a partition or [4,
Th. 1], there may exist many partitions of . For each parti-
tion of where there must exist an

matrix such that has some special form,
e.g., the form of (4) with . Denote .
If there exists a row vector such that

, then is a submatrix pair of a par-
tition of where and .

Remark 3: Consider the noise model (2) or the equiva-

lent model where
... ,

, and each component of is mutually in-
dependent to all the rest components. In this case, for any
partition of (if a partition exists), each
( ) must involve some column of (otherwise

since involves in this case,
as a result, is not a partition of based on the
definition of partition or conditions of Theorem 1 in [4]). That
means, the separated signals corresponding to the partition

must be polluted with noises. Hence, it is impos-
sible to separate signals without noise pollution theoretically
based on the model (3). What one can do is to only try to decrease
the influence of noises in the separated signals. However, if some
of the noises in the model (2) are dependent, the situation may
change. See, Example 3 in Section V of the present paper.

We now state our identifiability result for the case of
which is applicable to both the ill-conditioned case and the

regular case.
Theorem 1: There exists a nonsingular matrix such

that mixture of sources, , mixture of sources can
be separated simultaneously if and only if there exists subma-
trix pairs of denoted by such that

and , , where
and have no common column for , and

together form .
The proof of Theorem 1 can be done by repeating the steps of

the proof of [17, Th. 1] for times and therefore is not included
for brevity. The conditions in Theorem 1 guarantee that there
exists a nonsingular matrix such that the matrix
has the form of (4) with .

Remark 4: In general, the conditions of a partition or [4, Th.
1] are weaker than that in the present Theorem 1. For example,
consider the following matrix (i.e., the first matrix in Ex-
ample 1 of [4])

As shown in [4], is 2-column decomposable (i.e.,
based on the definition of a partition) by using [4, Th. 1] and
two different partitions are provided for this example in [4] (that
is, and where , ,

, ). However, it is easy to check
that the present Theorem 1 and the extraction method of [17,
Th. 1] cannot be applied to determine whether is 2-column
decomposable or not. When , the present Theorem 1
and [4, Th. 1] are totally different by noting the two separation
matrices of different dimensions. When Theorem 1
becomes the same as [4, Th. 1].

We next establish a sufficient condition for the existence of
the optimal partition.

Theorem 2: A maximum partition is the op-
timal partition (i.e., a unique maximum partition) of the mixing
matrix if .

Proof: See Appendix.
Remark 5: It is easy to see that in Theorem

1 satisfies the condition of Theorem 2. As a result, the optimal
partition of the matrix exists if the conditions of Theorem
1 are satisfied. However, the existence of the optimal partition
cannot guarantee that the conditions of Theorem 1 are satisfied.
For example, consider

We see that the optimal partition in this case is given by
where

Since , does not satisfy the con-
ditions of Theorem 1. Hence, the condition of Theorem 2 is
weaker than conditions of Theorem 1 and the present Theorem
1 provides an identifiability result for the optimal partition.

III. PROPERTY OF MAXIMUM PARTITION(S)

For a given mixing matrix , there may exist many maximum
partitions. Let be the set of all maximum partitions of . We
first make the following assumption.

Assumption 1: Assume that satisfies the condition that
for any two maximum partitions in , e.g., and

in , there are no such and
that includes all columns of or includes all columns
of , where .

The following theorem describes an important property of
maximum partitions if satisfies Assumption 1.

Theorem 3: Under Assumption 1, consider separation results
with all nonzero components obtained using separa-
tion matrices. The following conclusion holds. Assuming that
there are two separation matrices and

satisfying and
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, where has the form of (4)
with and

...
. . .

... (5)

where

with all entries nonzero), i.e., and have exactly the same
form, then, the corresponding separation results will be pro-
portional to , .

Proof: We only prove that is proportional to since
being proportional to ( ) can be proved similarly.
To do so, we only need to prove .
If where , then

obviously hold. Now assume that
and are linearly independent. In

this case, without loss of generality, we further assume
where and

. Let
, then

(6)

where , . Denote
. Note the form of (4), one can see that

is a maximum partition with

From Remark 2, (6) implies that there must exist another par-
tition of with for some

, where . If , then the number
of components of the separated outputs corresponding to the
partition is less than . We will not consider such
kind of partitions since we only consider outputs with com-
ponents as stated in the theorem. When ,
is a maximum partition of . A contradiction occurs by noting
the property of and that includes all columns of . This
completes the proof.

Corollary 1: If is the optimal partition of the
mixing matrix , then the conclusion in Theorem 3 still holds.

Its proof can be done by following the proof of Theorem 3 and
by noting that is a unique maximum partition.

Corollary 2: If satisfies the condition in Theorem 1, then
the conclusion in Theorem 3 holds where and

are two nonsingular matrices, has the form (4)
with and

...
. . .

... (7)

where

with all entries nonzero and each a matrix or vector of zeros
with proper dimensions.

As pointed out in Remark 5, is an optimal par-
tition of the matrix if satisfies the condition in Theorem 1.
According to Corollary 1, it is easy to see that the conclusion in
Theorem 3 holds in this case.

Corollary 3: If has full column rank, then each nonzero
component of separated outputs under separation matrices
corresponds to a single source signal up to some scale.

Since having full column rank implies that satisfies the
condition in Theorem 1, Corollary 3 is true from Corollary 2.

Remark 6: Theorem 3 points out that for each maximum par-
tition , for example

if there exist two separation matrices and such that
and have the same form, then the component

where is a constant, . That is to say,
regardless of constant scaling of each component , the prop-
erty of outputs under separation matrices is unique
for the same maximum partition. In other word, a maximum par-
tition corresponds to a unique class of outputs . Therefore, we
can determine the number of maximum partitions of the mixing
matrix based on the number of the classes of outputs under
different separation matrices if satisfies Assumption 1. If
the optimal partition of exists (i.e., a unique maximum par-
tition exists), Corollary 1 (or Corollary 2) points out that we
only have a unique class of outputs under different
(or ) separation matrices . In particular, If has full
column rank, Corollary 3 points out that each nonzero compo-
nent of outputs under separation matrices corresponds to
a single source signal up to some scale. If does not satisfy
Assumption 1, in some cases it is impossible to determine the
number of maximum partitions of from the outputs under
different separation matrices . For example, consider the fol-
lowing mixing matrix:

where each is a zero matrix with proper dimension. One
can see that is a maximum partition of ,
where is composed of columns 1–2 of , is composed
of columns 3–5 of , is composed of columns 6–7 of ,
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and is composed of columns 8–10 of . Then the corre-
sponding separation matrices must have the form shown in (8)
at the bottom of the page, where are
nonzero constants. The matrix is such that the second equa-
tion at the bottom of the page is true. Then, from , we
have , ,

, .
Thus, corresponds to up to some scale and corre-
sponds to up to some scale. This implies that the proper-
ties of and are unique. However, the property of ( ) is
not unique; namely, ( ) has different properties for different

and ( and ). Hence, the outputs under separation
matrices having the form of (8) do not belong to a unique class
and as a result, we cannot determine the number of maximum
partitions from the number of the classes of separated outputs
that can be obtained using the matrix in (8).

IV. COST FUNCTION AND GRADIENT-BASED METHOD

In Section II, we provided an identifiability analysis result.
Our identifiability result (Theorem 1) together with the result
in [4, Th. 1] theoretically guarantee the existence of separa-
tion matrices of different dimensions. In practice, however, it
is not easy to get such kind of separation matrix in the case of
ill-conditioned mixtures. In this section, according to the iden-
tifiability conditions we first construct a cost function for simul-
taneous blind separation of mixtures with all super-Gaussian or
sub-Gaussian source signals. We then develop a gradient-based
method. Finally we propose an implementation of our algorithm
based on the property of maximum partition(s) (see Theorem 3
and Corollaries 1–3) presented in Section III.

Suppose that are mutually independent and at
most one of them is Gaussian. According to Theorem 3 of [17],
if one of the components in (3) is pairwise independent to all
the rest, then if , ,

. Hence, the pairwise independence of any com-
ponent with other components is a basis of the blind
separation principle in this paper.

Cumulants are powerful tool to extract or separate source sig-
nals (see, e.g., [15], [17], [22]). In this section, without loss of
generality, let mixture of sources, , mixture of
sources be the signals to be separated where .
Let be a matrix where or .

Based on fourth-order cumulants we formulate our cost func-
tion as follows:

(9)

It is easy to see that if all and in (9) are pairwise indepen-
dent, then . It is noted that the pairwise independence of
any component with all other components is discussed in cost
function (9) and the pairwise independence of only one compo-
nent with other components was discussed in cost function (9)
of [17]. Based on (3), we have (cf. [17])

where

by noting that has zero mean ( ).
The next result is useful in converting the blind separation

problem into a minimization problem.
Theorem 4: Suppose that are super-

Gaussian (i.e., with positive kurtosis) or sub-Gaussian (i.e.,
with negative kurtosis) mutually independent stationary sources
with zero mean.

1) If there exists a separation matrix such that
and where or , then

are separated sources.
2) All local minima of with are global

ones.

(8)
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3) When , if has full column rank and the separa-
tion matrix is nonsingular, then each local minima of
leads to the separation of all single sources. When ,
if has full column rank, then each local minima of with

leads to the separation of all single
sources with separation matrix having .
Proof: See Appendix .

The kurtosis is defined as
for a random variable . In Part 1) of Theorem 4, actually
implies that the matrix is such that has the form
of (4).

In view of Theorem 4, blind separation using (3) is converted
to solving the following minimization problem:

(10)

Let .
Then, (10) becomes

Letting the time derivative of the variable be directly propor-
tional to the negative gradient of with respect to the vector
variable , we have the following updating equation

(11)

where is a positive scaling constant and is the initial value
of .

Equation (11) is hereby called “gradient-based method” for
simultaneous blind source separation and its convergence is
guaranteed obviously. If at the point of convergence , we have

and , then the obtained matrix
leads to simultaneous separation of mixtures by

Theorem 4.
Our algorithm has one advantage over the sequential blind

extraction algorithm developed in [17]. In the algorithm in [17],
one has to compute a matrix inversion in each step which de-
mands for high computational complexity. In (11) we do not
need to compute any matrix inversion.

As shown in our simulation studies, the adjustable parameter
can be used to increase the convergence speed of (11) by in-

creasing its value. Also, the choices for the value of are all
relative comparing to other parameters. Different problems may
lead to different choices.

Note that in general only observable mixtures are available
and we do not know any information about the sources as well as
how many sources (the number ). According to the following
implementation procedure using our algorithm, we can always
obtain a maximum possible set of separated source signals and
in some cases we can determine the number of all maximum
partitions of the mixing matrix .

Implementation Procedure of Simultaneous Blind Source
Separation Algorithm:

Step 1) Choose and apply the gradient-based
method. If for some initial condition we get

with a nonsingular matrix and nonzero
components of the output, then the resulting ma-
trix simultaneously separate signals which

cannot be separated any more. In this case, the
optimal partition (i.e., unique maximum partition)

must exist for the mixing matrix
that leads to a unique maximum set of separated
signals. Stop the algorithm since we can only obtain
a unique class of outputs under the resulting non-
singular separation matrices for different initial
conditions. Otherwise, go to next step.

Step 2) If we perform trials for initial conditions and
get with ( ) nonzero compo-
nents of the output and with singular, we define

. Then, is possibly the number
of separated signals of a maximum partition. Choose

and apply the gradient-based method. If we
obtain ( ) classes of the outputs with all
components nonzero under the resulting separation
matrices for trials of different initial condi-
tions where . Then, the number of max-
imum partitions of is possibly . If both and
are very large, then it is impossible to determine the
number of maximum partitions of .

In the above implementation procedure, initial conditions
should be chosen randomly in the whole space. However, it is
impossible to take every point in the whole space, thus we use
the term “possibly” in the procedure above.

Remark 7: Theorems 1–3 can be extended to complex
mixing matrices. The extension to the complex case is rela-
tively straightforward. Moreover, Theorems 1–3 can be applied
to complex or real source signals with any nonzero distribu-
tions because the conditions in them are only related to the
matrix . However, Theorem 4 cannot be extended to complex
mixing matrices or source signals. Besides, Theorem 4 cannot
be applied to real mixed super-Gaussian and sub-Gaussian
source signals. How to separate mixed super-Gaussian and
sub-Gaussian source signals in the ill-conditioned case is still
an open problem and is left for further study in the future.

V. SIMULATION RESULTS

In this section, simulation results are presented for three
examples. None of the existing simultaneous blind separation
methods, such as the EASI algorithm [5], the JADE algorithm
[6], the deflation algorithm [10], the ICA algorithms [8], [14],
the fast ICA algorithm [13], and the generalized ICA algorithm
[25], the learned parametric mixture algorithm [28], and many
algorithms outlined in a survey paper [27], can be applied to
deal with these three examples.

1) Example 1: The mixing matrix is assumed to be

Five speech sources (3500 samples) from the first to fifth signals
of the data file Speech20.mat downloaded from [1] are used in
this example. The kurtosis of , , , , and are 0.9428,
1.2226, 2.6526, 1.4799, 0.5880. Thus, all five sources are super-
Gaussian. Five sources and four observed mixtures are plotted
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Fig. 1. Simultaneous blind separation in Example 1 using the gradient-based method.

in the first row and second row, respectively, of Fig. 1. Based on
Theorem 2 , the optimal partition exists, where

According to the present Theorem 1, the sources , and the
mixture of sources , and can be separated simultane-
ously. Corollary 1 guarantees that there only exists a unique
class of outputs under separation matrices . Let
and apply the gradient-based method. Simulation results show
that the outputs under nonsingular separation matrices ob-
tained using (11) from different initial conditions always be-
long to a unique class of outputs. In this case, we can definitely
say that the optimal partition of exists. Two outputs under
two nonsingular separation matrices obtained using (11) from
two different initial conditions are plotted in the third and
fourth rows of Fig. 1. One can see that and are very sim-
ilar to the original source , and are very similar to
the original source , and the mixture is very similar to the
mixture . The related errors are very small and plotted in the
fifth row of Fig. 1.

2) Example 2: Consider the mixing matrix in Remark 4
with the first four speech sources in Example 1. Three observed
mixtures are plotted in the first row of Fig. 2. As pointed out in
Remark 4, the extraction method in [17] cannot be applied to
this case. One can check that the two partitions and

shown in Remark 4 are also two maximum partitions.

Let . It is easy to see that satis-
fies Assumption 1. As pointed out in Remark 6 all outputs with
nonzero components under (i.e., 2 3) separation ma-
trices must belong to one of two classes of outputs. Now we
begin with and apply the gradient-based method.
At the points of convergence we always get with at
least one row of being a zero row vector for any initial con-
ditions . These simulation results are omitted here. Next, let

and apply the gradient-based method. Simulation
results indeed show that the outputs with nonzero components
under separation matrices obtained using (11) from different
initial conditions always belong to one of two classes of out-
puts. This implies that the number of maximum partitions of

is possibly 2. This is in accordance with the fact that there
are only two kinds of maximum partitions of . Four outputs
under separation matrices obtained using (11) from four dif-
ferent initial conditions are plotted in the second and third
rows of Fig. 2. The related errors are very small and plotted in
the fourth row of Fig. 2.

3) Example 3: In this example, we apply the gradient-based
method to functional magnetic resonance imaging (fMRI). Con-
sider the noise model (2) where

is an fMRI, , and
, where and are independent uniform

white noise with values in [0, 1]. The two sources, the noise
, and two mixtures are shown in the subplots of the first and
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Fig. 2. Simultaneous blind separation in Example 2 using the gradient-based method.

second rows of Fig. 3, respectively. Note that is dependent
to . This noise model can be written as where

and

The kurtoses of , and are , and
, respectively. As a result, all of them are sub-Gaussian.

Based on Theorem 2, the optimal partition exists,
where

According to our Theorem 1 the source and the mixture of
and can be separated simultaneously. Corollary 1 guarantees
that there only exists a unique class of outputs under separa-
tion matrix . Let and apply the gradient-based
method. The third row of Fig. 3 shows the separation result cor-
responding to an initial condition. One can see that the compo-
nent is almost the same as the original fMRI .

Remark 8: In the simulations of Examples 1–3, we always
set the parameter . Equation (11) converges very
quickly for each initial condition (less than 1 second). Moreover,
at each point of convergence, . For brevity, in
this paper we did not perform simulations for mixing matrices
having full column rank since it has been widely studied in the
literature.

VI. CONCLUSION

This paper discussed simultaneous blind separation of in-
stantaneous mixed source signals in the regular and ill-condi-

tioned cases. We first provided one necessary and sufficient con-
ditions for the identifiability of simultaneous blind separation.
The identifiability condition together with the existing general
identifiability condition show that all source signals are simulta-
neously separated into two categories: one includes all theoreti-
cally separable single sources and the other contains inseparable
mixtures of single sources. We derived a sufficient condition for
the existence of optimal partition of the mixing matrix which
leads to a unique maximum set of separated signals. We gave
one sufficient condition to describe an important property of
maximum partition(s). According to these conditions one max-
imum partition corresponds to a unique class of separated out-
puts. Under the identifiability conditions, a cost function was
defined and a gradient-based method was developed. Using the
steps outlined in our paper, we can obtain separations corre-
sponding to most or all of the maximum partitions. Moreover,
in some cases, we can determine the number of maximum parti-
tions by the number of the classes of outputs. Simulation results
showed the effectiveness of our method.

APPENDIX

PROOFS OF THEOREMS 2 AND 4

To prove Theorem 2, we need the following lemma.
Lemma 1: (Theorem 1 [17]) There exists a nonsingular

matrix such that a mixture of sources can be extracted
in one component of , and the other components do not contain
these sources if and only if there exists an subma-
trix composed of columns of such that

and the submatrix composed of the re-
maining columns of has rank 1.

Proof of Theorem 2: Let ,
. Then in terms of the condition of Theorem 2, we can
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Fig. 3. Application of the gradient-based method to fMRI.

choose independent column vectors (i.e., basis) of denoted
by , , and these vectors together
form the set of independent column vectors (i.e., basis) of ,

Without loss of generality, we assume that each of
contains only one column and each of contains
more than one column where .

We first claim that any maximum partition
of must include . Otherwise, assume that some

consists of at least two columns with one of them from
. In this case, by Lemma 1 it is easy to see that

can be further partitioned into two parts: and where
is one of . As a result, there exists a partition

whose number is at least . This contradicts the fact that
the number of any maximum partition is . Thus, we have the
following relationships (without loss of generality):

(12)

Next, consider ( ). Assume that
where and . We

claim that . Otherwise, it can easily be shown that
can be further partitioned into its individual columns according
to the condition of Theorem 2. Thus, . We then have that
for all in , must hold where
is the remaining submatrix of after deleting the column .

(Otherwise, for some . Then, by
Lemma 1, can be further partitioned into two parts: and

where and is the remaining submatrix
of after deleting . Consequently, a contradiction arises
due to the existence of a partition such that is not

a maximum partition.) Let
...

...
... . From

, we can express as

(13)

Note that each , , can also be expressed as
. Then, (13) can be rewritten as
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for some , , which implies that ,
, and , , , ,

by noting that

are a set of independent column vectors of . Therefore, it fol-
lows from (13) that

which implies the following Property ( ): any column vector
in is independent of any column in .

Assume that column vectors of ( ) are
distributed in different of another maximum
partition where .
Without loss of generality, we further assume that .
That is, all column vectors of are distributed in
and . We assume that are in and

are in . Let
and . According to the definition

of partition, we have
... and

... , where is any one of
and is any one of .

As a result,
... and

... . Therefore, noting the above

Property ( ), one can see that
...

and
... , where is the

remaining submatrix of after deleting
and is the remaining submatrix of after deleting

. This implies that can be further parti-
tioned into two parts: and which contradicts the fact that

is a maximum partition. Therefore, all column
vectors of are distributed only in one of ,
e.g., . Consequently, we have , .
Then, in terms of (12), we conclude that any maximum partition

is the same as , i.e., maximum
partition of is unique. Thus, is the optimal
partition of . This completes the proof of Theorem 2.

Proof of Theorem 4: We only consider . A
similar proof can be given for .

1) The proof of 1) can be given easily by noting the proof of
1) of Theorem 4 in [17] and is therefore omitted. We only
point out that

(14)

where , , , and
, . Since are all super-

Gaussian (or sub-Gaussian), we have (or ),
.

2) From (9) and (14), we can get for ,

(15)

(16)

...

(17)

and for

(18)

Set , . Since by as-
sumption, from (15) we have (i) there exists at least one

such that ; and (ii) , ,
.

Now set , . Note that
, . From (16), we obtain

(19)
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Since by assumption, from (19) we have (i) there
exists at least one such that ; and (ii)

, , .
We continue the process to set ,

. Note that

From (17), we obtain

(20)

Since by assumption, from (20) we have (i) there
exists at least one such that ; and (ii)

, , .
As a result, from and , ,

, we can conclude that

for (21)

and

for

(22)

From (18) and (22) it follows easily that (a) ,
, ; and (b) . Thus,

all local minima of with reach the
global minimum value after convergence.

3) If has full column rank, then according to The-
orem 1. When , since is nonsingular, we can see
that . As a result, without loss of generality,
we can assume , . Then, we still have
the above (21) and (22). Next, we show that there exists
only one such that for each .
Otherwise, without loss of generality, assume that there
exist and . Then, from (22) we have

and , . Consequently,
, which is a contra-

diction. Thus, each local minima leads to the separation of
all single sources. When , a similar discussion can
show that each local minima of with
leads to the separation of all single sources with separation
matrix having . This completes the proof
of Theorem 4.
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