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Abstract
In this paper, the N -bit parity problem is solved with a neural network that allows direct
connections between the input layer and the output layer. The activation function used in
the hidden and output layer neurons is the threshold function. It is shown that this choice
of activation function and network structure leads to several solutions for the 3-bit parity
problem using linear programming. One of the solutions for the 3-bit parity problem is
then generalized to obtain a solution for the N -bit parity problem using N=2 hidden layer
neurons. Compared to other existing solutions in the literature, the present solution is more
systematic and simpler. Furthermore, the present solution can be simpli7ed by using a single
hidden layer neuron with a “staircase” type activation function instead of N=2 hidden layer
neurons. The present activation function is easier to implement in hardware than those in
the literature for N -bit parity networks. We also review similarities and di;erences between
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1. Introduction
The XOR = parity problem has a long history in the study of neural networks. It
is used in [6] as a basis for illustrating the limitations of the computational power
of perceptrons. The parity mapping problem has since been recognized as one
of the most popular benchmarks in evaluating neural network training algorithms
[2]. The N -bit parity function is a mapping de7ned on 2N distinct binary vectors
that indicates whether the sum of the N components of a binary vector is odd or
even. When N = 2, the parity function is the exclusive-or (XOR) logic function.
Let  = [1 ; 2 ; : : : ; N ]T be a vector in BN where BN , { ∈ RN : k = 0 or 1 for
k = 1; 2; : : : ; N }. The mapping : BN → B1 is called the N -bit parity function if

N



 1 if
k is odd ;



k=1
() =
(1)
N





k is even:

 0 if
k=1

The parity mapping is considered diLcult for neural network learning since changes
in a single bit results in changes in the output.
It is previously thought that a standard feedforward neural network model requires N hidden layer neurons to solve the N -bit parity problem [7]. The network
in [7] uses the sigmoidal transfer function,
1
;
f(u) =
1 + e−u
and is trained using the generalized delta rule. Although it is shown in [7] that
the XOR function could be realized using a neural network with a single hidden layer neuron and direct connections between the input and output layers, no
generalization utilizing such a structure is made for the parity function with N ¿ 2.
In [9], it is shown that standard feedforward neural networks can be used to
solve the N -bit parity problem with (N + 1)=2 hidden layer neurons, where ·
stands for rounding towards +∞. Using the same network structure, a solution is
proposed in [8] for the N -bit parity problem. The connection weights between the
inputs and hidden layer neurons can be obtained trivially, while the connection
weights between the hidden layer neurons and the output layer neuron can be
obtained by solving a system of linear equations.
The implementation of the N -bit parity problem using a di;erent network structure is proposed in [5]. The implementation leads to a neural network with an
output y = u − 2, where
[N=2]

=


j=1

1
;
1 + e−40(u−2j+0:15)

(2)


u = Ni=1 xi and [ · ] indicates truncation to the nearest integer. The connection
weights from the inputs xi to u and from u to the hidden and output layer neurons
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are all equal to 1. It is also noted in [5] that the node u can be replaced by direct
connections from the input nodes to the hidden and output nodes.
It is shown in [10] that using a standard feedforward neural network, the N -bit
parity problem can be solved with just two hidden layer neurons. The activation
function used in both hidden units is


cos(u)
1
u−
;
(3)
f(u) =
N

where the choice of  ¿ 1 ensures that the function is monotonically increasing.
One of the hidden units has a constant bias of −1 while the other has zero bias. The
output unit is a linear threshold unit with a constant bias of −1=N . All connection
weights are equal to 1 except the weight from the 7rst hidden unit to the output
unit which is −1.
When direct connections between the input layer and the output layer are introduced, it is shown in [1], that the problem can be solved with a structure that
requires only one hidden layer neuron. The activation function used in the hidden
layer neuron is the continuously di;erentiable “step” function,


(u − u )
;
(4)
f(u) = u + sinK
2
where K ¿ 1 and · stands for rounding towards −∞.
In this paper, the N -bit parity problem is solved with a neural network that
allows connections between the input layer and the output layer. The threshold
transfer function is used in the hidden and output layer neurons. It is shown that
a set of solutions for the 3-bit parity problem can be obtained using linear programming. One of these solutions is then generalized to obtain a solution for the
N -bit parity problem using N=2 hidden layer neurons. Furthermore, the present
solution can be simpli7ed by using a single hidden layer neuron with a “staircase”
type activation function instead of N=2 hidden layer neurons. The present paper
makes contributions beyond that of [3] by solving the N -bit parity neural networks
systematically using linear programming. We also note that there has been a recent
follow-up to our letter [3] published in 1999 (see, e.g., [4]).
2. Solutions to the 3-bit parity problem
It can easily be shown that all mappings : B3 → B1 are realizable using the
architecture in Fig. 1. The 256 distinct mappings of this type can be generated by
appropriately selecting the connection weights w1 ; w2 ; w3 ; k; k1 ; k2 ; k3 and bias values
b1 and b2 . The output of the neural network model shown in Fig. 1 is given by
y = f(x1 ; x2 ; x3 ) = ’[w1 x1 + w2 x2 + w3 x3 + b1 + k’(k1 x1 + k2 x2 + k3 x3 + b2 )]
where the activation function ’ is given by
’(u) =

1

if u ¿ 0;

0 if u 6 0:

(5)
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Fig. 1. Neural network structure used to map

:{0; 1}3 → {0; 1}.

Table 1
Truth table for the 3-bit parity function
x1
x2
x3
y

1

2

3

4

5

6

7

8

0
0
0
0

0
0
1
1

0
1
0
1

0
1
1
0

1
0
0
1

1
0
1
0

1
1
0
0

1
1
1
1

In the present section, we will show how to use linear programming to obtain
solutions for the 3-bit parity problem using the structure in Fig. 1. The truth table
for the 3-bit parity function is shown in Table 1.
Remark 1. The structure in Fig. 1 can be used to obtain a solution for the 3-bit
parity mapping as follows. First, connection weights between the inputs and the
output are all set to 1, and the bias for the output neuron is set to −0:5. Disregarding the hidden units, this guarantees the realization of columns 1, 2, 3, and 5 in
the truth table (Table 1). The connection weights between the input layer and the
hidden layer neurons are also set to 1. We now consider columns 4, 6, and 7 in
Table 1. In order to inhibit the output neuron when two of the inputs are true, we
select a threshold of −1:5 for the hidden layer neuron and choose a weight of −2
between the hidden layer neuron and the output neuron. This choice automatically
satis7es the condition in column number 8.
The solution in Remark 1 can also be obtained in a more systematic manner. The
23 combinations of x1 , x2 , and x3 (cf. Table 1) are used to generate the following
system of equations:
(1)
(2)
(3)
(4)
(5)

f(0; 0; 0) = ’[b1 + k’(b2 )],
f(0; 0; 1) = ’[w3 + b1 + k’(k3 + b2 )];
f(0; 1; 0) = ’[w2 + b1 + k’(k2 + b2 )],
f(0; 1; 1) = ’[w2 + w3 + b1 + k’(k2 + k3 + b2 )],
f(1; 0; 0) = ’[w1 + b1 + k’(k1 + b2 )],
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(6) f(1; 0; 1) = ’[w1 + w3 + b1 + k’(k1 + k3 + b2 )],
(7) f(1; 1; 0) = ’[w1 + w2 + b1 + k’(k1 + k2 + b2 )],
(8) f(1; 1; 1) = ’[w1 + w2 + w3 + b1 + k’(k1 + k2 + k3 + b2 )]:
Depending on the values of the function on the left hand side, the above 8
equations can be equivalently written as 8 inequalities. For example, equation
no. (8) can be written as
w1 + w2 + w3 + b1 + k’(k1 + k2 + k3 + b2 ) ¿ 0

if f(1; 1; 1) = 1

or
w1 + w2 + w3 + b1 + k’(k1 + k2 + k3 + b2 ) 6 0 if f(1; 1; 1) = 0:
The resulting set of equations is a system of linear inequalities for which linear
programming provides a solution. The linear programming problem in standard
inequality form is given as
maximize

cT 

subject to

A 6 b;

(6)

where A is an m × n coeLcient matrix, b is an m × 1 column vector, c is an n × 1
vector, and the decision variables j , j = 1; : : : ; n; are contained in the n × 1 column
vector .
It turns out that the design problem for any binary mapping B3 → B can be
solved using linear programming. We will demonstrate this in the following for
the 3-bit parity problem. In this case, the 8 equations above are equivalent to the
following inequalities




−k’(b2 )
0
0
0
1 1

 0

0 −1 −1 1 
k’(k3 + b2 )



 


 w1


 0 −1


k’(k
0
−
1
1
+
b
)
2
2

w  


 2  

 0
1
1
1 1     −k’(k2 + k3 + b2 ) 

  w3  6 
:
(7)

 −1

 
k’(k1 + b2 )
0
0 −1 1 



 

  b1  

 −k’(k1 + k3 + b2 ) 
 1
0
1
1 1


 





 −k’(k1 + k2 + b2 ) 
 1
1
0
1 1
−1

−1

−1

−1

1

k’(k1 + k2 + k3 + b2 )

For example, for no. (8), we have
w1 + w2 + w3 + b1 + k’(k1 + k2 + k3 + b2 ) ¿ 0
since f(1; 1; 1) = 1: This is equivalent to
−w1 − w2 − w3 − b1 +  6 k’(k1 + k2 + k3 + b2 )

where  ¿ 0. There are eight ’ functions on the right-hand side of (7). Assuming
k = − 2, there are 256 possible choices for the right-hand side of (7). Each choice
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gives a set of conditions for k1 , k2 , k3 and b2 . For example, the following is one
of the possible choices:
b2 ¿ 0;
k3 + b2 6 0;
k2 + b2 6 0;
k2 + k3 + b2 ¿ 0;
k1 + b2 6 0;
k1 + k3 + b2 6 0;
k1 + k2 + b2 ¿ 0;
k1 + k2 + k3 + b2 ¿ 0;
which can be equivalently written as
 


0
0
0 −1 1
0

 0

0
1
1 1  0


 

 k1
0
 0

1
0
1
1

k   

 2   
 0 −1 −1 −1 1     0 

  k3  6   ;
   
 1
0
0
1 1

  0

  b2   
0
 1
0
1
1 1
 

 
 


0
 −1 −1
0 −1 1 
−1

−1

−1

−1

1

(8)

0

where  ¿ 0.
Linear programming can be used to solve (7) and (8) with the objective function
cT  =  subject to the constraints in (7), (8) and  ¿ 0. We used MATLAB to solve
the above system of inequalities and we obtained 4 valid solutions (from a total
of 256 possible cases) for the 3-bit parity problem as shown in Table 2 (assuming
k = − 2). No solution exists when we assume k ¿ 0. Solutions for other k ¡ 0 are
simply scaled versions of the ones shown in Table 2.
Remark 2. All the 256 possible mappings : B3 → B can be solved using linear
programming as outlined above. We have veri7ed this claim experimentally.
The 7rst solution in Table 2 is what we have mentioned in Remark 1. We will
generalize this solution to the N -bit parity problem in the next section.
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Table 2
Solutions for the 3-bit parity problem
w1
w2
w3
b1
k
k1
k2
k3
b2

1

2

3

4

1
1
1
−0:5
−2
1
1
1
−1:5

1
−1
−1
1:5
−2
1
−1
−1
0:5

−1

−1
−1

1
−1
1:5
−2
−1
1
−1
0:5

1
1:5
−2
−1
−1
1
0:5

Remark 3. It is interesting that we also obtained three other solutions to the 3-bit
parity network. These three solutions have in common the following:
(1) they have the same threshold values;
(2) the connection weights are either 1 or −1;
(3) connection weights to the hidden neuron and to the output neuron have the
same value if they are from the same input neuron; and
(4) there are always two links with weights value −1 and the other link with
weight value 1 at each layer.
3. Solutions to the N-bit parity problem
The general solution to the N -bit parity problem can be obtained from the solution for the 3-bit parity problem and the resulting structure of Fig. 1. We make
note of the fact that when the input x3 and all of its corresponding connections
are removed, we obtain a well known solution to the XOR problem using only
one hidden neuron and direct connections between the inputs and the output. The
results of column 1 in Table 2 indicate that the 3-bit parity problem (N = 3) is realized with the same number of neurons as in the case of XOR problem, by adding
connections from the input x3 to both the output neuron and hidden layer neuron
with a connection weight of 1. The truth table for the 3-bit parity function in Table
1 reveals that when x3 = 0 we obtain the XOR between the 2 = N − 1 remaining
inputs x1 and x2 . It is interesting to note that when x3 = 1, we obtain in Table 1
the complement of XOR for each pair of the same values of x1 and x2 . This is
realized by adding one connection from the input x3 to the output layer neuron and
another connection to the hidden layer neuron, with both weights equal to 1. The
hidden layer neuron in the proposed structure inhibits the output whenever exactly
two inputs are 1, because the bias value of the hidden neuron is chosen as −1:5
and the weights from the hidden neuron to the output neuron is chosen as −2.
In the case of the 4-bit parity function (N = 4), when the input corresponding
to the most signi7cant bit is 0 (i.e., x4 = 0), we obtain the 2(N −1) output values
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Fig. 2. Structure used to solve the N -bit parity problem.

which are the same as that for the 3-bit parity function. The remaining 2(N −1)
output values are complements of the previous 2(N −1) . Following the procedure
outlined above, we add a direct link from the input x4 to the output and hidden
layer neurons with a connection weight of 1. This will ensure that when 1 or 3
inputs are 1, the output neuron will be enabled and when only 2 inputs are 1, the
output will be zero. To ensure that we obtain an output of zero when all 4 inputs
are 1, we add an additional hidden layer neuron with connection weights of 1 from
the four inputs, a connection weight of −2 from the hidden layer neuron to the
output, and a bias of −3:5 for the hidden layer neuron. To obtain a solution for
the 5-bit parity problem, we modify this structure again by adding a connection
from the input x5 to the output neuron as well as to the two hidden layer neurons
with connection weights equal to 1. We can continue the same process to obtain
a solution for every N -bit parity problem using a similar network structure. The
network structure for N -bit parity problem is shown in Fig. 2.
Remark 4. Assume that N is an even number. It is noted that the N -bit parity
network and the (N + 1)-bit parity network will have the same number of hidden
layer neurons which is given by N=2 . Therefore, in the present solution, the N -bit
parity network and the (N + 1)-bit parity network will have the identical structure
and identical network parameters except with di;erent number of input neurons.
Also, the N -bit parity network is built from (N − 1)-bit parity network by adding
a hidden layer neuron with the same connection weights as other hidden layer
neurons and with a bias of −2 N=2 + 0:5. Note that these statements are true for
even number N .
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Fig. 3. Transfer function for the single hidden layer neuron when N = 8; 9.

The above analysis reveals that by expanding the architecture proposed in Fig. 1
to that of Fig. 2, we can solve the N -bit parity problem using N=2 hidden
layer units. Note that the hidden and output layer neurons use the same activation
function. The resulting network may therefore be interpreted as a two-layer network
with N=2 + 1 output units and no hidden layer units [11]. It is expected that
the remaining three solutions to the 3-bit parity problem in Table 2 can also be
generalized in a similar manner to obtain solutions to the N -bit parity problem.
Currently the method to determine such a solution has not been identi7ed. We
attribute the diLculty in the generalization of the remaining three solutions in
Table 2 to the observations made in Remark 3.
Careful analysis of the role of the hidden layer neurons in Fig. 2 reveals that
they can be further combined into one hidden layer
 neuron through the use of the
transfer function g(u) = (u+0:5)=2 , where u = Ni=1 xi . For example, when N = 8
or 9, the required transfer function g(·) is shown in Fig. 3.
We now briePy review the similarities and di;erences between our results and
those of [1,5,10]. In [5], a structure that is functionally equivalent to Fig. 2 is used
to solve the N -bit parity problem. The summing node u can be replaced by direct
connections between the input and output neurons. The solution requires similar
number of hidden layer units depending on the value of N . The main di;erence
is that [5] uses an activation function of the form (2), shown in Fig. 4. Note that
the summation is multiplied by a connection weight of −2 from each hidden layer
neuron. It is easily seen that the function in Fig. 4 is functionally equivalent to
the staircase function of Fig. 3 since u only takes on integer values.
The transfer function in (2) is similar to the function (3) used for the two
hidden layer neurons in [10] and to the function (4) used in [1] in that all
three functions are monotonically increasing functions. The activation functions
in (2) – (4) all resemble the “staircase” function used in the present paper.
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Fig. 4. Transfer function used in (2) when N = 8; 9.

In addition to this similarity, structures in [1,5] also allow direct connections between the input layer and the output layer. In cases where practical issues arise
concerning hardware realization, we note that the transfer function described in
this paper is easier to implement.
4. Conclusion
We have shown that when direct connections are allowed between the input neurons and the output neuron, the N -bit parity mapping problem can be solved using
neural networks requiring N=2 hidden layer neurons. It is shown that through the
choice of a “staircase” type activation function, the N=2 hidden layer neurons
can be further combined into a single hidden layer neuron. Our solution to the
N -bit parity problem is generalized from a solution obtained for the 3-bit parity
problem using linear programming. Finally, we note that the present approach is
constructive and it requires no training and adaptation.
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