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Abstract: In this study, the authors propose a novel adaptive dynamic programming scheme based on general value iteration
(VI) to obtain near optimal control for discrete-time afﬁne non-linear systems with continuous state and control spaces. First,
the selection of initial value function is different from the traditional VI, and a new method is introduced to demonstrate the
convergence property and convergence speed of value function. Then, the control law obtained at each iteration can stabilise
the system under some conditions. At last, an error-bound-based condition is derived considering the approximation errors
of neural networks, and then the error between the optimal and approximated value functions can also be estimated. To
facilitate the implementation of the iterative scheme, three neural networks with Levenberg–Marquardt training algorithm are
used to approximate the unknown system, the value function and the control law. Two simulation examples are presented to
demonstrate the effectiveness of the proposed scheme.

1

Introduction

Feedback and optimisation are two of the fundamental
philosophies in control theory. It is important and appealing
to design a control system that can satisfy the desired and
optimal performance. Dynamic programming [1, 2] has been
a powerful technique in solving optimal control problems by
the famous principle of optimality for many years. However,
the computation costs of dynamic programming for complex
problems are often intense, that is, the well-known ‘curse
of dimensionality’ [1]. Moreover, applications of dynamic
programming in real-time online control are precluded as a
result of the backward process of searching.
For non-linear systems, the optimal state feedback control
law can be found by solving the Hamilton–Jacobi–Bellman
(HJB) [3] equation, which reduces to Riccati equation for
linear quadratic regulator problem. However, the theoretical solution of the HJB equation is difﬁcult to obtain
because of its inherently non-linear nature. Many efforts
have been made to solve the HJB equation, such as viscosity solution theory [4] and Galerkin spectral approximation
method [5]. Murray et al. [6] solved the HJB equation by
employing a cost functional with an initial stabilising controller and exploring the entire state space at each iteration.
Abu-Khalaf and Lewis [7] solved the optimal control for
non-linear continuous-time systems with saturating actuators, where the value function was obtained by solving a
sequence of cost functions satisfying Lyapunov equations
(also called generalised HJB equation). Cheng et al. [8] proposed ﬁxed-ﬁnal time optimal control of non-linear systems
by solving a time-varying HJB equation ofﬂine. Chen et al.
[9] applied the successive approximation using generalised
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HJB for non-linear discrete-time systems. In all these cases,
the control law at each iteration can be solved directly; so
only one neural network is needed for approximating the
generalised HJB solution.
As an effective intelligent scheme for solving the optimal
control problems, adaptive dynamic programming (ADP)
has received much attention during the last decades. ADP
was ﬁrst proposed by Werbos [10] as a method to solve optimal control problems forward-in-time. Excellent overviews
of ADP are given in [11–13]. Existing ADP approaches
can be classiﬁed into several main schemes [14]: heuristic dynamic programming (HDP), dual heuristic dynamic
programming (DHP), globalised dual heuristic dynamic
programming (GDHP) and their action-dependent versions
such as ADHDP, ADDHP and ADGDHP. In [15], a costfunction-based single network adaptive critic architecture
was presented.
Reinforcement learning (RL) [16] is a machine-learning
method for an agent or controller to modify its actions based
on the observed responses from the environment or system.
In recent years, RL has been applied to feedback control
[17–23]. On the other hand, iterative learning control can be
seen in [24, 25]. The main algorithms of RL, that is, policy
iteration (PI) and value iteration (VI) have been developed
to solve the HJB equation of optimal control problems.
PI algorithm contains policy evaluation and policy
improvement [26]. An initial stabilising control law is
required, which is often difﬁcult to obtain. In most applications, PI would require fewer iterations as a Netwon’s method, but every iteration is more computationally
demanding. Vrabie [27], Vrabie and Lewis [28] developed
an online PI technique to obtain adaptive optimal control
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for continuous-time systems without knowing the internal
dynamics. In [29], the generalised PI for continuous-time
systems was derived, which can include PI, VI and the optimistic PI algorithm. Vamvoudakis and Lewis [30] developed
an online PI by simultaneous tuning of both action and critic
neural networks (NNs), which is called synchronous PI. In
[31], data-based optimal control was implemented online
using novel PI and VI algorithms requiring only measured
system outputs.
VI algorithm solves the optimal control problem without
requirement of an initial stabilising control law. However,
the stabilising control law cannot be obtained until the
value function converges. Al-Tamimi et al. [32] derived a
VI-based HDP algorithm to solve the optimal control problem for discrete-time non-linear systems with convergence
proof. Dierks et al. [33] relaxed the need of partial knowledge of the system by online NN system identiﬁcation and
the convergence of action network was demonstrated considering the reconstruction error of NN. Zhang et al. [34]
and Wang et al. [35] solved the optimal tracking and ﬁnitehorizon optimal control problem for discrete-time non-linear
systems using greedy HDP algorithm. Zhang et al. [36] studied the near-optimal control for a class of discrete-time afﬁne
non-linear systems with control constraints by iterative DHP
method.
ADP method uses a critic network for value function
approximation and an action network for control law approximation. In [32], the NN with polynomial activation functions is used, but this often needs engineering experience
and intuition. In [34], gradient descent algorithm is used to
train BP NN. As the state space needs to be covered during
training process and approximation error of NN is the key
to ADP, we will use NN with Levenberg–Marquardt (LM)
algorithm [37, 38] to implement the iterative process.
Leake and Liu [39] used an inequality version of HJB
equation to derive bounds on the optimal cost. In [40, 41],
Lincoln and Rantzer introduced a relaxed dynamic programming method to simplify computation based on upper and
lower bounds of the optimal cost. It is known that there
exists NN approximation error. However, the approximation
error that inﬂuences the performance of VI is not considered
except in [33]. So, we will take the approximation error of
critic network into consideration in this paper.
In this paper, we propose a novel ADP scheme based
on VI to obtain near-optimal control for discrete-time afﬁne
non-linear systems with continuous state and control space,
which is called general VI here. First, the VI algorithm is
given in a general framework, and the monotonicity property of value functions is demonstrated. The convergence
property and convergence speed of value function are analysed. The iterative control law can also converge to the
optimal control law, and stabilise the system under some
conditions, which are easy to satisfy than PI. Second, an
error-bound-based iteration condition is derived considering the inﬂuence of the NN approximation error, and the
error between the optimal and approximated value functions
can also be obtained. At last, to facilitate the implementation of the new VI algorithm, three NNs with LM tuning
algorithm are used to approximate the unknown system, the
value function and the control law. The HDP structure is
used to implement the iteration.
The rest of the paper is organised as follows. Section 2
provides the problem formulation and discrete-time HJB
equation for afﬁne non-linear systems. In Section 3, we ﬁrst
derive the general VI algorithm, and then the convergence
analysis is given. Section 4 discusses the NN implementation
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of the iterative ADP algorithm, where HDP is used.
Section 5 presents two simulation examples to demonstrate
the effectiveness of the proposed algorithm and is followed
by concluding remarks in Section 6.

2

Problem formulation

Consider the discrete-time afﬁne non-linear dynamical systems described by
xk+1 = f (xk ) + g(xk )u(xk ),

k = 0, 1, 2, . . .

(1)

where xk ∈ Rn is the state vector and u(xk ) = uk ∈ Rm is the
control vector, f (·) ∈ Rn and g(·) ∈ Rn×m are differentiable.
We assume that the following assumptions hold throughout
the paper.
Assumption 1: f (0) = 0, and the state feedback control law
u(xk ) satisﬁes u(0) = 0, that is, xk = 0 is an equilibrium state
of the system (1).
Assumption 2: f + gu is Lipschitz continuous on a compact
set  ⊆ Rn containing the origin.
Assumption 3: System (1) is controllable in the sense that
there exists a continuous control law on  that asymptotically stabilises the system.
In this paper, our goal is to ﬁnd a state feedback control law u(xk ) which can minimise the inﬁnite horizon cost
function as follows
J (x0 , u) =

∞


U (xk , uk )

(2)

k=0

where U is the positive-deﬁnite utility function, U (0, 0) = 0
and U (xk , uk ) ≥ 0, ∀xk , uk . Note that the control law u(xk )
must not only stabilise the system on  but also guarantee
that (2) is ﬁnite, that is, the control law must be admissible.
Deﬁnition 1 (admissible control law) [5]: A control law
u(x) is said to be admissible with respect to (2) on  if
u(x) is continuous on a compact set  ⊆ Rn , u(0) = 0, u(x)
stabilises (1) on  and for ∀x0 ∈ , J (x0 , u) is ﬁnite.
Let u be the set of all inﬁnite horizon admissible control
law associated with the controllable state set . Then, we
assume that the following Assumption 4 holds throughout
the paper.
Assumption 4: For system (1), there exists at least one
admissible control law u(xk ), ∀xk ∈ , that is, u  = ∅.
Deﬁne the optimal cost function as
J ∗ (xk ) = inf {J (xk , u) : u(xk ) ∈ u }

(3)
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According to Bellman’s optimality principle, the optimal
cost function J ∗ (xk ) satisﬁes the discrete-time HJB equation

Therefore for i = 1, 2, . . . , the VI-based ADP algorithm
iterates between a sequence of control laws vi (xk )

J ∗ (xk ) = min{U (xk , uk ) + J ∗ (xk+1 )}



vi (xk ) = arg min xkT Qxk + ukT Ruk + Vi (xk+1 )
uk


= arg min xkT Qxk + ukT Ruk + Vi (f (xk ) + g(xk )uk )

uk

(4)

The optimal control law u∗ (xk ) should satisfy

uk

(10)
u∗ (xk ) = arg min{U (xk , uk ) + J ∗ (xk+1 )}
uk

(5)
and value functions Vi+1 (xk )

In general, the utility function can be chosen as the quadratic
form as follows
U (xk , uk ) =

xkT Qxk

+

Vi+1 (xk ) = min{xkT Qxk + ukT Ruk + Vi (xk+1 )}
uk

=
ukT Ruk

(6)

where Q ∈ Rn×n and R ∈ Rm×m are the positive-deﬁnite
matrices.
The optimal control u∗ (xk ) satisﬁes the ﬁrst-order necessary condition; so we obtain


1 −1 ∂xk+1 T ∂J ∗ (xk+1 )
u (xk ) = − R
2
∂uk
∂xk+1
1 −1 T
∂J ∗ (xk+1 )
= − R g (xk )
2
∂xk+1
∗

(7)

Equation (4) reduces to Riccati equtation in the linear
quadratic regulator problem. However, in the non-linear
case, the cost function of the optimal control problem cannot be obtained. Therefore we will solve the discrete-time
HJB equtaion by the general VI algorithm.

Note that i is the iteration index and k is the time index.
As a VI algorithm, this iterative ADP algorithm does not
require an initial stabilising controller. The value function
and control law are updated until they converge to the
optimal ones. Furthermore, it should satisfy that Vi (0) = 0,
vi (0) = 0, ∀i ≥ 0.
It should be mentioned that the initial value function here
is chosen as V0 (xk ) = xkT P0 xk instead of V0 (·) = 0 as in most
traditional VI. In the next section we will prove the convergence of the iteration between (10) and (11), that is, Vi → J ∗
and vi → u∗ as i → ∞.
3.2 Convergence analysis of the general VI
algorithm
Lemma 1: Let {μi } be an arbitrary sequence of control laws
and let {i } be obtained by

+ i (f (xk ) + g(xk )μi (xk ))

Derivation of the general VI algorithm

Since direct solution of the HJB equation is computationally
intensive, we present an iterative ADP algorithm in a general
framework based on Bellman’s principle of optimality.
First, we start with the initial value function V0 (xk ) =
xkT P0 xk , where P0 is a positive-deﬁnite matrix. Then, we
solve the control law v0 (xk ) as follows
v0 (xk ) = arg min{xkT Qxk + ukT Ruk + V0 (xk+1 )}
uk

= arg min{xkT Qxk + ukT Ruk + V0 (f (xk ) + g(xk )uk )}
uk

(8)
Once the control law v0 (xk ) is determined, we update the
value function as
V1 (xk ) = min{xkT Qxk + ukT Ruk + V0 (xk+1 )}
= xkT Qxk + v0T (xk )Rv0 (xk ) + V0 (f (xk )
(9)

(12)

Let {vi } and {Vi } be deﬁned in (10) and (11). If V0 (xk ) =
0 (xk ) = xkT P0 xk , then Vi (xk ) ≤ i (xk ), ∀i.
Proof: It can easily be proved by noting that Vi+1 is the
result of minimising the right-hand side of (11) with respect
to the control input uk , whereas i+1 is a result of arbitrary
control input.

Theorem 1 (monotonicity property): Deﬁne the control law
sequence {vi } as in (10) and the value function sequence
{Vi } as in (11) with V0 (xk ) = xkT P0 xk . If V0 (xk ) ≥ V1 (xk )
holds for any xk , the value function sequence {Vi } is a
monotonically non-increasing sequence, that is, Vi+1 ≤ Vi ,
∀i≥0. If V0 (xk ) ≤ V1 (xk ) holds for any xk , the value function
sequence {Vi } is a monotonically non-decreasing sequence,
that is, Vi ≤ Vi+1 , ∀i ≥ 0.
Proof: First, suppose that V0 (xk ) ≥ V1 (xk ) holds for any xk .
Deﬁne a new sequence {i }, which is updated according to
⎧
1 (xk )
⎪
⎪
⎪
⎨
⎪
⎪
 (x )
⎪
⎩ i+1 k

uk
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(11)

i+1 (xk ) = xkT Qxk + μTi (xk )Rμi (xk )

This section consists of three subsections. First, the general
VI algorithm is derived. Then, the corresponding convergence proof is presented. At last, the convergence analysis
considering approximation error of NN is given.

+ g(xk )v0 (xk ))

+ viT (xk )Rvi (xk ) + Vi (f (xk )

+ g(xk )vi (xk ))

3 Optimal control scheme based on the
general VI algorithm

3.1

xkT Qxk

= xkT Qxk + v0T (xk )Rv0 (xk ) + 0 (f (xk )
+ g(xk )v0 (xk ))
T
= xkT Qxk + vi−1
(xk )Rvi−1 (xk )
+ i (f (xk ) + g(xk )vi−1 (xk )),

(13)

i≥1

with 0 (·) = V0 (·) = xkT P0 xk .
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Now we use the mathematical induction to demonstrate
that
i+1 (xk ) ≤ Vi (xk ), ∀i ≥ 0
(14)
Considering 1 (xk ) = V1 (xk ) and

Then, we assume that it holds for i − 1, that is, i−1 (xk ) ≤
Vi (xk ), ∀i ≥ 1 and ∀xk . According to
i (xk ) = xkT Qxk + viT (xk )Rvi (xk ) + i−1 (xk+1 ),

i ≥ 1 (27)

and
V0 (xk ) − 1 (xk ) = V0 (xk ) − V1 (xk ) ≥ 0

(15)

1 (xk ) ≤ V0 (xk )

(16)

we have
Then, we assume that it holds for i − 1, that is, i (xk ) ≤
Vi−1 (xk ), ∀i ≥ 1 and ∀xk . According to
T
(xk )Rvi−1 (xk ) + i (xk+1 ),
i+1 (xk ) = xkT Qxk + vi−1

i≥1
(17)

and

Vi+1 (xk ) = xkT Qxk + viT (xk )Rvi (xk ) + Vi (xk+1 ),

i ≥ 1 (28)

we have
Vi+1 (xk ) − i (xk ) = Vi (xk+1 ) − i−1 (xk+1 ) ≥ 0,

i≥1
(29)

which implies
i (xk ) ≤ Vi+1 (xk ),

i≥1

(30)

Considering 0 (xk ) ≤ V1 (xk ), we have

T
(xk )Rvi−1 (xk ) + Vi−1 (xk+1 ),
Vi (xk ) = xkT Qxk + vi−1

i≥1
(18)

i (xk ) ≤ Vi+1 (xk ),

i≥0

(31)

According to Lemma 1, it is easy to see that
we have
Vi (xk ) − i+1 (xk ) = Vi−1 (xk+1 ) − i (xk+1 ) ≥ 0,

i≥1
(19)

Vi (xk ) ≤ i (xk ),

i+1 (xk ) ≤ Vi (xk ),

i≥1

(20)

Considering V0 (xk ) ≥ 1 (xk ), we have
i+1 (xk ) ≤ Vi (xk ),

i≥0

(21)

According to Lemma 1, it is clear that
Vi+1 (xk ) ≤ i+1 (xk ),

∀i ≥ 0

(22)

∀i, xk

(23)

(32)

Therefore
Vi (xk ) ≤ Vi+1 (xk ),

which implies

∀i ≥ 0
∀i ≥ 0

(33)

Thus, we complete the second part of the proof by mathematical induction.

Remark 1: From Theorem 1, we can see that the monotonicity property of the value function Vi is determined by the
relationship between V0 and V1 , that is, V0 ≥ V1 or V0 ≤ V1 ,
∀xk . In the traditional VI algorithm, the initial value function is usually selected as V0 (·) = 0. We can easily ﬁnd
that this is just a special case of our general scheme, that
is, V0 ≤ V1 . From this point, we know that it is easier to
obtain a non-decreasing value function sequence. Besides,
the monotonicity property is still valid if we can ﬁnd that
Vi ≥ Vi+1 or Vi ≤ Vi+1 for any xk and some i.

Therefore
Vi+1 (xk ) ≤ Vi (xk ),

Thus, we complete the ﬁrst part of the proof by mathematical
induction.
Next, suppose that V0 (xk ) ≤ V1 (xk ) holds for any xk .
Deﬁne a new sequence {i }, which is updated according
to
T
(xk )Rvi+1 (xk ) + i (xk+1 ),
i+1 (xk ) = xkT Qxk + vi+1

i≥0
(24)

with 0 (·) = V0 (·) = xkT P0 xk .
Similarly, we use the mathematical induction to demonstrate that
i (xk ) ≤ Vi+1 (xk ), ∀i ≥ 0
(25)
Considering
V1 (xk ) − 0 (xk ) = V1 (xk ) − V0 (xk ) ≥ 0
we have 0 (xk ) ≤ V1 (xk ).
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(26)

In [40, 41], only the convergence of VI is given. Next, we
will demonstrate the uniform convergence of value function,
and demonstrate that the control sequence converges to the
optimal control law by a corollary.
Theorem 2 (convergence property): Suppose the condition 0 ≤ J ∗ (f (x) + g(x)u(x)) ≤ θU (x, u) holds uniformly
for some 0 < θ < ∞ and that 0 ≤ αJ ∗ ≤ V0 ≤ βJ ∗ , 0 ≤
α ≤ 1 and 1 ≤ β < ∞. The control law sequence {vi } and
value function sequence {Vi } are iteratively updated by
(10) and (11). Then the value function Vi approaches J ∗
according to the inequalities
1+

β −1
α−1
J ∗ (x) ≤ Vi (x) ≤ 1 +
J ∗ (x)
−1
i
(1 + θ )
(1 + θ −1 )i
(34)

Moreover, the value function Vi converges to J ∗ uniformly
on .
Proof: First, we demonstrate that the system deﬁned in this
paper satisﬁes the conditions of Theorem 2. According to
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Assumption 2, the system state cannot jump to inﬁnity by
any one step of ﬁnite control input, that is, f (x) + g(x)u(x)
is ﬁnite. Considering Assumption 4 which shows that there
exists an admissible control law that guarantees the cost
function to be ﬁnite, we can derive that J ∗ (f (x) + g(x)u(x))
is ﬁnite for any ﬁnite state and control. As the U (x, u) is a
positive-deﬁnite function, there exists some 0 < θ < ∞ that
makes 0 ≤ J ∗ (f (x) + g(x)u(x)) ≤ θU (x, u) hold uniformly.
For any ﬁnite initial value function V0 , there exist α and β
such that 0 ≤ αJ ∗ ≤ V0 ≤ βJ ∗ is satisﬁed, where 0 ≤ α ≤ 1
and 1 ≤ β < ∞. Next, we will demonstrate the left-hand
side of the inequality (34) by mathematical induction, that
is
1+

α−1
J ∗ (x) ≤ Vi (x)
(1 + θ −1 )i

(35)

When i = 1, since
α−1
(θU (xk , uk ) − J ∗ (xk+1 )) ≤ 0,
1+θ

0≤α≤1

(36)

and αJ ∗ ≤ V0 , ∀xk , we have


V1 (xk ) = min U (xk , uk ) + V0 (xk+1 )
uk


≥ min U (xk , uk ) + αJ ∗ (xk+1 )
uk


α−1
≥ min 1 + θ
U (xk , uk )
uk
1+θ



α−1 ∗
+ α−
J (xk+1 )
1+θ


α−1
= 1+
min U (xk , uk ) + J ∗ (xk+1 )
(1 + θ −1 ) uk
α−1
= 1+
(37)
J ∗ (xk )
(1 + θ −1 )
Assume that the inequality (35) holds for i − 1. Then, we
have

≥ min U (xk , uk ) + 1 +
uk

≥ min
uk

1+

α−1
J ∗ (xk+1 )
(1 + θ −1 )i−1



(α − 1)θ i
U (xk , uk )
(θ + 1)i


α−1
(α − 1)θ i−1 ∗
+ 1+
J (xk+1 )
−
(1 + θ −1 )i−1
(θ + 1)i

(α − 1)θ i
∗
= 1+
min U (xk , uk ) + J (xk+1 )
uk
(θ + 1)i
(α − 1)
= 1+
J ∗ (xk )
(38)
(1 + θ −1 )i
Thus, the left-hand side of the inequality (34) is proved and
the right-hand side can be shown by the same procedure.
Lastly, we demonstrate the uniform convergence of value
function as the iteration index i goes to ∞. When i → ∞,
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lim 1 +

i→∞

α−1
J ∗ (xk ) = J ∗ (xk )
(1 + θ −1 )i

(39)

and

β −1
J ∗ (xk ) = J ∗ (xk )
(1 + θ −1 )i
Deﬁne V∞ (xk ) = limi→∞ Vi (xk ). Then we can obtain
lim 1 +

i→∞

V∞ (xk ) = J ∗ (xk )

(40)

(41)

Hence, Vi (xk ) converges pointwise to J ∗ (xk ). As the  is
compact, we can obtain the uniform convergence of value
function immediately from Dini’s theorem [42].
The proof is completed.

Remark 2: From Theorem 2, we can ﬁnd upper and lower
bounds for every iterative value function based on the optimal cost function. As the iteration index i increases, the
upper bound will exponentially approach the lower bound.
When the iteration index i goes to ∞, the upper bound will
be nearly equal to the lower bound, which is just the optimal
cost. In addition, we can also ﬁnd the convergence speed
of the value function, which is not given in [32, 34, 36].
According to the inequality (34), smaller θ will lead to
faster convergence speed of the value function. Moreover,
it should be mentioned that conditions of Theorem 2 can be
satisﬁed according to Assumptions 1–4, which are mild for
general control problems.
Specially, when 0 ≤ V0 (xk ) ≤ V1 (xk ), ∀xk , according to
Theorems 1 and 2, we can deduce that V0 (xk ) ≤ J ∗ (xk ).
Thus, the constants α and β satisfy 0 < α ≤ 1 and β = 1.
Then, the corresponding inequality becomes
1+

α−1
J ∗ (x) ≤ Vi (x) ≤ J ∗ (x)
(1 + θ −1 )i

(42)

Note that larger α will lead to faster convergence speed of
the value function.
When V0 (xk ) ≥ V1 (xk ), ∀xk , according to Theorems 1 and
2, we can deduce that V0 (xk ) ≥ J ∗ (xk ). So, the constants
α and β satisfy α = 1 and 1 ≤ β. Then, the corresponding
inequality becomes
J ∗ (x) ≤ Vi (x) ≤ 1 +



Vi (xk ) = min U (xk , uk ) + Vi−1 (xk+1 )
uk

for 0 < θ < ∞, we have

β −1
J ∗ (x)
(1 + θ −1 )i

(43)

Note that smaller β will lead to faster convergence speed of
the value function.
According to the results of Theorem 2, we can derive the
following corollary.
Corollary 1: Deﬁne the control sequence {vi } as in (10) and
the value function {Vi } as in (11) with V0 (·) = xkT P0 xk . If
the system state xk is controllable, then the control sequence
{vi } converges to the optimal control law u∗ as i → ∞, that
is, limi→∞ vi (xk ) = u∗ (xk ).
Proof: According to Theorem 2, we have proved that
limi→∞ Vi (xk ) = V∞ (xk ) = J ∗ (xk ), so
V∞ (xk ) = min{xkT Qxk + ukT Ruk + V∞ (xk+1 )}
uk

(44)

That is to say the value function sequence {Vi } converges to
the optimal value function of the discrete-time HJB equation.
2729
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Considering (5) and (10), the corresponding control law {vi }
converges to the optimal control law u∗ as i → ∞.
In the following, we will complete the stability analysis for the non-linear system under the condition of control
Lyapunov function.

Theorem 3: The control law function sequence {vi } and
value function sequence {Vi } are iteratively updated by (10)
and (11). If V0 (xk ) = xkT P0 xk ≥ V1 (xk ) holds for any controllable xk , then the value function Vi (xk ) is a Lyapuonv
function and the system using the control law vi (xk ) is
asymptotically stable.
Proof: First, according to V0 ≥ V1 and Theorem 1, we have
Vi (xk ) ≥ Vi+1 (xk ) ≥ U ((xk ), vi (xk )), ∀i. As the U (xk , vi (xk ))
is a positive-deﬁnite function and Vi (0) = 0, Vi (xk ) is also
a positive-deﬁnite function.
Second, we have Vi (xk+1 ) − Vi (xk ) ≤ Vi (xk+1 ) − Vi+1
(xk ) = −U (xk , vi (xk )) ≤ 0. By the Lyapunov stability criteria [43], Vi (xk ) is a Lyapunov function, and the system using
the control law vi (xk ) is asymptotically stable.
v0 (xk ) satisﬁes the ﬁrst-order necessary condition, which
is given by the gradient of the right-hand side of (8) with
respect to uk as

 

∂ xkT Qxk + ukT Ruk
∂xk+1 T ∂V0 (xk+1 )
+
=0
(45)
∂uk
∂xk+1
∂uk

law becomes impossible. Therefore we need to use function approximation structure, such as NN, to approximate
both vi (xk ) and Vi (xk ) at each iteration. However, there exist
NN approximate errors. In the following, we will take the
approximate errors of critic network into consideration based
on Rantzer [41].
Let ε be a small positive number, ε = 1 − ε and ε = 1 +
ε. Let Ṽi and ṽi stand for the NN approximation of Vi and vi ,
respectively. We start with the initial cost function Ṽ0 (xk ) =
xkT P0 xk , P0 is a positive-deﬁnite matrix. Then, we solve for
the control law ṽ0 (xk ) as follows
ṽ0 (xk ) = arg min{U (xk , uk ) + Ṽ0 (xk+1 )}
uk

(48)

Once the control law ṽ0 (xk ) is determined, we make the
value function Ṽ1 (xk ) satisfy
min{εU (xk , uk ) + Ṽ0 (xk+1 )} ≤ Ṽ1 (xk )
uk

≤ min{εU (xk , uk ) + Ṽ0 (xk+1 )}
uk

(49)

Therefore for i = 1, 2, . . . , the algorithm iterates between the
control law ṽi (xk )
ṽi (xk ) = arg min{U (xk , uk ) + Ṽi (xk+1 )}
uk

(50)

that is
2Ruk + 2g T (xk )P0 (f (xk ) + g(xk )uk ) = 0

(46)

and the value function Ṽi+1 (xk )
min{εU (xk , uk ) + Ṽi (xk+1 )} ≤ Ṽi+1 (xk )

Then, we can solve for v0 (xk ) as

uk

−1 T

v0 (xk ) = −(g (xk )P0 g(xk ) + R) g (xk )P0 f (xk )
T

The control law v0 (xk ) exists since P0 and R are both
positive-deﬁnite matrices. Combining with (9), we can easily
obtain the condition that control Lyapunov function should
satisfy.

Remark 3: If the condition V0 ≥ V1 holds, V0 (xk ) = xkT P0 xk
is called control Lyapunov function, which means that
the associated feedback control law v0 (xk ) can make the
closed-loop system stable. Compared with PI algorithms,
this condition V0 ≥ V1 is easier to satisfy than an initial
stabilising control law. In particular, we can just make
P0 = γ In , γ ≥ 0 and In is n × n identity matrix. By choosing a large γ , we can make V0 ≥ V1 satisﬁed. Besides,
similar to [44, 45], it should be mentioned that the condition V0 ≥ V1 in Theorem 3 cannot be replaced by V0 ≥ J ∗ ,
because the non-increasing property of value function is
guaranteed by V0 ≥ V1 . However, if the condition V0 ≤ V1
holds, we cannot derive that vi (xk ) is a stable and admissible
control for non-linear systems. For discrete linear timeinvariant systems, Primbs and Nevistic [46] demonstrated
that there exists a ﬁnite i∗ , that the closed-loop system is
asymptotically stable for all i ≥ i∗ .
3.3 Convergence analysis considering NN
approximation errors
When the controlled system is linear and the cost function
is quadratic, we can directly obtain a linear control law. In
the non-linear case, however, directly obtaining a control
2730
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≤ min{εU (xk , uk ) + Ṽi (xk+1 )}

(47)

uk

(51)

The existence of ε can be guaranteed, since the following
inequality holds
εU (xk , uk ) ≤ U (xk , uk ) ≤ εU (xk , uk )
∗
(xk ), then
Deﬁne the target of Ṽi+1 (xk ) as Ṽi+1
∗
Ṽi+1
(xk ) = U (xk , ṽi (xk )) + Ṽi (xk+1 )

(52)

where xk+1 = f (xk ) + g(xk )ṽi (xk ). Deﬁne


ε
ṽi (xk ) = arg min εU (xk , uk ) + Ṽi (xk+1 )
uk

(53)

and
ε

ε

Ṽi+1 (xk ) = εU (xk , ṽi (xk )) + Ṽi (xk+1 )
where xk+1 = f (xk ) +

ε
g(xk )ṽi (xk ).

(54)

Deﬁne

ṽiε (xk ) = arg min{εU (xk , uk ) + Ṽi (xk+1 )}

(55)

ε
Ṽi+1
(xk ) = εU (xk , ṽiε (xk )) + Ṽi (xk+1 )

(56)

uk

and
where xk+1 = f (xk ) + g(xk )ṽiε (xk ).
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Since ε < 1 and ε > 1, we have

(11), we have

∗
ε
Ṽi+1 (xk ) ≤ Ṽi+1
(xk ) ≤ Ṽi+1
(xk )
ε

(57)

Vi+1 (xk ) = U (xk , vi (xk )) + Vi (xk+1 )
where xk+1 = f (xk ) + g(xk )vi (xk ). So, we have

Noting that
∗
2Ṽi+1
(xk ) = εU (xk , ṽi (xk )) + εU (xk , ṽi (xk )) + 2Ṽi (xk+1 )
ε

ε
≥ Ṽi+1 (xk ) + Ṽi+1
(xk )

εVi+1 (xk ) = ε[U (xk , vi (xk )) + Vi (xk+1 )]
≥ εU (xk , vi (xk )) + Ṽi (xk+1 )

(58)

≥ min{εU (xk , uk ) + Ṽi (xk+1 )}
uk

we can use the following inequality (59) instead of (51) for
simplicity
∗
ε
∗
|Ṽi+1 (xk ) − Ṽi+1
(xk )
(xk ) − Ṽi+1
(xk )| ≤ Ṽi+1

(59)

That means if we make (59) hold during iteration, (51) can
be satisﬁed automatically.
Next, we will show the convergence property considering
the NN approximation error.
∞
Theorem 4: The sequence {ṽi }∞
0 and {vi }0 satisfy (50) and
∞
∞
(10). The sequence {Ṽi }0 and {Vi }0 satisfy (51) and (11),
with Ṽ0 (xk ) = V0 (xk ) = xkT P0 xk . Then

εVi (xk ) ≤ Ṽi (xk ) ≤ εVi (xk ),

∀i, xk

(60)

Proof: First, we demonstrate the left-hand side of (60) by
mathematical induction, that is
εVi (xk ) ≤ Ṽi (xk ),

∀i, xk

(61)

When i = 0, it is easy to see that εV0 (xk ) ≤ Ṽ0 (xk ) for ε ≤ 1.
Assume that εVi (xk ) ≤ Ṽi (xk ), ∀i ≥ 0 and ∀xk . According to
(51) and (53), we have

≥ Ṽi+1 (xk )
Therefore the
demonstrated.

right-hand

(63)
side

of

(60)

is

also


Remark 4: According to Theorem 2, we have
α−1
J ∗ (xk ) ≤ εVi (xk ) ≤ Ṽi (xk )
(1 + θ −1 )i
β −1
≤ εVi (xk ) ≤ ε 1 +
J ∗ (xk )
(1 + θ −1 )i

ε 1+

(64)

Let i → ∞, we can conclude that
εJ ∗ (x) ≤ Ṽ∞ (xk ) ≤ εJ ∗ (xk )

(65)

By the inequality (65), we can make the value function converge to a very small interval containing the optimal cost
function. The better approximation ability of NN, that is, the
smaller ε, will reduce the interval. In the traditional VI, such
conclusion cannot be made, although there always exists NN
approximation error.

4 NN implementation of the general VI
algorithm

ε

εU (xk , ṽi (xk )) + Ṽi (xk+1 ) ≤ Ṽi+1 (xk )
ε

where xk+1 = f (xk ) + g(xk )ṽi (xk ). So, we have
ε

εU (xk , ṽi (xk )) + εVi (xk+1 ) ≤ Ṽi+1 (xk )
that is
ε

ε[U (xk , ṽi (xk )) + Vi (xk+1 )] ≤ Ṽi+1 (xk )
Considering
ε

min{U (xk , uk ) + Vi (xk+1 )} ≤ {U (xk , ṽi (xk )) + Vi (xk+1 )}
uk

we have
εVi+1 (xk ) ≤ Ṽi+1 (xk )
By mathematical induction, the left-hand side of (60) has
been demonstrated.
Similarly, we demonstrate the right-hand side of (60), that
is
Ṽi (xk ) ≤ εVi (xk ), ∀i, xk
(62)
When i = 0, it is easy to see that Ṽ0 (xk ) ≤ εV0 (xk ) for ε ≥ 1.
Assume that Ṽi (xk ) ≤ εVi (xk ), ∀i ≥ 0 and ∀xk . According to
IET Control Theory Appl., 2012, Vol. 6, Iss. 18, pp. 2725–2736
doi: 10.1049/iet-cta.2011.0783

We have demonstrated the convergence of value function in
Section 3 under the assumption that the action and value
update equations can exactly be solved at each iteration.
However, it is difﬁcult to solve these equations for nonlinear systems. Fortunately, we can use NN to approximate
vi and Vi at each iteration. In this section, we will use HDP
to implement the general VI algorithm.
The structure diagram of the HDP algorithm is given in
Fig. 1. In the HDP algorithm, there are three NNs, which
are model network, critic network and action network. The
model network is used to approximate the unknown nonlinear system by using available input–output data, which
is referred to as a data-based method. The critic network
approximates the relationship between state vector xk and
value function Ṽi (xk ) and the action network approximates
the relationship between state vector xk and control vector
ṽi (xk ).
We choose the popular BP NN as our function approximation scheme, although any other function approximation
structures also sufﬁce. The LM algorithm is used to tune
weights of NN instead of gradient descent method. We ﬁnd
that LM algorithm can enormously improve the convergence
speed and decrease the approximation error, which will lead
ADP to better performance. LM algorithm, which combines
steepest descent gradient and Gauss–Newton method, mainly
includes three processes: calculating the Jacobian matrix,
evaluating whether the parameters are obtaining closer to
2731
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In the action network, the state xk is used as input to
obtain the optimal control. The output can be formulated as
 T 
T
σ νa(i)
xk
ṽi (xk ) = ωa(i)

(72)

The target of control input is given by
1
∂ Ṽi (x̃k+1 )
vi (xk ) = − R−1 ĝ T (xk )
2
∂ x̃k+1

(73)

where x̃k+1 = ωmT σ (νmT [xkT ṽiT ]T ). The convergence proof of
action network weights is given in [33]. The error function
of the action network can be deﬁned by
Fig. 1

ea(i) (xk ) = ṽi (xk ) − vi (xk )

Structure diagram of HDP algorithm

optimal ones or not, and updating the damping parameter.
The details of LM algorithm used in the paper can been
found in [37, 38, 47].
The ﬁrst step is to train the model network. The output
of model network is denoted as
x̃k+1 = ωmT σ (z̄k ) = ωmT σ (νmT zk )

(66)

where zk = [xkT ṽiT ]T is the input vector of model network.
The input to hidden layer weights νm are a (n + m) × l
matrix and the hidden to output layer weights ωm are an
l × n matrix, where l is the number of hidden neurons, n
is the dimension of state vector and m is the dimension of
control input vector. The activation function is chosen as
σ (x) = tanh(x) and its derivative is denoted as σ̇ (x).
The stopping criteria is that the performance function is
within prespeciﬁed threshold or the training step reaches the
maximum value. When the weights of model network converge, they are kept unchanged. Then, the estimated value
of the control coefﬁcient matrix ĝ(xk ) is given by
ĝ(xk ) =

∂(ωmT (k)σ (z k ))
∂zk
= ωmT (k)σ̇ (z k )νmT (k)
∂uk
∂uk

(67)

where

⎤
⎡
0n×m
∂zk
= ⎣ ··· ⎦
∂uk
Im
and Im is an m × m identity matrix.
Similarly, we use LM algorithm to train critic network and
action network. The output of the critic network is denoted
as
T
T
σ (νc(i+1)
xk )
(68)
Ṽi+1 (xk ) = ωc(i+1)
The target of value function is given by
Vi+1 (xk ) = xkT Qxk + ṽiT (xk )Rṽi (xk ) + Ṽi (x̃k+1 )

(69)

T
T
where Ṽi (x̃k+1 ) = ωc(i)
σ (νc(i)
x̃k+1 ). Then, the error function
for training critic network is deﬁned by

ec(i+1) (xk ) = Ṽi+1 (xk ) − Vi+1 (xk )

(70)

(74)

The weights of the action network are updated to minimise
the following performance function
Ea(i) (xk ) =

1 T
e ea(i)
2 a(i)

(75)

The LM algorithm ensures that Ea(i) (xk ) will decrease every
time when the parameters of action network update.
At last, a summary of the present optimal control
algorithm is given as follows:
m
a
c
Step 1: Initialise the parameters jmax
, jmax
, jmax
, εm , ε a , εc
imax , ξ , Q, R and the weights of NN.
Step 2: Construct the model network x̃k+1 = ωmT σ (νmT zk ).
Obtain the training data, and train the model network until
the given accuracy εm or the maximum number of iterations
m
jmax
is reached.
Step 3: Set the iteration index i = 0 and P0 = γ In . Choose
p
randomly an array of p state vector [xk1 , xk2 , . . . , xk ]. Comp
1
2
pute the control target [v0 (xk ), v0 (xk ), . . . , v0 (xk )] by (73) and
train the action network until the given accuracy εa or the
a
maximum number of iterations jmax
is reached.
Step 4: Compute the target of the critic network [V1 (xk1 ),
p
V1 (xk2 ), . . . , V1 (xk )] by (69). Train the critic network until
the given accuracy εc or the maximum number of iterations
c
jmax
is reached.
Step 5: If V0 > V1 is true for all xk , go to Step 6; otherwise,
increase γ and go to Step 3.
Step 6: Set the iteration index i = i + 1. Choose randomly
p
an array of p state vector [xk1 , xk2 , . . . , xk ]. Compute the tarp
get of action network [vi (xk1 ), vi (xk2 ), . . . , vi (xk )] by (73), and
train the action network until the given accuracy εa or the
a
maximum number of iterations jmax
is reached.
Step 7: Compute the output of the action network [ṽi (xk1 ),
p
ṽi (xk2 ), . . . , ṽi (xk )], the output of the model network
p
1
2
[x̃k+1 , x̃k+1 , . . . , x̃k+1 ] and the output of the critic network
p
1
2
[Ṽi (xk+1 ), Ṽi (xk+1 ), . . . , Ṽi (xk+1 )]. Then compute the target of
p
1
the critic network [Vi+1 (xk ), Vi+1 (xk2 ), . . . , Vi+1 (xk )] by (69).
Train the critic network until the given accuracy εc or the
c
maximum number of iterations jmax
is reached.
Step 8: If i > imax or

and the performance function to be minimised is deﬁned by
1 T
ec(i+1)
(71)
Ec(i+1) (xk ) = ec(i+1)
2
The tuning algorithm of critic network is the same as model
network.
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Vi+1 (xks ) − Vi (xks )

2

≤ ξ,

s = 1, 2, . . . , p

go to Step 9; otherwise, go to Step 6.
Step 9: Obtain the ﬁnal near-optimal control law, and stop.
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Simulation studies

In this section, two examples are provided to demonstrate
the effectiveness of the control method developed in this
paper.

15

10

5

*

J −V10

Example 1 (discrete-time linear system): Consider the linear
system xk+1 = Axk + Buk , where

−4

x 10

A=

0
0.3

0.4
,
1

B=

0
1

0

(76)

−5
1

The weight matrices are chosen as
0.2
0

0
,
0.2

1
0.5

0

R=1

Noting that the open-loop poles are z1 = −0.1083 and z2 =
1.1083, the system is unstable.
To reduce the inﬂuence of the NN approximation errors,
we choose three-layer BP NNs as model network, critic
network and action network with the structures 3–9–2, 2–
8–1 and 2–8–1, respectively, although a linear NN may
also work here. The initial weights of NNs are chosen randomly in [−0.1, 0.1]. The inner-loop iteration number of
c
a
critic network and action network is jmax
= jmax
= 1000, and
−6
the given accuracy is εc = εa = 10 . The maximum outerloop iteration is selected as imax = 10 and the prespeciﬁed
accuracy is selected as ξ = 10−6 . The number of samples at
each iteration is p = 2000. Before implementing the general
VI algorithm, we need to train the model network ﬁrst. The
operation region of the system (1) is selected as −1 ≤ x1 ≤ 1
and −1 ≤ x2 ≤ 1. Thousand samples are randomly chosen
from this operation region as the training set, and the model
network is trained until the given accuracy εm = 10−8 is
m
reached with jmax
= 10000.
Set P0 = I2 . We ﬁnd that V0 ≥ V1 holds for all states,
which can be seen from Fig. 2. After implementing the
outer-loop iteration for ten times, the convergence of value
function is observed. The three-dimensional (3D) plot of
approximate value function at i = 0 and i = 10 is given in
Fig. 3, and the 3D plot of error between optimal value function J ∗ and approximate optimal value function V10 is given
in Fig. 4. We can see that the error between optimal value
function and approximate optimal value function is nearly
within 10−3 in the operational region from Fig. 4.
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(77)
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x
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Fig. 4 Error between optimal value function J ∗ and approximate
value function V10
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The iteration index: i

8
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Convergence process of the value function at x = (1, −1)

For the initial state x0 = [1 − 1]T , the convergence process of value function is given in Fig. 5. We apply the
control law v10 to the system for 20 time steps. The corresponding state trajectories are given in Fig. 6, and the control
input is shown in Fig. 7.
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State trajectories of Example 1
2

0.35

1.8

0.3

1.6
Value function

The control input

0.25

0.2

0.15

1.4

1.2
0.1

1
0.05

0.8

Fig. 7

0

5

10
Time steps

15

Example 2 (Discrete-time non-linear system): Consider the
following discrete-time afﬁne non-linear system xk+1 =
f (xk ) + g(xk )uk , where


0.9x1k + 0.1x2k
f (xk ) =
−0.05(x1k + x2k (1 − (cos(2x1k ) + 2)2 )) + x2k
0
0.1 cos(2x1k ) + 0.2

(78)

The cost function is
J =

5

10
The iteration index: i

15

20

Convergence process of the value function at x = (1, −1)

Fig. 9

Control input of Example 1

g(xk ) =

0

20

1
x (i=0)
1

0.8

x (i=0)
2

0.6
The state trajectories

0

x1(i=20)
x (i=20)
2

0.4
0.2
0
−0.2
−0.4

∞



xkT Qxk + ukT Ruk



−0.6

(79)

−0.8

k=0
−1

1 0
where Q = 0.1
and R = 0.1.
0 1
The structures of model network, critic network and action
network are chosen as 3–9–2, 2–10–1 and 2–10–1, respectively. The maximum outer-loop iteration is selected as
imax = 20 and the prespeciﬁed accuracy is selected as ξ =
10−6 . Other parameters are chosen the same as in Example 1.
We also set P0 = I2 . We ﬁnd that V0 ≥ V1 holds for all
states, which can be seen from Fig. 8. After implementing the outer-loop iteration for 20 times, the convergence
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State trajectories of Example 2

of value function is observed. For the initial state x0 =
[1 − 1]T , the convergence process of value function is
given in Fig. 9. We apply the control law v20 to the system for 50 time steps. The corresponding state trajectories
are given in Fig. 10, and the control inputs are shown in
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Control inputs of Example 2

16
17

Fig. 11. To verify the stability of control law obtained during iteration, we apply the control law v0 to the system, and
the corresponding state trajectories and control inputs are
also given in Figs. 10 and 11. We can see that the system
with the control law v0 is stable.

18

6

20

Conclusions

In this paper, a novel ADP scheme based on general VI is
developed to obtain near optimal control for discrete-time
non-linear systems. The value function iteration algorithm
is given in a general framework with convergence and stability analysis, and the approximation error of NN is also
taken into consideration. Three NNs are used to facilitate the
implementation of the iterative algorithm. The effectiveness
of the developed scheme is demonstrated by simulation.
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