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Fig. 1. Numeric simulation of (19).

Moreover, the work in [23] presents a powerful tool to study the GRNs
and it will be considered in the future.
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Wavelet Basis Function Neural Networks
for Sequential Learning

Ning Jin and Derong Liu

Abstract—In this letter, we develop the wavelet basis function neural net-
works (WBFNNs). It is analogous to radial basis function neural networks
(RBFNNs) and to wavelet neural networks (WNNs). In WBFNNs, both the
scaling function and the wavelet function of a multiresolution approxima-
tion (MRA) are adopted as the basis for approximating functions. A se-
quential learning algorithm for WBFNNs is presented and compared to the
sequential learning algorithm of RBFNNs. Experimental results show that
WBFNNs have better generalization property and require shorter training
time than RBFNNs.

Index Terms—Radial basis function neural network (RBFNN), sequen-
tial learning, wavelet basis function neural network (WBFNN).

I. INTRODUCTION

Radial basis function neural networks (RBFNNs) are used to ap-
proximate complex functions directly from the input–output data with
a simple topological structure [2], [3], [13]–[15], [18]. RBFNNs have
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good generalization ability as compared to the multilayer feedforward
neural networks. In an RBFNN, a function f(x) is approximated as

f̂(x) =
i

wi�
kx� aik

bi
(1.1)

where �(r) is the basis function. The most commonly used basis func-
tion is the Gaussian function exp(�r2=2). In sequential learning, a
neural network is trained to approximate a function while a series of
training sample pairs are randomly drawn and presented to the net-
work. The sample pairs are learned by the network one by one. There
are several different sequential learning algorithms for RBFNNs [3],
[5], [6], [9], [10], [12], [16], [17].

Wavelet neural networks (WNNs) are also used to approximate func-
tions by a single basis function [1], [7], [8], [19]–[21]. In a WNN, a
function f(x) is approximated as

f̂(x) =
i

wi�
x� ai
bi

(1.2)

where �(x) is the basis function coming from wavelet theory [4],
[11]—the scaling function, the wavelet function, or the basis function
of continuous wavelet transform. WNNs can approximate functions
more accurately and they have better generalization property than
RBFNNs. However, all existing training algorithms are not specially
designed for sequential learning and the orthogonal properties of
wavelets have not been used in these algorithms.

In this letter, we study wavelet basis function neural networks
(WBFNNs) for sequential learning. Both the scaling function � and
the wavelet function  are used as basis functions in WBFNNs.
Functions � and  are orthogonal to each other. In a wavelet de-
composition of a function, they will give approximations in different
level of details, i.e., coarse and fine approximations, respectively. In a
WBFNN, function f(x) is approximated as

f̂(x) =
i

�i�
x� ai
bi

+
i

�i 
x� ci
di

: (1.3)

A sequential learning algorithm will be developed from the orthogonal
properties of multiresolution approximation (MRA) and Mallat’s for-
mula of wavelet decomposition [4], [11].

This letter is organized as follows. Section II gives a brief review
of the wavelet theory. Section III presents the definition of WBFNNs
and provides a sequential learning algorithm for WBFNNs. Section IV
shows quantitative performance comparisons between the sequential
learning algorithm of WBFNNs and RBFNNs. Section V summarizes
the conclusion.

II. MRA AND WAVELETS

In this section, a brief review of the wavelet theory is given (cf. [4]
and [11] for details). A wavelet basis is constructed with an MRA of
function space. An MRA presents a way to approximate functions in
multiple resolutions. Recall that the inner product of functions f and
g 2 L2 is defined as hf; gi = f(x)g(x)dx. An MRA of the function
space L2 is a doubly infinite nested sequence of subspaces of L2

� � � � V�1 � V0 � V1 � V2 � � � �

with the following properties [4], [11].
S2.1) [jVj is dense in L2, i.e., limj Vj = L2.
S2.2) \jVj = f0g.
S2.3) f(x) 2 Vj () f(2x) 2 Vj+1 for all j 2 .

S2.4) f(x) 2 Vj () f(x� 2�jk) 2 Vj for all j; k 2 .
S2.5) There exists a function � 2 L2 so that f�(x � k) : k 2 g

forms an orthonormal basis of V0, where is the set of all
integers. The function � is called the scaling function of the
MRA fVjg.

S2.6) Let �kj (x) = 2j=2�(2jx� k) for j; k 2 . Then, for any fixed
j 2 , the set of functions f�kj : k 2 g is an orthonormal
basis of Vj .

S2.7) Let W0 be the orthogonal complement of V0 in V1, i.e., W0 ?
V0 and V1 = V0 � W0, where the symbol � denotes the
orthogonal direct sum of function spaces. Then, there exists
a function  2 W0 such that h�;  i = 0, k k = 1, and
f (x�k) : k 2 g is an orthonormal basis ofW0.  is called
the wavelet function of the MRA fVjg.

S2.8) Let  kj (x) = 2j=2 (2jx � k) for j; k 2 . Let Wj =

Spanf kj : k 2 g. Then, the set of functions f kj : k 2 g is
an orthonormal basis of Wj , Wj ? Vj , and Vj+1 = Vj �Wj .

S2.9) For any J;H 2 , J < H , we have

VH = VJ �WJ �WJ+1 � � � � �WH�1:

Furthermore

L2 = lim
H!1

VH = VJ � (�1k=JWk) :

S2.10) For any f(x) 2 L2 and any integer j 2 , there exists a
unique function Pjf 2 Vj such that f � Pjf ? Vj . Pjf
is called the approximation of f at resolution level j. We have
limj!1 Pjf = f .

S2.11) For any f(x) 2 L2 and any integer j 2 , there exists a unique
function Qjf 2 Wj such that f �Qjf ? Wj . Qjf is called
the deviation of f at resolution level j. We have Pjf +Qjf =
Pj+1f . Consequently, for any J;H 2 , J < H , we have

PHf = PJf +
J�k<H

Qkf:

S2.12) Let f 2 L2. Since Pjf 2 Vj and f�kj : k 2 g is an or-
thonormal basis of Vj , we have

Pjf =
k

Cj;k�
k
j

where

Cj;k = f; �kj : (2.1)

S2.13) Let f 2 L2. Since Qjf 2 Wj and f kj : k 2 g is an
orthonormal basis of Wj , we have

Qjf =
k

Dj;k 
k
j

where

Dj;k = f;  kj : (2.2)

S2.14) Let f 2 L2. For any given J;H 2 , J < H , we have the
approximation

f(x) �
k2

CJ;k�
k
J (x) +

H

j=J k2

Dj;k 
k
j (x): (2.3)

Equation (2.3) is called the wavelet approximation of f with
resolutions from J to H . It is also called the wavelet decom-
position of f with resolutions from J to H . The coefficients
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Cj;k and Dj;k in (2.3) can be calculated by the inner product
given in S2.12) and S2.13). However, in numerical computa-
tion, it will take a long time to obtain all these coefficients by
inner products. Fortunately, there is a fast algorithm, i.e., the
“fast wavelet decomposition” of Mallat and Daubechies.

For the scaling function � and the associated wavelet function  of
an MRA fVjg, we know that V0 � V1 and W0 � V1. Hence, � and  
can be written in terms of the basis f�k1g of V1. For k 2 , define

hk = �(x); �k1(x)

gk =  (x); �k1(x)
: (2.4)

Then

gk = (�1)k�1h1�k

s
hshs�2k = �0k

and

�(x) =
k2 hk�

k
1(x)

 (x) =
k2 gk�

k
1(x)

(2.5)

where �0k = 1 if k = 0 and �0k = 0 for all k 6= 0. It was proved
that in the wavelet decomposition (2.3), the weights Cj;k and Dj;k of
different resolution levels have the following relationship:

Cj�1;m =
k2 hk�2mCj;k

Dj�1;m =
k2 gk�2mCj;k

: (2.6)

Equation (2.6) is the so-called fast wavelet decomposition algorithm
of Mallat and Daubechies. It describes the way to obtain the coeffi-
cients Cj;k and Dj;k for lower resolution level from the coefficients
with higher resolution level. Now, we have two ways to obtain the co-
efficients Cj;k and Dj;k in the wavelet decomposition (2.3). We can
calculate all the Cj;k andDj;k by inner product according to (2.1) and
(2.2). We can also obtainCj;k andDj;k by fast wavelet decomposition
(2.6), in case we have already had the values ofCj;k andDj;k for some
higher resolution level.

III. WBFNNS AND SEQUENTIAL LEARNING

WBFNNs are analogous to both RBFNNs and WNNs. Same as
WNNs, the structure of WBFNNs is based on the theory of wavelets.
Instead of one basis function, both the scaling function and the wavelet
function of an MRA are used as basis functions in a WBFNN. Besides,
we use not only the ability of wavelets to approximate functions,
but also the orthogonal properties and the relationships between the
approximations of different resolution levels. Similar to RBFNNs,
WBFNNs can be employed for sequential learning, but WBFNNs can
be trained faster, perform more accurately, and have better generaliza-
tion properties.

The structure of WBFNNs are based on the approximation in (2.3). J
andH are given to indicate the minimum and the maximum of the res-
olution levels. There are two types of neurons in a WBFNN, equipped
with activation function �kj and  kj , respectively.

For purpose of real-world applications, we assume that the domain
X of the function f(x) is finite. We will choose Daubechies’ wavelets
with compact support as the basis. The Daubechies’ wavelets have the
following properties.
S3.1) Suppose that the scaling function � and wavelet function  

form a Daubechies’ wavelet. Let hk be the coefficients defined
in (2.4). Then, there is a positive integer Ks such that hk 6= 0
only when k = 0; . . . ; Ks. Furthermore, the support sets of �

and  are supp � = [0; Ks) and supp  = [1 � Ks; 1), re-
spectively.

S3.2) For j; k 2

supp �kj = 2�jk; 2�j(k +Ks)

supp  kj = 2�j(k + 1�Ks); 2
�j(k + 1)

supp �kj \ supp  kj = 2�jk; 2�j(k + 1) :

When J is small enough, we have X � [2�Jk0; 2
�J(k0 + 1))

for certain choice of k0. We only need to consider those neurons with
X \ supp �kj 6= ; or X \ supp  kj 6= ;, so the neurons of resolution
level J in the network are �k �k

J and  k +k

J for 0 � k � Ks� 1. We
call these neurons the root neurons. All the other neurons are  kj (x)
for J < j � H .

The neurons �kj and  kj will fire on an input x only if x is inside the
interval supp �kj = [2�jk; 2�j(k + Ks)) or supp  kj = [2�j(k +
1�Ks); 2

�j(k+1)). The length of these intervals is 2�jKs. During
the training of the network, for a training sample pair (xi; yi), we need
to adjust the root neurons and those neurons such that

xi 2 2�j(k + 1�Ks); 2
�j(k + 1) : (3.1)

It is easy to see that (3.1) is equivalent to

2jxi � 1 < k � 2jxi +Ks � 1: (3.2)

Hence, the output of the whole network is

f̂(x) =

K �1

k=0

$k�
k �k
J (x) + wJ;k +k 

k +k

J (x)

+

H

j=J+1

b2 x+K �1c

k=b2 xc

wj;kk 
k
j (x)

=

K �1

k=0

$k�
k �k
J (x)

+

H

j=J

b2 x+K �1c

k=b2 xc

wj;kk 
k
j (x) (3.3)

where bKc means the biggest integer not bigger than K . For each j,
the number of k satisfying (3.2) is alwaysKs. Hence, since we have the
limit that J � j � H , for each input x (or training sample (xi; yi)),
at most (H � J + 2)Ks neurons will fire (or be adjusted during the
training).

A WBFNN will grow during the training. It starts with root neurons
�
k �k
J , 0 � k < Ks, and sequentially increases (or decreases, when

some existing neurons have very small significance) the number of neu-
rons until the approximation error is sufficiently small. The growth of
neurons will depend on the error of the approximation, the position of
existing neurons, and the resolution level of existing neurons. To adjust
the weights of neurons, we use (2.1), (2.2), and (2.6). Now, we give our
growing and pruning algorithm for sequential learning of WBFNNs.
Given emin to be the minimal error of the approximation and given
�min to be the minimal significance of the neurons, the network is ini-
tialized as f̂(x) = K �1

k=0
$k�

k �k
J (x) with $k = 0. The sequence

of sample pairs f(xi; yi)g are chosen randomly with respect to certain
probability distribution.
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SLWBF Algorithm (sequential learning of wavelet basis function
neural networks)

A01. For each pair (xi; yi), do steps A02 and A03.

A02. Compute the overall network output f̂(xi) =

k
$k�

k �k

J (xi) + j;k
wj;k 

k
j (xi). Find the error

e = yi � f̂(xi).

A03. If jej > emin, then do steps A04–A08.

A04. Find the maximal resolution level H1 of existing neurons which
will fire at xi. If H1 < H , then H1 = H1 + 1.

A05. Define the error function

E(x) = max 0; 1� 2H jx � xij e:

A06. From j = H1 to j = J , compute

4Cj;k =
E(x); �kH ; if j = H1

s2
hs�2k4Cj+1;s; if J � j < H1

4Dj;k =
E(x);  k

H ; if j = H1

s2
gs�2k4Cj+1;s; if J � j < H1

where 2jxi � 1 < k � 2jxi +Ks � 1.

A07. Adjust the weights by $k = $k + 4CJ;k �k and
wj;k = wj;k +4Dj;k .

A08. If jwj;kj � �min and there is no neuron with activation function
 k
j , add a neuron wj;k 

k
j .

If jwj;kj < �min and the neuron wj;k 
k
j exists, prune this neuron.

The parameters emin, �min, andH determine the accuracy of the algo-
rithm. Smaller emin and �min give better approximation while largerH
gives smaller errors in approximation.

IV. NUMERICAL EXPERIMENTS

In this section, numerical experiments are performed for the SLWBF
algorithm. The experiments run on a Dell Optiplex 745 computer using
Matlab. As a comparison of our WBFNNs and SLWBF algorithm, we
choose sequential learning algorithm “minimal resource allocation net-
work” (MRAN) [18] of RBFNNs. In [18], MRAN algorithm was com-
pared with some other sequential learning algorithms of RBFNNs, such
as resource allocation network (RAN) [12] and resource allocation of
network via extended Kalman filter (RANEKF) [5], and so on. The re-
sults in [18] show that MRAN has better performance in terms of gen-
eralization, network size, and training speed, whenever the input data
are uniformly or not uniformly distributed. Let

f(x) =
max 1� x=2; sin(x4=50) ; if 0 � x � 2

sin(x4=50); if 2 < x � 10
: (4.1)

Fig. 1(a) is the graph of f(x). We will approximate f(x) by RBFNNs
and WBFNNs, respectively, while the training data are generated under
uniform distribution or Gaussian distribution N(4; 1:252).

In each case, 10 000 training pairs (xi; yi) (i = 1; . . . ; 10 000) are
taken from the rangeX = [0; 10] under according probability distribu-
tion. For testing the resulting neural networks, we use 1000 data which
is uniformly distributed in the same range x 2 [0; 10]. The wavelet

Fig. 1. f(x) and f̂(x). (a) f(x). (b) RBF and uniform distribution. (c) WBF
and uniform distribution. (d) RBF and Gaussian distribution. (e) WBF and
Gaussian distribution.

adopted is Haar wavelet, which is the wavelet with the smallest sup-
port among Daubechies’ wavelets. For Haar wavelet, the parameter
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Fig. 2. Comparison of mean square errors. (a) Training data with uniform dis-
tribution. (b) Training data with Gaussian distribution.

Ks = 2. Hence, both the structure of WBFNNs and the calculation
of algorithm SLWBF are very simple in this case.

Fig. 1(b)–(e) shows the resulting approximation f̂(x) after pre-
senting 10 000 training pairs. Fig. 1(b) is the approximation by RBFNN
and the training sequence obeys uniform distribution. Fig. 1(c) is the
approximation by WBFNN and the training sequence also obeys
uniform distribution. In Fig. 1(d) and (e), the training data sequences
obey Gaussian distribution N(4; 1:252) and the network is an RBFNN
in Fig. 1(d) and a WBFNN in Fig. 1(e). These results show that
WBFNNs give better approximation than RBFNNs.

Fig. 2 gives the comparison of approximation mean square error
10

0
(f(x)� f̂(x))2dx=10. In Fig. 2(a), the training data obey uniform

distribution, and in Fig. 2(b), the training data obey Gaussian distri-
bution. In both cases of uniform distributed and Gaussian distributed
samples, WBFNNs perform better approximation and converge faster.

Fig. 3 is the comparison of training time for RBFNNs and WBFNNs.
We can see that the training time of SLWBF algorithm is linear and the
time of MRAN algorithm looks like a square function. This is because,
in the MRAN algorithm, extended Kalman filter is applied to justify
the parameters of neurons, whose training time is proportional to the
square of the number of neurons, while in the SLWBF algorithm, the
time to learn from a single training data is fixed.

Fig. 4 is the comparison of the number of neurons. At the begin-
ning, RBFNNs have less neurons than WBFNNs. However, in the end,
RBFNNs have more neurons. We can see that at the beginning of the
training SLWBF algorithm requires more neurons while it gives higher
accuracy in the approximation and faster converge speed. In the end,
RBFNNs require more neurons but still provide less accuracy in the
approximation.

Fig. 3. Comparison of training time. (a) Training data have uniform distribu-
tion. (b) Training data have Gaussian distribution.

According to the performance comparison results, WBFNNs have
better approximation accuracy. When the training data obey uniform
distribution, although WBFNNs and RBFNNs give similar approx-
imation errors after all 10 000 training samples have been applied,
WBFNNs converge faster. When the training data obey normal distri-
bution, WBFNNs give smaller errors. Hence, we know that WBFNNs
have better generalization than RBFNNs. In both cases, WBFNNs can
give better approximation of functions from fewer training data pairs.
The time to train a WBFNN is proportional to the number of training
data pairs. However, the time for training an RBFNN is nonlinear and
will grow faster when the number of training data grows. For the size
of the network, RBFNNs have fewer neurons at the beginning and, in
the end, RBFNNs have more neurons than WBFNNs.

V. CONCLUSION

In this letter, a new kind of neural networks, WBFNNs, is defined. A
sequential learning algorithm called SLWBF algorithm is presented for
WBFNNs. WBFNNs are a development of both RBFNNs and WNNs.
Both the scaling function and wavelet function of an MRA are applied
to construct a WBFNN. Since wavelets have the ability to approximate
functions in multiresolution, WBFNNs can give better approximation
of functions with better generalization.

Performance of the algorithm SLWBF has been compared with the al-
gorithm MRAN. The training sequences coming from both uniform and
Gaussian distributions are used for numerical experiments. The results
indicate that WBFNNs give more accurate approximation, faster con-
verge, and less training time, while they require smaller size of networks.
Furthermore, SLWBF gives better generalization performance, espe-
cially when the input data are not uniformly distributed.
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Fig. 4. Comparison of numbers of neurons. (a) Training data have uniform
distribution. (b) Training data have Gaussian distribution.
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An Improved Algebraic Criterion for Global Exponential
Stability of Recurrent Neural Networks

With Time-Varying Delays

Yi Shen and Jun Wang

Abstract—This brief paper presents an -matrix-based algebraic cri-
terion for the global exponential stability of a class of recurrent neural net-
works with decreasing time-varying delays. The criterion improves some
previous criteria based on -matrix and is easy to be verified with the
connection weights of the recurrent neural networks with decreasing time-
varying delays. In addition, the rate of exponential convergence can be es-
timated via a simple computation based on the criterion herein.

Index Terms—Global exponential stability, -matrix, recurrent neural
networks, time-varying delays.

I. INTRODUCTION

The stability of recurrent neural networks is necessary for most suc-
cessful neural network applications. Since the resurgence of neural net-
work research in 1980s, numerous studies on the stability analysis of
various neural networks have been reported [1]–[4].
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