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Abstract

This paper studies the global output convergence of a class of recurrent neural networks with globally Lipschitz continuous and monotone

nondecreasing activation functions and locally Lipschitz continuous time-varying inputs. We establish two sufficient conditions for global

output convergence of this class of neural networks. Symmetry in the connection weight matrix is not required in the present results which

extend the existing ones.
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1. Introduction

In this paper, we consider a class of continuous-time

recurrent neural networks (RNNs) defined by the following

model

dxiðtÞ

dt
Z
Xn

jZ1

wijgjðxjðtÞÞCuiðtÞ; xið0Þ Z xi0; i Z 1; 2;.; n;

or equivalently in matrix format given by

dx

dt
Z WgðxðtÞÞCuðtÞ; xð0Þ Z x0; (1)

where xZ[x1,x2,.,xn]T2Rn is the state vector, WZ
[wij]2Rn!n is a constant connection weight matrix, u(t)Z
[u1(t),u2(t),.,un(t)]T2Rn is a nonconstant locally Lipschitz

continuous input vector function defined on [0,CN) which

is called the time-varying input, g(x)Z[g1(x1),g2(x2),.,

gn(xn)]T is a nonlinear vector-valued activation function

from Rn to Rn and g(x) is called the output of the network
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(1). The RNN model (1) with constant inputs has important

applications to content-addressable memory (CAM) pro-

blem (Grossberg, 1988). Recently, the RNN model (1) has

been applied to solving various optimization problems such

as linear programming problem (Wang, 1993, 1994),

shortest path problem (Wang, 1996), sorting problem

(Wang, 1995), and assignment problem (Wang, 1992,

1997).

In this paper we focus on the RNN model (1) with time-

varying inputs. In the application of neural networks to

CAM and optimization problems, state and/or output

convergence of the network is a basic requirement. There

are several reasons to consider state and output convergence

of the RNNs with time-varying inputs. First, as mentioned in

Hirsch (1989), time-varying inputs u(t) can drive quickly

x(t) to some desired region of the activation space. Second,

in some RNNs for optimization, it is required for their inputs

to vary over time to ensure the feasibility and optimality of

solutions, as elaborated in (Wang, 1992, 1993, 1994, 1995,

1996, 1997). The convergence of these RNNs needs an in-

depth investigation. Third, as the inputs are also adaptive

parameters, the convergence issue arises for online learning

of RNNs. Fourth, the inputs can be considered as external

inputs. The presence of time-varying external inputs also

entails the study of convergence of RNNs. Fifth, in a

cascade neural network which was studied in Hirsch (1989),
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its inputs are the outputs of the previous layers. In summary,

it is necessary and desirable to further investigate the

convergence of the RNN model (1).

In general, it is very difficult to analyze the state

convergence or stability of the RNN model (1) with time-

varying inputs. Note that converged output vectors of the

networks provide solutions to optimization problems

(Wang, 1992, 1993, 1994, 1995, 1996, 1997). Therefore,

output convergence analysis of the RNN model (1) is an

important task. Due to the time-varying input u(t) and the

lack of a linear term, the RNN model (1) is different from

the well-known Hopfield neural networks which have been

used in some optimization problems (Forti & Tesi, 1995;

Hopfield, 1982, 1984). Recently, global asymptotic stability

and global exponential stability of the Hopfield neural

networks have received attention (Forti & Tesi, 1995; Liang

& Si, 2001; Liang & Wu, 1999; Zhang, Heng, & Fu, 1999).

For the Hopfield neural networks with sigmoidal activation

functions, the quasi-diagonally row-sum and column-sum

dominant conditions for absolute stability were obtained

(Liang & Wu, 1998), and for these networks with globally

Lipschitz continuous and monotone nondecreasing acti-

vation functions, Lyapunov diagonal stability results (Forti

& Tesi, 1995; Liang & Si, 2001; Zhang et al., 1999) extends

many existing results shown in Liang and Si (2001) and

Liang and Wu (1999).

The remainder of this paper is organized as follows. In

Section 2, some preliminaries on recurrent neural networks

are presented. In Section 3, global output convergence

results are established. In Section 4, illustrative examples

are given. Finally, in Section 5, concluding remarks are

presented.
2. Assumptions and preliminaries

We assume that the function g($) in (1) belongs to the

class of globally Lipschitz continuous and monotone

nondecreasing activation functions; that is, for gi($), there

exist �[iO0 and
�
[

i
R0 such that

0%
�
[

i
%

giðqÞKgiðrÞ

q Kr
% �[i; cq; r2R and qsr;

i Z 1; 2;.; n:

(2)

It should be noted that such activation functions may not

be bounded. There are many frequently used activation

functions that satisfy this condition, for example, 1/(1CeKq),

(2/p)arctan(q), max (0,q) and (jqC1jKjqK1j)/2, where

q2R. We assume that the time-varying input ui(t) satisfy the

following conditions

lim
t/CN

uiðtÞ Z ui; (3)

where ui are some constants, iZ1,2,.,n, i.e. we assume that

limt/CN uðtÞZu.
We will use DC in this paper to denote the upper right

Dini derivative. For any continuous function f: R/R, the

upper right Dini derivative of f(t) is defined as

DCf ðtÞ Z lim
h/0C

sup
f ðt ChÞK f ðtÞ

h
:

Lemma 1. (Lemma 1 in Zhang et al., 1999). Let g($) be a

globally Lipschitz continuous and monotone nondecreasing

activation function. Thenðu

v
½giðsÞKgiðvÞ�dsR

1

2 �[i

½giðuÞKgiðvÞ�
2; cv; u2R

and i Z 1; 2;.; n:

The RNN model (1) is said to be globally output

convergent if, given any x02Rn, there exists a constant

vector x�Z ðx�1 ; x
�
2 ;.; x�n Þ

T such that

lim
t/CN

giðxiðt; x0ÞÞ Z giðx
�
i Þ; i Z 1; 2;.; n:

An n!n matrix A is said to be Lyapunov diagonally

stable if there exists a diagonal matrix PZdiag(p1,p2,.,pn)

with piO0 such that PACATP!0.

In the sequel, lmin(A) [lmax(A)] denotes the minimum

[maximum] eigenvalue of A. k$k is the norm of a vector or a

matrix. kxkZ
ffiffiffiffiffiffiffi
xT x

p
for a vector x and kAkZ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lmaxðA

T AÞ
p

for a matrix A. Let PZdiag(p1,p2,.,pn) and pmaxZ
max{p1,p2,.,pn}.
3. Output convergence analysis

We require Lemma 2 in order to establish our

convergence analysis results

Lemma 2. (Lemma 3 in Liu et al., 2004). If (3) is satisfied

and there exists a constant vector x*2Rn such that

Wg(x*)CuZ0, then, given any x02Rn, the RNN model (1)

has a unique solution x (t; x0) defined on [0,CN).

Remark 1. According to Lemma 2, given any x02Rn, the

RNN model (1) has a unique state solution x (t; x0) defined

on [0,CN) if (3) is satisfied and if there exists a constant

vector x*2Rn such that Wg(x*)CuZ0. Let ~uðtÞZuðtÞKu

and zZ(z1,z2,.,zn)TZxKx*. Then the RNN model (1) can

be transformed to the following equivalent system

dz

dt
¼ WFðzðtÞÞ þ ~uðtÞ; zð0Þ ¼ z0 ¼ x0 Kx� (4)

where F(z)Z(f1(z1),.,fn(zn))TZg(zCx*)Kg(x*) is a glob-

ally Lipschitz continuous and monotone nondecreasing

activation function and F(0)Z0.

Theorem 1. Suppose that limt/CN uiðtÞZui, iZ1,2,.,n,

and there exists a vector x�Z ðx�1 ; x
�
2 ;.; x�n Þ

T 2Rn such

that Wg(x*)CuZ0. If there exist piO0 (iZ1,2,.,n) such
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that one of the following three conditions holds,

piwii C
Xn

jZ1;jsi

jwijjpj!0; i Z 1; 2;.; n; (5)

�
[

j
O0 and pjwjj C

Xn

iZ1;isj

pijwijj!0; j Z 1; 2;.; n; (6)

�
[

i
O0 and piwii �

[
i
C
Xn

jZ1;jsi

1

2
ðpi

�[jjwijjCpj
�[ijwjijÞ!0;

i Z 1; 2;.; n; ð7Þ

then, the output vector of the RNN model (1) is globally

convergent; that is, given any x02Rn,

lim
t/CN

giðxiðt; x0ÞÞ Z giðx
�
i Þ; i Z 1; 2;.; n:

Proof. See Appendix A.

,

Remark 2. The matrix W in (5) and (6) is said to satisfy the

so-called row dominance condition and column dominance

condition, respectively (Michel & Miller, 1977).

Remark 3. Global output convergence indicates only a

unique output vector after convergence. It does not

necessarily imply a unique state vector after state conver-

gence. As shown in Case 2 and Case 3 of the proof of

Theorem 1, the global output convergence results given in

conditions (6) and (7) of Theorem 1 can also guarantee global

state convergence because
�
[

i
O0 implies that g($) is a strictly

monotone increasing activation function. Thus, under the

conditions of (6) or (7), the state vector of the RNN (1) will

converge to a unique vector starting from any initial state.

Theorem 2. Suppose that W is Lyapunov diagonally stable

(i.e., there exists a diagonal matrix PZdiag(p1,.,pn) with

piO0 such that WTPCPW!0) andðCN

0
juiðtÞKuijdt!CN; i Z 1; 2;.; n:

If there exists a vector x�Z ðx�1 ; x
�
2 ;.; x�n Þ

T 2Rn such

that Wg(x*)CuZ0, then, the output vector of the RNN

model (1) is globally convergent; that is, given any x02Rn,

lim
t/CN

giðxiðt; x0ÞÞ Z giðx
�
i Þ; i Z 1; 2;.; n:

Proof. Based on the conditions in Theorem 2 and Remark 1,

we only need to consider system (4). We first prove that

kF(z(t))k is bounded for [0,CN). Since W is Lyapunov

diagonally stable, there exists a diagonal matrix PZ
diag(p1,p2,.,pn) with piO0 such that WTPCPW!0.

Consider a function

EðtÞ ¼
Xn

i¼1

pi

ðziðtÞ

0
fiðsÞdsO¼ 0: (8)
The time derivative of E(t) along the trajectory z(t) of

system (4) gives

dEðtÞ

dt
Z FðzÞT PðWFðzÞC ~uðtÞÞ

Z FðzÞT ½PW�SFðzÞCFðzÞT P ~uðtÞ

%lmaxð½PW�SÞkFðzÞjj2

CpmaxkFðzÞk k ~uðtÞk; c t 2½0;CNÞ; (9)

where [PA]SZ(PACATP)/2. On the other hand, in terms of

(8) and Lemma 1, ctZ[0,CN), we have

EðtÞ Z
Xn

iZ1

pi

ðziðtÞ

0
fiðsÞdsR

Xn

iZ1

pi

2 �[i

f 2
i ðziðtÞÞRx

Xn

iZ1

f 2
i ðziðtÞÞ

Z xkFðzðtÞÞjj2; ð10Þ

that is, kFðzðtÞÞk%
ffiffiffiffiffiffiffiffiffiffiffiffi
EðtÞ=x

p
where xZmin1%i%nfpi=ð2 �[iÞg.

Then, from (9) and [PW]s ! 0 we get

dEðtÞ

dt
%pmaxkFðzÞk k ~uðtÞk%pmax

ffiffiffiffiffiffiffiffiffiffiffiffi
EðtÞ=x

p
k ~uðtÞk;

that is,

dEðtÞffiffiffiffiffiffiffiffi
EðtÞ

p %
pmaxffiffiffi

x
p k ~uðtÞkdt:

Taking integral on both sides yields

2ð
ffiffiffiffiffiffiffiffi
EðtÞ

p
K

ffiffiffiffiffiffiffiffiffi
Eð0Þ

p
Þ%

pmaxffiffiffi
x

p

ðt

0
jj ~uðsÞjjds

%
pmaxffiffiffi

x
p

ðCN

0
jj ~uðsÞjjds;

that is

EðtÞ%
ffiffiffiffiffiffiffiffiffi
Eð0Þ

p
C

pmax

2
ffiffiffi
x

p

ðCN

0
k ~uðsÞkds

� �2

which is bounded. As a result, kF(z(t))k is bounded for

t2[0, CN) based on (10). Let

kFðzðtÞÞk%M; c t 2½0;CNÞ; (11)

where M is a positive number. Then from (9), we have

ct2[0,CN),

dEðtÞ

dt
%lmaxð½PW�SÞkFðzÞjj2 CpmaxkFðzÞk k ~uðtÞk

%lmaxð½PW�SÞkFðzÞjj2 CpmaxMk ~uðtÞk: (12)

Now define another differentiable function

fðtÞ Z ½EðtÞC1�exp KpmaxM

ðt

0
k ~uðtÞkdt

� �
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for all tR0. One can see that

fðtÞRexp KpmaxM

ðt

0
k ~uðtÞkdt

� �
O0

for all tR0. Then, using (9), we derive ct2[0,CN)

dfðtÞ

dt
ZKpmaxMjj ~uðtÞjjfðtÞ

C
dEðtÞ

dt
exp KpmaxM

ðt

0
jj ~uðtÞjjdt

� �

% KpmaxMjj ~uðtÞjjC
dEðtÞ

dt

� �

!exp KpmaxM

ðt

0
jj ~uðtÞjjdt

� �

% KpmaxMjj ~uðtÞjjClmaxð½PW�SÞjjFðzÞjj2
	

CpmaxMjj ~uðtÞjj


exp KpmaxM

ðt

0
jj ~uðtÞjjdt

� �

Zlmaxð½PW�SÞjjFðzÞjj2exp KpmaxM

ðt

0
k ~uðtÞkdt

� �

%lmaxð½PW�SÞjjFðzÞjj2exp KpmaxM

ðCN

0
k ~uðtÞkdt

� �

bKM1jjFðzÞjj
2 ð13Þ

where

M1 ZKlmaxð½PW�SÞexp KpmaxM

ðCN

0
k ~uðtÞkdt

� �
O0:

Next, we will show that kF(z(t))k2/0 as t/CN.

Suppose this is not true, then for some 3O0 there exists a

divergent sequence {tk} for which kF(z(tk))k
2R23. Note

that

DCkFðzðtÞÞjj2%2
Xn

iZ1

fiðziÞ$DCfiðziÞ$_ziðtÞ: (14)

On one hand, fi(zi) is bounded by (11) and consequently

_ziðtÞ is bounded by Eq. (4). On the other hand, F(z) is a

globally Lipschitz continuous and monotone nondecreasing

activation function and consequently DCfi($) is bounded by

(2). Thus, the right hand side of (14) is bounded and there

exists a constant aO0 such that

jDCkFðzðtÞÞjj2j%a:

Thus, on the interval

tk%t%tk C
3

a
; ðk Z1;2;.Þ

we have

jjFðzðtÞÞjj2RjjFðzðtkÞÞjj
2 KajtKtkjR 23K3 ¼ 3:
The above intervals can be assumed to be disjoint by

taking, if necessary, a subsequence of tk. Then, it follows

from (13) that

f tk C
3

a

� �
KfðtkÞ%KM132=a; k Z1;2;.: (15)

Since df(t)/dt%0 for all tR0 and the intervals [tk,tkC
3/a] (kZ1,2,.) are disjoint with each other, then

fðtkÞ%f tkK1 C
3

a

� �
; k Z1;2;.: (16)

From (15) and (16) it follows that

f tk C
3

a

� �
Kfðt1Þ%KM1

32

a
$k/KN

as k/CN, which contradicts to f(t)O0. This proves

that F(z(t))/0 as t/CN. That is, limt/CN giðxiðt;x0ÞÞ

Z giðx
�
i Þ, iZ1,2,.,n. ,

Remark 4. The RNN model (1) with constant inputs is a

special case of the general CAM network (Grossberg,

1988). In this case, the state stability follows easily by

noting (9), (A1), (A4) and (A6) in the proofs of Theorems 1

and 2 and the time-varying input ~uðtÞh0. The symmetry

condition (Grossberg, 1988) is required to guarantee that

every state trajectory approaches one of the equilibrium

points where the activation function of the network satisfies

g 0
i($)R0. Theorem 7 in Hirsch (1989) is a state stability

result by assuming that W is in lower (or upper) block

triangular form and its diagonal blocks are symmetric where

the activation function of the network satisfies g 0
i($)R0.

However, W in our Theorems 1 and 2 may not be symmetric

and the activation function may not be differentiable.

Remark 5. On one hand, the time-varying input in the form

of uiðtÞZai eKbi t used in Wang (1992, 1993, 1994, 1995,

1996, 1997) is a special case of ui(t) in our Theorems 1 and 2

where ai, bi are two design parameters and biO0. On the

other hand, one can easily check that the connection weight

matrix W of the networks in Wang (1992, 1993, 1994, 1995,

1996, 1997) satisfy W C WT!0 if W are nonsingular.

Hence, the results of Wang (1992, 1993, 1994, 1995, 1996,

1997) are special cases of the present Theorem 2 if the

connection weight matrices are nonsingular.
4. Illustrative examples

Example 1. Consider the RNN model (1) where

W Z
K10 90

1 K20

" #
; uðtÞ Z

1 C
0:001

t C1

1 C
0:001

t C1

2
64

3
75;

and giðxiÞZ ðjxiC1jK jxiK1jÞ=2, iZ1,2. Letting p1Z1

and p2Z0.1, we can check that W satisfies condition (5). On

the other hand, one can see that there exists a vector x�Z
ðx�1 ; x

�
2 Þ

T 2R2 such that Wg(x*)CuZ0 where uZ(1,1)T.

Based on Theorem 1 this network is globally output



Fig. 1. Global output convergence of the network in Example 1.
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convergent. Fig. 1 shows that outputs (g1(x1),g2(x2))T of this

network are globally convergent to the unique point ðg1ðx
�
1 Þ;

g2ðx
�
2 ÞÞ

T Z ð1; 0:1ÞT from four random initial points x0Z
(x10, x20)T in the state space. Fig. 1 also shows that the steady

states (x1, x2)T of the RNN are not unique but the steady

output vector (g1(x1), g2(x2))T is unique. SinceðCN

0
juiðtÞKuijdt Z

ðCN

0

0:001

t C1
dt ZCN; i Z 1; 2;

Theorem 2 cannot be employed to guarantee the global

output convergence of this network.

Example 2. Consider the RNN model (1) where

W Z
K1 3

K1 K1

" #
; uðtÞ Z

1 C
0:001

t2 C1

2 C
0:001

t2 C1

2
64

3
75;

and gi(xi)Zmax{0,xi}, iZ1,2. Letting PZdiag(1,3), we can

check that W is Lyapunov diagonally stable andðCN

0
juiðtÞKuijdt Z

ðCN

0

0:001

t2 C1
dt!CN; i Z 1; 2:

On the other hand, one can see that there exists a vector

x�Z ðx�1 ; x
�
2 Þ

T 2R2 such that Wg(x*) C uZ0 where uZ
(1,2)T. Based on Theorem 2 this network is globally output

convergent. However, noting that W does not satisfy

condition (5) and
�
[

i
Z0, iZ1,2, one can see that Theorem

1 cannot be employed to guarantee the global output

convergence of this network.
5. Conclusions

In this paper, we have established global output conver-

gence for a class of continuous-time recurrent neural networks

with globally Lipschitz continuous and monotone nonde-

creasing activation functions and locally Lipschitz continuous

time-varying inputs. Two sufficient conditions to guarantee

global output convergence of this class of neural networks

have been derived. Our results do not require symmetric

connection weight matrix and our results extend existing

results.
Appendix A. Proof of Theorem 1

Based on the conditions in Theorem 1 and Remark 1, we

only need to consider system (4)

Case 1. Condition (5) is satisfied. Let kZk(t) be the index

such that jpK1
k fkðzkðtÞÞjZmax1%i%n jp

K1
i fiðziðtÞÞj. Then, from

(4) it follows that ctR0,

DCjzkðtÞj%wkkjfkðzkðtÞÞjC
Xn

jZ1;jsk

jwkjj jfjðzjðtÞÞjC j ~ukðtÞj

Z pkwkkjp
K1
k fkðzkðtÞÞjC

Xn

jZ1;jsk

pjjwkjj jp
K1
j fjðzjðtÞÞj

C j ~ukðtÞj% pkwkk C
Xn

jZ1;jsk

jwkjjpj

 !
jpK1

k fkðzkðtÞÞj

C j ~ukðtÞj; (A1)
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DCjfkðtÞj%DCgkðxkÞ pkwkk C
Xn

jZ1;jsk

jwkjjpj

 !"

!jpK1
k fkðzkðtÞÞjC j ~ukðtÞj

#
: (A2)

Let ai ZK piwii C
Xn

jZ1;jsi

jwijjpj

" #
; i Z 1; 2;.; n: (A3)

Then, from (5) one can see that aiO0, iZ1,2,.,n. Since

j ~uiðtÞj/0 as t/CN, iZ1,2,.,n, there exists t1O0 such

that j ~uiðtÞj!min1%j%nðajÞ, ctRt1, iZ1,2,.,n.

We first prove that jfk(zk(t))j is bounded on [0,CN).

Otherwise, assume that jfk(zk(t))j is unbounded, then there

must exist t3Ot2Ot1O0 such that jfk(zk(t3))jOjfk(zk(t2))jO
pmax. Based on jfk(zk(t3))jOjfk(zk(t2))j, there must exist

t42[t2,t3] such that jfk(zk(t4))jRjfk(zk(t2))j and DCjfk(t4)jO
0. Then, from (A2) and DCgk(xk)R0 we have

DCjfkðt4Þj

%DCgkðxkÞ pkwkk C
Xn

jZ1;jsk

jwkjjpj

 !
jpK1

k fkðzkðt4ÞÞjCj ~ukðt4Þj

" #

%DCgkðxkÞ pkwkk C
Xn

jZ1;jsk

jwkjjpj

 !
jpK1

k fkðzkðt2ÞÞjCj ~ukðt4Þj

" #

%DCgkðxkÞ pkwkk C
Xn

jZ1;jsk

jwkjjpj

 !
pK1

k pmaxCj~ukðt4Þj

" #

%DCgkðxkÞ pkwkk C
Xn

jZ1;jsk

jwkjjpj

 !
Cj~ukðt4Þj

" #

%DCgkðxkÞ pkwkk C
Xn

jZ1;jsk

jwkjjpj

 !
C min

1%j%n
ðajÞ

" #
%0

which contradicts DCjfk(t4)jO0. Therefore, jfk(zk(t))j is

bounded on [0,CN).

Suppose that limt/CN supjfkðtÞjZdk. Obviously,

0%dk!CN. Next, we will show that dkZ0.

Assume that dkO0. Due to j ~uiðtÞj/0 as t/CN,

iZ1,2,.,n, there must exist a t̂1O0 such that ctR t̂1

j ~uiðtÞj%
aidk

4pmax

; i Z 1; 2;.; n;

where ai is defined in (A3). We choose a constant 3 such that

0!3%dk/2. We will prove that there exists a t̂2O t̂1 such

that ctR t̂2,

DCjfkðtÞj%0:

If this is not true, there must exist a t̂3O t̂1 such that

jfkðt̂3ÞjRdk K3 and DCjfkðt̂3ÞjO0:
In this case, from (A2) and DCgk(xk)R0, it follows that

DCjfkðt̂3Þj%DCgkðxkÞ½Kakjp
K1
k fkðzkðt̂3ÞÞjC j ~ukðt̂3Þj�

%DCgkðxkÞ KakpK1
k ðdk K3ÞC

akdkpK1
max

4

� �

%DCgkðxkÞ KakpK1
max dk K

dk

2

� �
C

akdkpK1
max

4

� �

ZK
akdkpK1

max

4
$DCgkðxkÞ%0

which contradicts DCjfkðt̂3ÞjO0. This shows that there

exists a t̂2O t̂1 such that DCjfk(t)j%0, ctR t̂2. Hence,

lim
t/CN

jfkðzkðtÞÞj Z lim
t/CN

supjfkðzkðtÞÞj Z dk:

Then, one can see that there exists a t̂4O t̂2 such that

ctR t̂4,

jfkðzkðtÞÞjOdk K3:

From (A1), we obtain ctR t̂4,

DCjzkðtÞj%Kakjp
K1
k fkðzkðtÞÞjC j ~ukðtÞj%KakpK1

k ðdk K3Þ

C
akdkpK1

max

4
%K

akdkpK1
max

4
!0:

As a result,

jzkðtÞj% jzkðt̂4ÞjK
akdkpK1

max

4
ðt K t̂4Þ/KN

as t/CN. This contradicts jzk(t)jR0. Thus, based on the

above analysis, we have shown that dkZ0 and

lim
t/CN

jfkðzkðtÞÞj Z lim
t/CN

supjfkðzkðtÞÞj Z 0:

Note that jpK1
i fiðziðtÞÞj% jpK1

k fkðzkðtÞÞj, iZ1,2,.,n, one

can see that

lim
t/CN

jfiðziðtÞÞj% lim
t/CN

pijp
K1
k fkðzkðtÞÞj Z 0; i Z 1; 2;.; n:

This shows limt/CN jfiðziðtÞÞjZ0, or limt/CN giðxiðt;

x0ÞÞZgiðx
�
i Þ, iZ1,2,.,n, which indicates that the output

vector of the RNN model (1) is globally convergent.

Case 2. Condition (6) is satisfied. Define a function VðzÞZPn
iZ1 pijzij and let

bj bK wjj C
Xn

iZ1;isj

jwijjpi=pj

 !
�
[

j
; j Z 1; 2;.; n:

Then, from (6) we have bjO0, jZ1,2,.,n. Computing

the time derivative of V(z) along the positive half trajectory
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of (4) yields

DCVðzðtÞÞ

Z
Xn

iZ1

piD
CjziðtÞj%

Xn

iZ1

piwiijfiðziðtÞÞj

C
Xn

iZ1

Xn

jZ1
jsi

piwijjfjðzjðtÞÞjC
Xn

iZ1

pij ~uiðtÞj

Z
Xn

jZ1

pjwjjjfjðzjðtÞÞjC
Xn

jZ1

Xn

iZ1
isj

pijwijj jfjðzjðtÞÞjC
Xn

iZ1

pij ~uiðtÞj

Z
Xn

jZ1

pjwjj C
Xn

iZ1;isj

pijwijj

 !
jfjðzjðtÞÞjC

Xn

iZ1

pij ~uiðtÞj

%
Xn

jZ1

pjwjj C
Xn

iZ1;isj

pijwijj

 !
�
[

j
jzjðtÞjC

Xn

iZ1

pij ~uiðtÞj

Z
Xn

jZ1

wjj C
Xn

iZ1;isj

jwijjpi=pj

 !
�
[

j
pjjzjðtÞjC

Xn

iZ1

pij ~uiðtÞj

ZK
Xn

jZ1

bjpjjzjðtÞjC
Xn

iZ1

pij ~uiðtÞj

%K min
1%j%n

ðbjÞ
Xn

jZ1

pjjzjðtÞjC
Xn

iZ1

pij ~uiðtÞj

ZK min
1%j%n

ðbjÞVðzðtÞÞC
Xn

iZ1

pij ~uðtÞj: (A4)

Since j ~uiðtÞj/0 as t/CN, iZ1,2,.,n, there exists

t1O0 such that

Xn

iZ1

pij ~uiðtÞj! min
1%j%n

ðbjÞ; ctRt1:

We first prove that V(z(t)) is bounded on [0,CN).

Otherwise, assume that V(z(t)) is unbounded on [0,CN).

Then, there must exist t3Ot2Ot1O0 such that V(z(t3))O
V(z(t2))O1. Based on V(z(t3))OV(z(t2)), there must exist

t42[t2,t3] such that V(z(t4))RV(z(t2))O1 and DCV(z(t4))O
0. In this case, from (A4) it follows that

DCVðzðt4ÞÞ%K min
1%j%n

ðbjÞVðzðt4ÞÞC
Xn

iZ1

pij ~uiðt4Þj

!K min
1%j%n

ðbjÞC
Xn

iZ1

pij ~uiðt4Þj!0

which contradicts DCV(z(t4))O0. Hence, V(z(t)) is bounded

on [0,CN).

Suppose that

lim
t/CN

supVðzðtÞÞ Z d:

Obviously, 0%d!CN. Next, we will show that dZ0.

Otherwise, assume that dO0. Due to j ~uiðtÞj/0 as t/CN,
iZ1,2,.,n, there must exist a t̂1 O0 such that ctR t̂1,

Xn

iZ1

pij ~uiðtÞj%
d min1%j%nðbjÞ

4
:

We choose a constant 3 such that 0!3%d/2. We will

prove that there exists a t̂2O t̂1 such that ctR t̂2,

DCVðzðtÞÞ%0:

If this is not true, there must exist a t̂3O t̂1 such that

Vðzðt̂3ÞÞRd K3 and DCVðzðt̂3ÞÞO0:

In this case, from (A4), it follows that

DCVðzðt̂3ÞÞ%K min
1%j%n

ðbjÞVðzðt̂3ÞÞC
Xn

iZ1

pij ~uiðt̂3Þj

%K min
1%j%n

ðbjÞðd K3ÞC
Xn

iZ1

pij ~uiðt̂3Þj

%K min
1%j%n

ðbjÞðd Kd=2ÞC
Xn

iZ1

pij ~uiðt̂3Þj

ZK
d min1%j%nðbjÞ

2
C
Xn

iZ1

pij ~uiðt̂3Þj

%K
d min1%j%nðbjÞ

4
!0;

which contradicts DCVðzðt̂3ÞÞO0. This shows that there

exists a t̂2O t̂1 such that ctR t̂2, DCV(z(t))%0. Hence,

lim
t/CN

VðzðtÞÞ Z lim
t/CN

supVðzðtÞÞ Z d:

Then, one can see that there exists a t̂4 O t̂2 such that

ctR t̂4,

VðzðtÞÞRd K3:

From (A4) we obtain ctR t̂4,

DCVðzðtÞÞ%K min
1%j%n

ðbjÞVðzðtÞÞC
Xn

iZ1

pij ~uiðtÞj

%K min
1%j%n

ðbjÞðd K3ÞC
Xn

iZ1

pij ~uiðtÞj

%K min
1%j%n

ðbjÞðd Kd=2ÞCd min
1%j%n

ðbjÞ=4

ZKd min
1%j%n

ðbjÞ=4!0:

As a result,

VðzðtÞÞ%Vðzðt̂4ÞÞK
d min1%j%nðbjÞ

4
ðt K t̂4Þ/KN

as t/CN. This contradicts V(z(t))R0. Thus, based on

the above analysis, we have shown that dZ0 and

limt/CN VðzðtÞÞZ limt/CN supVðzðtÞÞZ0. From limt/CN V

ðzðtÞÞZ limt/CN

Pn
iZ1 pijziðtÞjZ0 it follows that

limt/CN zðtÞZ0. Therefore, limt/CN FðzðtÞÞZ0; that is,

limt/CN giðxiðt; x0ÞÞZgiðx
�
i Þ, iZ1,2,.,n.
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Case 3. Condition (7) is satisfied. Let the function V(z)Z
(1/2)zTPz, where PZdiag(p1,.,pn). Computing the time

derivative of V(z) along the positive half trajectory of (4)

yields

dVðzÞ

dt
Z
Xn

iZ1

pizi

Xn

jZ1

wijfjðzjÞC ~uiðtÞ

 !

Z
Xn

iZ1

piwiizifiðziÞC
Xn

iZ1

Xn

jZ1
jsi

piwijzifjðzjÞC
Xn

iZ1

pizi ~uiðtÞ

%
Xn

iZ1

pi �
[

i
wiiz

2
i C
Xn

iZ1

Xn

jZ1
jsi

pi
�[jjwijj jzij jzjj

C
Xn

iZ1

pijzij j ~uiðtÞj

Z
1

2
jzT jðPACAT PÞjzjC

Xn

iZ1

pijzij j ~uiðtÞj (A5)

where AZ(aij)n!n, aii Z �
[

i
wii, iZ1,2,.,n, aij Z �[jjwijj,

isj, and jzjZ(jz1j,jz2j,.,jznj)
T. By condition (7), we see

that PACATP is negative definite. We choose a constant

x such that

0!x%
lminðKPA KAT PÞ

4pmax

:

Then, from V(z)Z(1/2)zTPz and (A5), it follows that

dVðzðtÞÞ

dt
%KlminðKPA KAT PÞ

1

2
zT z Cpmax

Xn

iZ1

jzij j ~uiðtÞj

%KlminðKPA KAT PÞ
1

2
zT z

Cpmax

Xn

iZ1

xz2
i C

~u2
i ðtÞ

4x

� �

Z ½KlminðKPA KAT PÞC2pmaxx�
1

2
zT z

C
pmax

4x
k ~uðtÞjj2

%K
lminðKPA KAT PÞ

2

1

2
zT z C

pmax

4x
k ~uðtÞjj2

%K
lminðKPA KAT PÞ

2pmax

VðzðtÞÞC
pmax

4x
k ~uðtÞjj2:

(A6)

Comparing (A6) with (A4), similar to Case 2, we can

prove that V(z(t)) is bounded on [0,CN) and

lim
t/CN

VðzðtÞÞ Z lim
t/CN

supVðzðtÞÞ Z 0:
From limt/CN VðzðtÞÞZ limt/CN zT ðtÞPzðtÞ=2Z0 it fol-

lows that limt/CN zðtÞZ0. Therefore, limt/CN FðzðtÞÞZ0;

that is, limt/CN giðxiðt; x0ÞÞZgiðx
�
i Þ, iZ1,2,.,n.
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