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Abstract

In this letter, a constructive solution to the N-bit parity problem is provided with a neural network that allows direct connections between
the input layer and the output layer. The present approach requires no training and adaptation, and thus it warrants the use of the simple
threshold activation function for the output and hidden layer neurons. It is previously shown that this choice of activation function and
network structure leads to several solutions for the 3-bit parity problem obtained using linear programming. One of the solutions for the 3-bit
parity problem is then generalized to obtain a solution for the N-bit parity problem using |[N/2] hidden layer neurons. It is shown that through
the choice of a “staircase” type activation function, the |N/2] hidden layer neurons can be further combined into a single hidden layer neuron.
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1. Introduction

The XOR/parity problem has a long history in the study
of neural networks. The N-bit parity function is a mapping
defined on 2" distinct binary vectors that indicates whether
the sum of the N components of a binary vector is odd or
even.

Stork and Allen (1992) show that the N-bit parity problem
can be solved with a standard feedforward neural network
using just two hidden layer neurons. The activation function
used in both hidden units is

fw =5 (u- =22) 0
aT
where the choice of > 1 ensures that the function is
monotonically increasing. One of the hidden units has a
constant bias of —1 while the other has zero bias. The output
unit is a linear threshold unit with a constant bias of —1/N.
All connection weights are equal to 1 except the weight
from the first hidden unit to the output unit which is —1.
When direct connections between the input layer and the
output layer are introduced, it is shown in Brown (1993),

that the problem can be solved with a structure that requires
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only one hidden layer neuron. The activation function used
in the hidden layer neuron is the continuously differentiable
“step” function

i —Lal ) (2)

f) =lul + sin"(T
where K > 1 and -] stands for rounding towards —oo. The
implementation of the N-bit parity problem using a different
network structure is proposed in Minor (1993). The imple-
mentation leads to a neural network with an outputy = u —
2m, where

[N/2] 1

n= —40(u—%+0.15 €)
= 1 + e~ 40—2+0.15)

u= Zﬁ":l x; and [-] indicates truncation to the nearest inte-
ger. The connection weights from the inputs to # and inputs
to the hidden layer neurons are equal to 1. It is also noted in
Minor (1993) that the node # can be replaced by direct
connections from the input nodes to the output node.

2. Solutions to the parity problem

Based on the structure given in Fig. 1, several solutions
(listed in Table 1) for the 3-bit parity problem are obtained
in Hohil, Liu and Smith (1998) using a linear programming
technique. The activation function used for the output
neuron (¢;) and the hidden neuron (¢,) is assumed to be
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Nomenclature :
L} Round towards — o, e.g. [(N + 0.5)/2}
b e . e
the threshold transfer function given by
o =ew=pw=4 470 @
uw) = o(u) = ¢,(w) = .
Plio = # 0 if u=<0

Solution no. 1 in the table can be generalized to obtain a
general solution to the N-bit parity problem shown in Fig. 2.
The result in Fig. 2 indicates that the N-bit parity problem
can be solved using [N/2] hidden layer units, assuming the
threshold activation function for both the output and the
hidden neurons.

A careful analysis of the role of the hidden layer neurons
in Fig. 2 reveals that they can be further combined into one
hidden layer neuron through the use of the transfer function

u+0.5J

2

where u = Z{il x;. For example, when N =8 or 9, the
required transfer function g is shown in Fig. 3.

We now briefly comment the similarities and differences
between our results and those of Brown (1993), Minor
(1993), and Stork and Allen (1992). In Minor (1993), a
structure that is functionally equivalent to Fig. 2 is used to
solve the N-bit parity problem. The summing node « can be
replaced by direct connections between the input and output
neurons. The solution requires the same number of hidden
layer units depending on the value of N. The main difference
is that Minor (1993) used an activation function of the form
(3), and the present approach uses the simple threshold
function. Note that the summation is multiplied by a
connection weight of — 2 from each hidden layer neuron.
The transfer function in Eq. (3) is similar to the function (1)
used for the two hidden layer neurons in Stork and Allen
(1992) and to the function (2) used in Brown (1993) in that
all three are monotonically increasing functions. The acti-
vation functions in Egs. (1)—(3) all resemble the “staircase”
function used in the present work. In addition to this simi-
larity, structures in Brown (1993) and Minor (1993) also
allow direct connections between the input layer and the
output layer. In cases where practical issues arise concern-
ing hardware realization, we note that the transfer function
described in this work is easier to implement.

02() = g(u) = [

b2

Fig. 1. Neural network structure for the 3-bit parity problem.

- EJ+0.5
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Fig. 2. Structure used to solve the N-bit parity problem.

3. Conclusion

We have shown that when direct connections are allowed
between the input and output layers, the N-bit parity
problem can be solved using neural networks requiring
[N/2] hidden layer neurons, where the simple threshold acti-
vation function is used in the output and hidden layer
neurons. It is demonstrated that through the choice of a
“staircase” type activation function, the |N/2] hidden layer
neurons can be further combined into a single hidden layer
neuron. Our solution to the N-bit parity problem is general-

" ized from one of the solutions obtained earlier for the 3-bit

parity problem using linear programming. The present

Table 1
Solutions for the 3-bit parity problem

wi Wy w3 b] k kl kz k3 b2
1 1 1 1 -0.5 -2 1 1 1 -15
2 1 -1 -1 1.5 -2 1 -1 - 0.5
3 -1 1 -1 1.5 -2 -1 1 - 0.5
4 -1 -1 1 1.5 -2 -1 -1 0.5
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Fig. 3. Transfer function for the single hidden layer neuron when N = 8,9.

approach is constructive and it requires no training and
adaptation. In cases where practical issues arise concerning
hardware realization, we note that the transfer function

described in this work is easier to implement. We also
mention that the linear programming technique developed
in Hohil et al. (1998) can be used for the constructive design
of neural networks implementing binary mappings such as
the N-bit parity problem.
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