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Abstract
We introduce an ordinal optimization approach to the study of optimal control law design. As illustration of the methodology, we
find the optimal feedback control law for a simple LQG problem without the benefit of theory. For the famous unsolved
Witsenhausen problem (1968, SIAM J. Control, 6(1)), a solution that is 50% better than the Witsenhausen solution is found.  1999
Elsevier Science Ltd. All rights reserved.
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1. Introduction
Ordinal optimization (OO) is a method of speeding up
the process of stochastic optimization via parametric
simulation (Deng et al., 1992; Ho, 1994; Ho and Larson,
1995; Ho and Deng, 1994; Ho et al., 1992; Lau and Ho,
1997). The main idea of OO is based on two tenets: (i) IT
IS MUCH EASIER TO DETERMINE ‘‘ORDER’’ THAN ‘‘VALUE’’. This is
intuitively reasonable. To determine whether A is greater
or less than B is a simpler task than to determine the
value of A!B in stochastic situations. Recent results
actually quantified this advantage (Dai, 1997; Lau and
Ho, 1997; Xie, 1997). (ii) SOFTENING THE GOAL OF OPTIMIZATION ALSO MAKES THE PROBLEM EASIER. Instead of asking
the ‘‘best for sure’’ we settle for the ‘‘good enough with
high probability’’. For example, consider a search on
design space #. We can define the ‘‘good enough’’ subset,
GL#, as the top-1% of the design space based on
system performances, and the ‘‘selected’’ subset, SL#,
as the estimated (however approximately) top-1% of the
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design choices. By requiring the probability of "G5S"O0
to be very high, we insure that by narrowing the search
from # to S we are not ‘‘throwing out the baby with the
bath water’’. This again has been quantitatively reported
in Deng (1995), Lau and Ho (1997) and Lee et al. (1998).
Many examples of the use of OO to speed up the
simulation/optimization processes by orders of magnitude in computation have been demonstrated in the past
few years (Ganz and Wang, 1994; Ho and Larson, 1995;
Ho and Deng, 1994; Ho et al., 1992; Lau and Ho, 1997;
Patsis et al., 1997; Wieseltheir et al., 1995). However, OO
still has limitations as it stands. One key drawback is the
fact that # for many problems can be HUGE due to
combinatorial explosion. Suppose #"10 which is
small by combinatorial standards. To be able to get
within the top-1% of # in ‘‘order’’ is still 10 away from
the optimum. This is often of scant comfort to optimizers.
The purpose of this note is to address this limitation
through iterative use of OO very much in the spirit of hill
climbing in traditional optimization.

2. Model and concepts
Consider the expected performance function
J(h)"E[¸(x(t; h, m))]"E[¸(h, m)], where ¸(x(t; h, m))
represents some sample performance function evaluated
through the realization of a system trajectory x(t; h, m)
under the design parameter h. Here m represents all the
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random effects of the system. Denote by #, a huge but
finite set, the set of all admissible design parameters.
Without loss of generality, we consider the optimization
problem Min
J(h). In OO, we are concerned with
FZ
those problems where J(h) has little analytical structure
but large uncertainty and must be estimated through
repeated simulation of sample performances, i.e.,
J(h) "(1/K) ) ¸(h, m ), where m is the ith sample reali
G
G
G
zation of system trajectory or often equivalently,
J(h) "¸(x(t; h, m)); t!'R. The principal claim of OO

is that performance order is relatively robust with respect
to very small K or tR (we shall use short simulation or
small number of replications interchangeably here after
to indicate that the confidence interval of the performance value estimate is very large). More specifically,
let us thus postulate that we observe or estimate
JI (h)"J(h)#w(h), where w(h) is the estimation error or
noise associated with the observation/estimation of design h. We assume that w(h) is a 0-mean random variable
which may have very large variance (corresponding to
the fact that JI (h) is estimated very approximately which
simplifies the computational burden). In most of our
experiments, the performance J(h) is estimated by statistical simulation. We observe that w(h)’s depend mainly on
the length (number of replications) of the simulation
experiments and are not very sensitive to particular designs. Furthermore, as demonstrated by Deng et al.
(1992), the methodology of OO is quite immune to correlation between noises. In fact, correlation in estimation
errors in general helps rather than hinders the OO methodology. When the performance J(h) is basically deterministic but very complex and computationally intensive
and a crude JK (h) is used to approximate it, then w(h)’s
cannot generally be considered as i.i.d. since w(h)’s are the
results of approximation errors rather than statistical
estimation errors. In such a case, we have to uncorrelate
the data before the OO theory can be applied. The details
of this approach is described in Lee et al. (1997). In this
paper, we assume that w(h)’s are design-independent.
We next introduce a thought experiment of evaluating
J(h) for all h3# and plot the histogram of the distribution of these performances. With slight abuse of terminology (since # is huge, the histogram can essentially be
considered as continuous and as a probability density
function), we call this histogram the performance density
function and its integral the performance distribution
function (PDF). If we now uniformly take N samples of
J(h), then it is well known that the representativeness of
the sample distribution to the underlying PDF is independent of the size of the population or "#" and only
depends on the sample size N. In fact, using Chebyshev’s
inequality, we have for any e'0, Prob["sample PDF!
PDF"5e]41/4Ne. For example, N"1000 can
guarantee that with probability 50.975 the sample PDF
is close to the true PDF within 0.1 and N"5000 will
make e"0.045 for the same probability. Now for our

problem we can only take noisy samples of J(h), i.e. JI (h).
Yet it is still true that the accuracy of any estimate about
the PDF of J(h) based on these noisy samples is only
a function of the size of samples and the magnitude of the
noise and is independent on the size of the underlying
population.

3. General idea and methodology
A major difficulty of many stochastic optimization
problems comes from the combinatorial explosion of the
search spaces associated with the problems. For example,
in an optimal control problem of a continuous variable
dynamic system, the state space is usually a continuous
set. A control rule is a mapping from the state variables
to control variables. Therefore, the space of control rule
designs even with the discretization of state and control
variables is a space that is essentially infinite and does
not have a simple structure. When the search space of
a problem is large and complicated, little analytical information is available, and the estimation of performance
is time consuming, it is practically impossible to find the
optimal solution. In this note, we propose and demonstrate an iterative and probabilistic search method whose
aim is to find some solutions which are not necessary for
the optima but ‘‘good enough’’.
To help fix ideas, consider the case where 5000 alternatives in a space of #"10 are uniformly sampled. What
is the probability that among the samples at least one
belongs in the top-k designs of the space #? The answer
can be very easily calculated, Prob(at least one of 5000
samples is in top-k)"1!(1!k/10), which for
k"50, 500, 5000, are 0.00002, 0.00025, and 0.0025, respectively. Not at all encouraging! But if now somehow
we ‘‘know’’ that the top-k designs are concentrated in
a subset of 10, then the same number of 5000 samples
can improve the probability to 0.222, 0.918, and certainty,
respectively, i.e., we can hardly fail! While these are two
extreme cases, we can interpolate between these cases
where our ‘‘knowledge’’ is less crisp and more uncertain.
The point is the importance of knowledge. In soft computing or computing intelligence (Jang et al., 1997), the
same issue is referred to as ‘‘encoding’’ as in genetic
algorithms, or knowledge ‘‘representation’’ or ‘‘bias selection’’ in AI (Ruml et al., 1997). In other words we should
bias or narrow our search to favor a subset of the search
using knowledge. How knowledge is acquired is still an
open problem in AI (Jang et al., 1997, p. 434). However,
heuristically, one can learn from experience. In particular, if we sample a set of designs for their performances
(however, noisily or approximately) then we should be
able to gleam from the samples what are ‘‘good’’ subspaces to search and gradually restrict the search there.
This is in the spirit of traditional hill climbing except
instead of moving from point to point in the search space,
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we move from one subset or search representation to
another. The speed up of OO enables us to do such
iterations on search subspaces.
The key here is to establish a procedure of comparing
two representations of a search space based upon sampling and then to narrow the search space step by step.
How do we compare two representations of a search
space? Suppose # and # are two subspaces of a large


search space #. Does # have more good designs than

# ? It seems that in order to answer the question we

must fully investigate # and # which may be time

consuming and even practically impossible when the
spaces are large and there exist large observation noises.
However, using our OO methodology, we may answer
the question with a high confidence level by simply comparing the observed PDFs of # and # .


Lemma. Suppose J(h) is a measurable function and w(h)’s
are design-independent continuous random variables. For
JI (h)"J(h)#w(h), if we independently sample two designs
h and h according to a common sampling rule from


the search space # and observe that JI (h )(JI (h ), then


Prob(J(h )4J(h )"JI (h )(JI (h ))50.5 (Contact the




authors for the proof.)
The importance of the Lemma is that ‘‘seeing is believing’’. We should believe in what we see even in the
presence of large noises. We can extend our observation
of ‘‘seeing is believing’’ to compare two representations of
a search space using their observed PDFs. Suppose
# and # are two representations (subspaces) of a large


search space #. Let F (t) and F (t) be the observed PDFs


of # and # , respectively. If F (t)5F (t) for t(t





where t is determined by the satisfaction level (e.g.

to search top 5%, designs, t is the value such that

F (t )"0.05), then # is more likely to have good de 

signs than # and we should continue our search in # .


More Details on space comparison can be found in Deng
(1995).
Now we are ready to summarize our sampling and
space-narrowing procedure. For a search space #, we
first define two or more representations (subsets of
searches) and find their corresponding observed PDFs.
By comparing the observed PDFs, we can identify which
representation(s) is (or are) good probabilistically. We
can then further narrow our search into smaller subspaces. The above process is a man—machine interaction iteration. In the next section, we demonstrate the
sampling and space-narrowing procedure through
applications.

4. Applications
We study two well-known continuous time optimal
control problems. The first one is the famous Witsen-
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hausen problem (Witsenhausen, 1968). It is an extremely
simple Linear—Quadratic-Gaussian (LQG) problem to
state but exceedingly hard to solve. The twist is the
presence of nonclassical information pattern. No optimal
solution has yet been found for the Witsenhausen problem (WP). Witsenhausen has presented a nonoptimal
nonlinear solution that is at least 50% better in performance than the best linear solution. The second problem
is a simple LQG problem, that is, a linear control problem with quadratic performance function and additive
Gaussian white noises. It is known that the optimal
solution of the problem is a linear control law. For both
problems, the design space can be reduced to find a set of
mappings from a one-dimensional state space to a onedimensional control space. If we discretize the two variables x (state) and u (control) to n and m values each, the
set of all admissible control laws, ! (the space #), has the
size of mL.
4.1. The Witsenhausen problem
In this subsection, we apply our sampling and spacenarrowing procedure to study WP which is well known
and of long standing. It is an extremely simple scalar
two-stage LQG problem with the twist that the information structure is nonclassical, i.e. the control at the second
stage does not remember what it knows at the first stage.
WP presents a remarkable counterexample which shows
that the optimal control laws of LQG problems may not
always be linear when there is imperfect memory. The
optimal control law of WP is still unknown after 28
years. The discrete version of the problem is known to be
NP-complete (Papadimitriou and Tsitsiklis, 1986).
The problem is described as follows. At stage 0 we
observe z which is just the initial state x . Then we


choose a control u "c (z ) and the new state will be

 
x "x #u . At stage 1, we can not observe x directly,




instead, we can only observe z "x #v where v is


a noise. Then we choose a control u "c (z ) and system

 
stops at x "x !u . The cost function is E[k(u )#




(x )] with k'0 a constant. The problem is to find

a pair of control functions (c , c ) which minimizes the
 
cost function. The trade off is between the costly control
of c which has perfect information and the costless

control c which has noisy information. First, we con
sider the case when x &N(0, p) and v&N(0, 1) with

p"5 and k"0.2.
Witsenhausen made a transformation from (c , c ) to
 
( f, g) where f (z )"z #c (z ) and g(z )"c (z ). Then,


 

 
the problem is to find a pair of functions ( f, g) to minimize J( f, g) where J( f, g)"E[k( f (x )!x )#( f (x )!



g( f (x )#v))]. Witsenhausen (Witsenhausen, 1968)

proved the following: 1. For any k'0, the problem has
an optimal solution. 2. For any k(0.25 and p"k\,
the optimal solution in linear controller class with
f (x)"jx and g(y)"ly has J* "1!k, and
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j"l"0.5 (1#(1!4k). When k"0.2, J* "0.96. 3.

There exist k and p such that J*, the optimal cost, is
less than J* , the optimal cost achievable in the class of

linear controls. Witsenhausen gave the following
example. Consider the design: u "!z #psgn(z ),



u "p tanh(pz ), the cost function J is J "0.4042532.



4. The optimal control law ( f *, g*) is still not known. But
given the function f, the optimal g* associated with funcD
tion f is g*"E[ f (x ) u(z !f (x ))]/E[u(z !f (x ))].
D





Now the problem becomes to search for a single function f to minimize J( f, g*). Although the problem looks
D
simple, no analytical method is available yet to determine
the optimal f *. However, there are some properties of
the optimal control function f *: E[ f *(x)]"0 and
E[( f *(x))]44p.
Next, we demonstrate how to apply our sampling and
space-narrowing procedure to search for good control
laws for WP. The controllers c and c are constructed as


follows: 1. Based on the property E[ f *(x)]"0, we make
the assumption that c is symmetric, i.e., c (z )"!c

 

(!z ). 2. The function f (z )"c (z )#z is a staircase


 

function constructed by the following procedure. (1). Divide the z -space [0, R) into n intervals, I ,2, I , where


L
I "[pt
, pt
). t is defined by
G
 >  \L
 > *GL
?
'(t )"a where ' is the standard normal distribution
?
function. Prob[z 3I ]"0.5/n because z has a normal
 G

distribution N(0, p). This implies that we discretize the
z -space evenly in probability. (2). For each interval I ,

G
a control value f is uniformly picked from (!3p, 3p), i.e.
G
f &U(!15, 15). 3. For any function f constructed in step
G
2, the controller c (z )"g*(z ) is computed based on
 
D 
an approximation of g*, gL "  f (x )u(z !f (x ))/

G
D D
G G
 u(z !f (x )).

G
G
The search is conducted using the following procedure.
We construct the control function f for u . Then we

compute control function gL and get the performance
D
JI of the two-stage problem by 100 replications. Here the
observed performance JK is obtained with relatively large
noise because we only run 100 replications. Five thousand pairs of controllers ( f, gL ) are generated to construct
D
the estimated PDF.
Four values of n"1, 2, 5, and 10, the number of
intervals in the construction of f, are selected first. Fig. 1
shows the observed PDFs. From sampled PDFs, we
observe that the cases of n"5 and 10 are worse than
those of n"1 and 2. The cases of n"1 and 2 are
indistinguishable at this stage. However, we can see that
the space with two intervals is the best among the four
when the satisfaction level is small. The fact that n"1 is
a good choice indicates that the class of constant control
functions (with discontinuity at the origin due to symmetry) is a good representation of the search space for
control function f. This means that the pair of controllers
described by Witsenhausen which outperforms the optimal linear control law is already very good. From the
observed best control functions for different n, we ob-

Fig. 1. Observed PDFs with 1, 2, 5 and 10 intervals.

Fig. 2. Observed PDFs with restriction W1.

Fig. 3. Observed best control rules with restriction W1.

serve that the control values of the observed best controllers for different n are located in [!2, 12). Based on this
observation, we make the following restriction (W1): For
each interval I , control f is in (!0.5p, 2.5p), i.e.
G
f&º[!2.5, 12.5).
With this restriction, we repeat our experiment for
n"1, 2, 5, and 10. We observe the same phenomenon as
in Fig. 1. This encourages us to search in the spaces of
3 and 4 intervals with restriction W1. Figs. 2 and 3 show
the PDFs and observed best-control functions for 1, 2,
3 and 4 intervals. From Fig. 2, we may conclude that the
space with two intervals is the best representation we
have found at this stage. A more interesting phenomenon
we may observe from Fig. 3 is that the observed best

M. Deng, Y.-C. Ho/Automatica 35 (1999) 331—338

controllers for both n"3 and 4 have the two-interval
shape as the one of n"2. This further indicates that the
right direction of search may be toward the two-interval
functions. Since the observed best controllers display some
increasing property, we make a further restriction (W2):
¹he control f is an increasing function in (!0.5p, 2.5p).
In Fig. 4, the curves without the legend ‘‘ interval (in)’’
are those without W2. Fig. 4 shows that with restriction
W2, the two-interval controllers have the best PDF. This
indicates that the specification of increasing control function is a right direction. However, the space of threeinterval is worse than the space of two-interval and the
space of four-interval is worse than the space of threeinterval. Furthermore, we observe the same phenomenon
as in Fig. 3, the observed best controllers of n"3 and
4 have the two-interval shape. It is conceivable that the
optimal control function may possess significant discontinuity. So the 3rd restriction (W3) is made as follows:
¹he control f is a two-value increasing step function in
(!0.5p, 2.5p).
Next, we want to determine the jump point of the
two-value functions. The jump point of the two-value
functions we have examined so far is at pt
. For
 
simplicity, we only check the jump points pt
,
 
pt
, 2, pt
. The PDFs associated with different
 
 
jump points are presented in Fig. 5. In Fig. 5, the ‘‘2 int.
(in)’’ represents the two-interval increasing controllers we
used before which has the jump point at pt
. We see
 
that the best jump point is around pt
. The best
 
observed control function f among 5000 samples in the
space associated with pt
jump point is f (x)"3.1686,
 
04x(6.41; and f (x)"9.0479, x56.41. The estimated
true performance (obtained by 10 000 replications) for the
best observed control function f is 0.190 with variance
0.0001.
We also have conducted the experiment to search the
optimal polynomial control function f with the symmetricity restriction. The best control function we found is
a symmetric function, f (x)"0.0228x#3.8019 for x'0.
And its estimated true performance is 0.3541 with variance 0.00005. Although this is a better solution than
Witsenhausen’s example, it cannot compete with the ob-

Fig. 4. Observed PDFs with restriction W2.
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Fig. 5. Observed PDFs with restriction W3.

served best control function found in the two-value control function space with pt
jump point.
 
For benchmarking, we choose the case when
x &N(0, 100), v&N(0, 1) and k"0.1. We use the same

approach as described above to find a good control
function f in the space with two-value control functions.
Our result J and other results reported in Baglietto

et al. (1997) are listed below. The best linear solution
J "0.90. The Witsenhausen nonlinear solution

J "0.428. The optimized Witsenhausen solution (Ban
sal and Basar, 1987) J
"0.417. The neural network
5
solution (Baglietto et al., 1997) J "0.409. The iterative

OO solution J "0.334. The control function associated

with J is f (x)"0.1024, 04x(2.66; and f (x)"5.4450,

x52.66.
The after-the-fact reasoning behind the superiority of
the two-value controllers is as follows. Instead of the
original strategy of converting x to a two point signaling

distribution (one step function), we convert x to a four

point signaling distribution strategy (two step function).
For the parameters used in this paper, the error committed in the four point signaling strategy is very small. At
the same time, the four point strategy saves more control
energy cost.
4.2. A simple LQG problem
Consider the following well-known LQG problem.
The stochastic system is represented by x "!x #
R>
R
u #w ; t"0, 2, where w &N(0, 25) and the perforR
R
R
mance criterion is J"E +lim
(1/¹) 2 x#u,. We
2
G
G G
wish to determine the optimal feedback control law u "
R
c(x ) among all c3!. First, it is easy to argue that the
R
optimal control law is symmetric. Second, because the
performance function is the sum of squares of states and
controls, to minimize the performance and stabilize the
system, the controls should keep the states around 0.
Since the variance is 25, it is reasonable to believe
that both states and controls will hardly go beyond
[!100, 100]. So we make the following restriction: If
04x (100, u 3[0, 100) and if x 5100, u "100. Next,
R
R
R
R
we digitize the state interval [0, 100) into n intervals
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equally. Note that, according to the assumptions, we
have another n intervals in [!100, 0) and two more
intervals for x5100 and x(!100, respectively. Let us
denote the discretized search space with 2n#2 intervals
as !L. Now we can define a feedback control law in this
discretized space as follows: For the ith (i"1,2, n) interval in [0, 100), we randomly choose a value for u , u &º(0,
R R
100), i.e., m!'R. ¹he states in one interval will share the
same control value generated for that interval, i.e. the
control law is a step function.
In our experiment, we sample 5000 control laws uniformly in !L. For each control law we obtain its observed
performance JK by very short simulation in the sense that
the time horizon is ¹"100 (instead of ¹!'R). We
cannot overemphasize the importance of ordinal optimization which enables us to estimate performances with
very crude models (i.e. ultra short simulations with large
estimation errors). To evaluate 5000 control laws to
steady state would be computationally burdensome if not
infeasible.
We will use the similar man—machine iterative
searching procedure as in Section 4.1. We first consider
the cases when n"5, 10, 25, 50, and 100. The observed
sample PDFs of the cases of x -quantization are plotted
R
in Fig. 6. Fig. 6 shows a clear pattern that the smaller the
n, the better the performance. This is understandable
since by using a smaller discretization of the state space,
we have unwittingly captured the good property of ‘‘continuity’’ in feedback control laws for this problem, i.e.,
nearby state values should induce nearby control values.
Therefore, next we consider the cases n"1, 2, 3, 4, and 5.
The observed PDFs are shown in Fig. 7. From Fig. 7, we
see that the case of n"1 is worse than others which
means the constant control law is not a good one. The
observed best control laws display an interesting pattern.
When the states are small, the controls are small and when
the states are large, the controls are large. Therefore, we
make a restriction (L1): For a given n, if x3[0, 100/n), u"
c(x)3[0, 25) and if x3[(n-1)100/n, 100), u"c(x)3[25, 100).
The generation of control laws is modified. For
the first interval, u &º(0, 25). For the last interval,
R
u &º(25, 100). For other intervals, u &U(0, 100). Let
R
R

!L(ln) be the search space with restriction L1. Figs. 8 and
9 show the observed PDFs and observed best control
laws for n"2, 3, 4, 5. Fig. 8 verifies that restriction L1
points to the right direction of narrowing the search
space. The curves with the legend ‘‘n"3 (old)’’ and
‘‘n"4 (old)’’ are just the curves in Fig. 7 with the legend
‘‘n"3’’ and ‘‘n"4’’. In Fig. 9, a clear picture emerges. All
the observed best control laws in the four spaces are
increasing functions. This suggests that the control law
may be an increasing function. So we have the next
restriction (L2): c(x) is monotonically nondecreasing in x.
Let !L(in) be the search space with restriction L2.
From Fig. 10, we see that restriction L2 yields better

Fig. 6. Observed PDFs of !, !, !, ! and !.

Fig. 9. Observed best control rules with restriction L1.

Fig. 7. Observed PDFs of !, !, !, ! and !.

Fig. 8. Observed PDFs with restriction L1.
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42.33. These are to be compared with the known optimal
feedback control law of u "c*(x )"0.618x and
R
R
R
J*"40.46. The control laws in Fig. 12 display a pattern
of linearity. We may continue this man—machine iteration process to improve the result. For example, we may
establish the restriction of linearity and determine the
optimal coefficient of linear control laws. But the point
has been made and we shall not pursue this problem
further.

5. Conclusion
Fig. 10. Observed PDFs with restriction L2.

How to iterate successively using OO search under the
man—machine interaction paradigm is still in its infancy.
There still exist a lot of open problems before this approach can be totally automated. This note, however,
does illustrate the potentials of this approach in solving
‘‘hard’’ stochastic optimization problems with huge
search space and not apparent structure. Further research along this line will also have impact on the outstanding AI problem of knowledge acquisition.
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