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Adaptive dynamic programming for online solution
of a zero-sum differential game
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Abstract: This paper will present an approximate/adaptive dynamic programming (ADP) algorithm, that uses the
idea of integral reinforcement learning (IRL), to determine online the Nash equilibrium solution for the two-player zero-
sum differential game with linear dynamics and infinite horizon quadratic cost. The algorithm is built around an iterative
method that has been developed in the control engineering community for solving the continuous-time game algebraic
Riccati equation (CT-GARE), which underlies the game problem. We here show how the ADP techniques will enhance the
capabilities of the offline method allowing an online solution without the requirement of complete knowledge of the system
dynamics. The feasibility of the ADP scheme is demonstrated in simulation for a power system control application. The
adaptation goal is the best control policy that will face in an optimal manner the highest load disturbance.
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1 Introduction

In this paper, we present a continuous-time adaptive dy-
namic programming (ADP) procedure that uses the idea
of integral reinforcement learning (IRL) to find online the
Nash equilibrium solution for the two-player zero-sum dif-
ferential game with linear dynamics and infinite horizon
quadratic cost. In the introduction section we first motivate
the interest in zero-sum infinite horizon differential games
from the perspective of control systems theory. We then pro-
vide a brief overview on the methods that are used to find
the Nash equilibrium of the games and outline the charac-
teristics of the new ADP method to be proposed.

There are numerous control applications in which the
presence of disturbance signals is certain and will have a
negative effect on the performance of the control system.
In these cases the optimal control problem is formulated
with the purpose of finding all admissible controllers that
minimize the H∞ norm. These methods are known as H∞
controllers. Such control policies counteract, in an optimal
sense, the effects of the worst disturbance that might affect
the system.

The solution to the H∞ problem is the saddle point so-
lution to a two-player zero-sum differential game (see, e.g.,
[1]). For the case when the system has linear dynamics and
the cost index is quadratic and has infinite horizon, find-
ing the Nash equilibrium solution to the game problem is
equivalent with solving a Riccati equation with sign indefi-
nite quadratic term (see, e.g., [1–5]), which is the game al-
gebraic Riccati equation (GARE)

0=ATP +PA+CTC−P (B2B
T
2 − 1

γ∗2 DDT)P. (1)

Suboptimal H∞ controllers can be determined such that

the H∞ norm is less than a given prescribed bound that is
larger than the minimum H∞ norm [2]. This means that for
any γ > γ∗, one can find a suboptimal H∞ state-feedback
controller, which admits a performance level of at least γ,
by solving equation (1) where γ∗ has been replaced with γ.
In the following, to simplify the mathematical notation, for
a given γ > γ∗, we will denote B1 = γ−1D. Thus, the
GARE of our concern will be written as

0 = ATP + PA + CTC − P (B2B
T
2 − B1B

T
1 )P. (2)

The solution to the GARE has been approached in [6–8]
while for its nonlinear generalization, that is, the Hamilton
Jacobi Isaacs (HJI) equation, iterative solutions have been
presented in [9–11]. In all cases the solution is determined
in an iterative manner by means of a Newton-type of algo-
rithm. These algorithms construct sequences of cost func-
tions that are monotonically convergent to the solution to
interest. In all cases exact knowledge of the system dynam-
ics is required and the solution is obtained by means of of-
fline computation.

ADP methods provide an online solution to optimal con-
trol problems while making use of measured information
from the system and using computation in a forward in
time fashion, as opposed to the backward in time proce-
dure that characterizes the classical Dynamic Programming
approach. These methods were initially developed for sys-
tems with finite state and action spaces and are based on
Sutton’s temporal difference learning [12], Werbos’ heuris-
tic dynamic programming (HDP) [13], and Watkins’s Q-
learning [14].

To our knowledge, there exists a single ADP procedure
that provides a solution for the HJI equation [15]. The al-
gorithm presented in [15] involves calculation of two se-
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quences of cost functions, the upper and lower performance
indices, which will converge to the saddle point solution to
the game. The adaptive critic structure that is required for
learning the saddle point solution is comprised of four ac-
tion networks and two critic networks. The requirement of
full knowledge on the system dynamics is still present.

The result presented in this paper is a reinforcement
learning approach to the saddle point solution for a two
player zero-sum differential game. Here we use the idea
of IRL, introduced in [16], which allows calculation of the
value function associated with the pair of behavior policies
of the two players. By virtue of the online ADP method
exact knowledge of part of the system dynamics is not re-
quired. Specifically, the A matrix that is part of the system
dynamics, and appears explicitly in (2), need not be known.

The objective of this paper is to present an online algo-
rithm that makes use of ADP techniques to provide a solu-
tion to the two-player differential zero-sum game. The main
traits of this new online procedure are as follows:

� It is sustained by a mathematical algorithm [8] that has
been developed in the control engineering community to
solve the underlying equation of the game problem. This
supporting algorithm makes use of offline procedures and
requires full knowledge of the system dynamics to deter-
mine the Nash equilibrium of the game.

� It involves the use of ADP techniques, namely the IRL
technique [17], developed in the computational intelligence
community. Such ADP techniques will enhance the capabil-
ities of the supporting algorithm transforming it into an on-
line data-based procedure that does not require full knowl-
edge of the system dynamics.

The novel online procedure that will be described here is
built on the mathematical result given in [8]. This algorithm
involves solving a sequence of Riccati equations, in order to
build a monotonically increasing sequence of matrices that
converges to the equilibrium solution to the game. Every
matrix in this sequence is determined by solving a Riccati
equation with sign definite quadratic term of the sort associ-
ated with the optimal control problem [18]. In this paper, we
use ADP techniques and the idea of IRL for finding the so-
lution to these optimal control problems in an online fashion
and using reduced information on the system dynamics.

While working in the framework of control applications
we will be referring to the two players as ‘controller’ and
‘disturbance’, in contrast to the regular nomenclature used
in game theory – ‘pursuer’ and ‘evader’. We are assuming
that both players have perfect instantaneous state informa-
tion. A player’s policy is a function that allows computation
of the player’s output signal based on the state information.
Both players are competing and learning in real-time, and
the two policies that characterize the Nash-equilibrium so-
lution to the game will be determined based on online data
measured from the system.

In the ADP approach described in this paper only one of
the two players is actively learning and improving its pol-
icy. The algorithm is built on the interplay between a learn-
ing phase, performed by the controller that is learning in
order to optimize its behavior, and a policy update step, per-
formed by the disturbance that is gradually increasing its

detrimental effect. The controller is learning online in order
to maximize its performance, while the policy of the distur-
bance remains constant. The disturbance player will update
its action policy only after the controller has learned its opti-
mal behavior in front of the present policy of his opponent.
The update of the disturbance policy uses the information
on the policy of his opponent and gives way for further im-
provement for the controller policy. For learning the control
policy in this paper we will use the online continuous-time
HDP procedure developed in [16].

We begin our investigation by providing the formulation
of the two player zero-sum game problem and reviewing the
iterative mathematical algorithm that provides a solution for
its underlying CT-GARE. Next, we briefly describe the on-
line HDP algorithm that is used to determine the solution
to the single player optimal control problem. Section 3 will
present and discuss the online algorithm that establishes the
solution to the two-player zero-sum game. Here, we will
introduce four propositions that provide intuition on the on-
line learning procedure. The adaptive critic structure that
arises will be given. Section 4 will provide and discuss the
simulation results that were obtained for the control of a
power system. The goal is to determine online the best con-
trol policy that will face in an optimal manner the highest
load disturbance.

2 Preliminaries

2.1 Problem formulation

Consider the system described by the equation

ẋ = Ax + B1w + B2u, (3)

where x ∈ R
n, u ∈ R

m, w ∈ R
q.

The controller player, which computes the signal u, de-
sires to minimize the quadratic performance index

V (x0, u, w) =
� ∞

0
(xTCTCx + uTu − wTw)dt, (4)

while the disturbance player, which computes the signal w,
desires to maximize it. The goal is to determine the saddle
point stabilizing equilibrium solution defined by the most
effective control policy against the worst case disturbance
policy. The motivation for the choice of the performance in-
dex (4) is tightly connected to the formulation of the distur-
bance attenuation problem. For a good intuitive presentation
of the topic the reader is referred to [19].

The following assumptions, related to the solvability of
the two-player game, are made:

� all unobservable modes of (C, A) are strictly stable,
� (A,B2) is stabilizable, and
� there exists a unique positive definite stabilizing solu-

tion to the GARE (2).
Denoting with Π the unique positive definite stabilizing

solution to (2) the saddle point of the Nash game is⎧⎪⎨
⎪⎩

u = −BT
2 Πx,

w = BT
1 Πx,

V (x0, u, w) = xT
0 Πx0.

(5)

We shall use the notations u = Kx and w = Lx for
the state feedback control and the disturbance policies, re-
spectively. We say that K is the gain of the control policy
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and L is the gain of the disturbance policy. The meaning
of the saddle point solution to the Nash differential game is
that for any state feedback control policy ũ = K̃x and any
state-feedback disturbance policy w̃ = L̃x, different than
the ones in (5), the value of the game will satisfy

V (x0, ũ, w) � V (x0, u, w) � V (x0, u, w̃). (6)
2.2 Offline iterative algorithm that solves the GARE

Given real matrices A,B1, B2, C with compatible di-
mensions, define the map{

F : R
n×n → R

n×n,

F (P ) = ATP + PA + CTC−P (B2B
T
2 − B1B

T
1 )P.

(7)
The following iterative method for solving the GARE (2)

has been introduced in [8]. We use the notation
Ai−1

u = A + B1B
T
1 P i−1

u − B2B
T
2 P i−1

u .

Algorithm 1 (Iterations on the control policy)
1) Start with

P 0
u = 0. (8)

2) Solve, for the unique positive definite Zi
u,

0 = (Ai−1
u )TZi

u + Zi
uAi−1

u − Zi
uB2B

T
2 Zi

u + F (P i−1
u ).

(9)
3) Update

P i
u = P i−1

u + Zi
u. (10)

The subindex ‘u’ has been used in the algorithm to under-
line the fact that the controller player is the one that will be
learning online to find a solution to the sequence of Riccati
equations (9).

The convergence of the algorithm to the unique positive
definite solution to the GARE (2) was given by the follow-
ing result in [8].

Theorem 1 [8] Given real matrices A,B1, B2, C with
compatible dimensions, such that all unobservable modes
of (C, A) are strictly stable and (A,B2) stabilizable, define
the map F as in (7). Suppose that there exists a stabilizing
solution Π > 0 of (2).

Then,
I) there exist two square matrix series P i

u ∈ R
n×n and

Zi
u ∈ R

n×nfor all i ∈ N satisfying Algorithm 1;
II) the elements of the two series, defined recursively,

have the following properties:
a) (A + B1B

T
1 P i

u, B2) is stabilizable for all i ∈ N,
b) Zi

u � 0,∀i ∈ N,
c) F (P i+1

u ) = Zi
uB1B

T
1 Zi

u,∀i ∈ N,
d) A + B1B

T
1 P i

u − B2B
T
2 P i+1

u is Hurwitz, ∀i ∈ N,
e) Π � P i+1

u � P i
u � 0,∀i ∈ N;

III) let P∞
u = lim

i→∞
P i

u � 0, then P∞
u = Π .

We now introduce two propositions that provide equiva-
lent formulations for Algorithm 1. We are introducing them
here in order to bring meaning to every step of the itera-
tive algorithm. These propositions will provide a compact
mathematical formulation for the iterative algorithm 1. Us-
ing these results we will then show, by means of Proposi-
tions 3 and 4, that the iterative algorithm that provides a
solution for the two-player zero sum game involves solv-
ing a sequence of single-player games, namely solving a

sequence of optimal control problems.
Proposition 1 The iteration between (9) and (11) in Al-

gorithm 1 can be written as
P i

u(A + B1B
T
1 P i−1

u ) + (A + B1B
T
1 P i−1

u )TP i
u

−P i
uB2B

T
2 P i

u − P i−1
u B1B

T
1 P i−1

u + CTC = 0. (11)
Proof The result is obtained by writing compactly the

two equations and making use of the definition of the map
F .

Explicitly, (11) becomes
0 = (Ai−1

u )T(P i
u − P i−1

u ) + (P i
u − P i−1

u )Ai−1
u

−(P i
u − P i−1

u )B2B
T
2 (P i

u − P i−1
u ) + ATP i−1

u

+P i−1
u A + CTC − P i−1

u (B2B
T
2 − B1B

T
1 )P i−1

u .

Unfolding the parentheses, using the notation
Ai−1

u = A + B1B
T
1 P i−1

u − B2B
T
2 P i−1

u ,

and cancelling the equivalent terms we obtain
0 = P i−1

u B1B
T
1 (P i

u − P i−1
u ) − P i−1

u B2B
T
2 (P i

u − P i−1
u )

+(P i
u − P i−1

u )B1B
T
1 P i−1

u − (P i
u − P i−1

u )B2B
T
2 P i−1

u

−P i
uB2B

T
2 P i

u + P i
uB2B

T
2 P i−1

u + P i−1
u B2B

T
2 P i

u

−P i−1
u B2B

T
2 P i−1

u + ATP i
u + P i

uA + CTC

−P i−1
u (B2B

T
2 − B1B

T
1 )P i−1

u .

After more cancelations and rearranging, we obtain
0 = P i−1

u B1B
T
1 P i

u + P i
uB1B

T
1 P i−1

u + ATP i
u + P i

uA

−P i
uB2B

T
2 P i

u − P i−1
u B1B

T
1 P i−1

u + CTC.

That is the result in (11).
Proposition 2 The iteration between (9) and (10) in Al-

gorithm 1 can be written as
0 = (P i

u − P i−1
u )Ai−1

u + (Ai−1
u )T(P i

u − P i−1
u )

−(P i
u − P i−1

u )B2B
T
2 (P i

u − P i−1
u )

+(P i−1
u − P i−2

u )B1B
T
1 (P i−1

u − P i−2
u ). (12)

This results directly from (9), (10) and Theorem 1 II) c).
It is important to notice at this point that the result given

in Proposition 2 includes three instances of the index of the
sequence {P i

u}i�0, namely P i−2
u , P i−1

u , P i
u. For this reason

it can only be used for calculating the values {P i
u}i�2 pro-

vided that the first two elements in the sequence are avail-
able.

The next two propositions that we introduce are formu-
lating optimal control problems that are associated with the
Riccati equations (11) and (12). This is important because
they attach meaning to the recursive algorithm, and thus are
enhancing both the reinforcement learning perspective and
the game theoretical reasoning.

Proposition 3 Solving the Riccati equation (11) is
equivalent to finding the solution to the following optimal
control problem:

‘For the system
ẋ = A + B1wi−1 + B2ui,

let the state-feedback disturbance policy gain be Li−1
u =

BT
1 P i−1

u such that wi−1 = BT
1 P i−1

u x. Determine the state-
feedback control policy ui that minimizes the infinite hori-
zon quadratic cost index� ∞

0
[xTCTCx − wT

i−1wi−1 + uT
i ui]dt

is minimized.’
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Let
xT

0 P i
ux0

= min
ui

� ∞
0

[xT(CTC − P i−1
u B1B

T
1 P i−1

u )x + uT
i ui]dt,

then the optimal state-feedback control policy is described
by Ki

u = −BT
2 P i

u, such that the optimal state-feedback
control is ui = −BT

2 P i
ux.

Proposition 4 Solving the Riccati equation (12) is
equivalent to finding the solution to the following optimal
control problem:

‘For the system
ẋ = A + B1wi−1 + B2(ui−1 + ûi)

let the state-feedback disturbance policy be wi−1 =
BT

1 P i−1
u x and the base state-feedback control policy be

ui−1 = −BT
2 P i−1

u x. Determine the correction for the state-
feedback control policy, ûi, which minimizes the infinite
horizon quadratic cost index

Ĵ =
� ∞

0
[ xT(P i−1

u − P i−2
u )B1B

T
1 (P i−1

u − P i−2
u )x

+ûT
i ûi]dt.’

Let xT
0 Zi

ux0 = min
ûi

Ĵ then the optimal control policy

ui = ui−1 + ûi is ui = −BT
2 (P i−1

u + Zi
u)x.

The iterative algorithm discussed above can be used as
the backbone for the online approach to the saddle point so-
lution for the zero-sum differential game. In the next section
we will describe the online algorithm.

Because the iterative algorithm reaches the solution to the
zero-sum game by means of building a sequence of solu-
tions for Riccati equations, in the next subsection we pro-
vide a brief description of the continuous-time heuristic dy-
namic programming (CT-HDP) method that finds, in an on-
line fashion, the solution to a Riccati equation with a sign
definite quadratic term.
2.3 CT-HDP method to find the solution to an ARE

The goal of this section is to briefly present the online al-
gorithm that uses reinforcement learning ideas to solve the
ARE with sign definite quadratic term

ATP + PA + Q − PBR−1BTP = 0. (13)

We note that the notation used in this subsection is gen-
eral and not specifically related to the notations used in the
previous subsections. In effect here we present an online
procedure, introduced in [16], that provides the solution to
a standard continuous-time state-feedback optimal problem
with quadratic performance cost and that of its associated
ARE (13).

The reinforcement learning-based value iteration algo-
rithm that provides the unique positive definite solution to
(13) is as follows:

Let P0 = 0 and let K0 be a state-feedback control policy
(not necessarily stabilizing). Iterate between

xT
t Pi+1xt =

� t+T0

t
xT

τ (Q + KT
i RKi)xτdτ

+xT
t+T0

Pixt+T0 , (14)

Ki+1 = R−1BTPi+1 (15)
until convergence, where xτ denotes the state of the system
described by ẋ = (A + BKi)x with initial condition xt.

The value of the state at time t + T0 is denoted with xt+T0 .
The online implementation of the algorithm is given next.

The solution to (14) consists of the value of the ma-
trix Pi+1 that is parameterizing the cost function. The two
quadratic cost functions will be written as

xT
t Pixt = p̄T

i x̄t, (16)
where x̄t denotes the Kronecker product quadratic polyno-
mial basis vector with the elements {xi(t)xj(t)}i=1,n;j=i,n

and p̄ = ν(P ) with ν( · ) a vector valued matrix function
that acts on symmetric matrices and returns a column vec-
tor by stacking the elements of the diagonal and upper tri-
angular part of the symmetric matrix into a vector where
the off-diagonal elements are taken as 2Pij [20]. Denote the
reinforcement over the time interval [t, t + T0] by

d(x̄t,Ki) ≡
� t+T0

t
xT(τ)(Q + KT

i RKi)x(τ)dτ , (17)

and we will use the same notation d(x̄t,Ki) for the rein-
forcement signal over the interval [t, t+T0]. Based on these
notations and structures (14) is rewritten as

p̄T
i+1x̄t = d(x̄t,Ki) + p̄T

i x̄t+T0 . (18)
The vector of unknown parameters is p̄i+1, and x̄t acts as a
regression vector. The right hand side target reinforcement
function is measured based on the state trajectories over the
time interval [t, t + T0] and the state value at t + T0, x̄t+T0 .

The parameter vector p̄i+1 is found by minimizing, in
the least-squares sense, the error between the target ex-
pected cost over the infinite horizon, which is the sum be-
tween the measured reinforcement over the time interval
and the expected cost based on the present cost model,
d(x̄t,Ki) + p̄T

i x̄t+T0 , and the parameterized left hand side
of (19). The solution can be obtained using the batch least
squares or the recursive least squares algorithms.

The online value iteration algorithm is an online data-
based approach that uses reinforcement learning ideas to
find the solution to the algebraic Riccati equation with sign
definite quadratic term. This algorithm does not require ex-
plicit knowledge of the model of the controlled system’s
drift dynamics, i.e., matrix A.

In the following section, we formulate the iterative al-
gorithm that provides the saddle point solution to the two-
player zero-sum differential game in terms of iterations on
Riccati equations with sign definite quadratic term. At ev-
ery step these Riccati equations can be solved by means of
the online value iteration (i.e., CT-HDP) algorithm. The end
result is an online algorithm that leads to the saddle point
solution to the differential game while neither of the two
players uses any knowledge on the drift dynamics of the en-
vironment.

3 Online approach to solve the differential
game

The goal of this section is to describe the online data-
based approach to the saddle point equilibrium solution for
the two-player zero-sum differential game.

We will name the two players ‘controller player’ and ‘dis-
turbance player’. The solution to the game is found online
while the game is played. We shall see that only one of
the players is learning and optimizing his behavior strat-
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egy while the other is playing based on fixed policies. We
shall say that the learning player is leading the adaptive pro-
cedure. His opponent is a passive player that decides on a
fixed policy and maintains it constant during every learning
phase. The passive player will change his behavior policy
only based on information regarding his opponent’s optimal
strategy. In this case, the passive player will simply adopt
his opponent’s strategy as his own. It is noted that the pas-
sive player does not choose the best strategy that he could
play to get a leading advantage in the sense of the Stack-
elberg game solution. Instead he will play the strategy that
his opponent, i.e., the learning player, chooses as this will
allow the learning process to end with the calculation of the
desired Nash equilibrium solution to the game.

In the algorithm presented in this paper the reinforcement
learning technique is employed only by the controller while
the passive player is the disturbance.

Concisely, the game is played as follows:
1) The game starts while the disturbance player does not

play.
2) The controller player plays the game without an op-

ponent and uses reinforcement learning to find the optimal
behavior that minimizes his costs, then informs his oppo-
nent on his new behavior policy.

3) The disturbance player starts playing using the behav-
ior policy of his opponent.

4) The controller player corrects iteratively his own be-
havior using reinforcement knowledge such that his costs
are again minimized, then informs his opponent on his new
behavior policy.

5) Go to step 3) until the two policies are characterized
by the same parameter values.

The two players execute successively steps 3) and 4) un-
til the controller player can no longer lower his costs by
changing his behavior policy. The saddle point equilibrium
has been obtained.

Next, we give the formulation of the algorithm as itera-
tion on Riccati equations. The online form of the algorithm
will be presented after that. Throughout, we will make use
of the notation Ai−1

u = A + B1B
T
1 P i−1

u − B2B
T
2 P i−1

u .
Algorithm 2

1) Let P 0
u = 0.

2) Solve online the Riccati equation

P 1
uA + ATP 1

u − P 1
uB2B

T
2 P 1

u + CTC = 0. (19)

3) Let Z1
u = P 1

u .
4) For i � 2 solve online the Riccati equation

Zi
uAi−1

u + (Ai−1
u )TZi

u − Zi
uB2B

T
2 Zi

u

+Zi−1
u B1B

T
1 Zi−1

u = 0. (20)

5) P i
u = P i−1

u + Zi
u.

At every step, the Riccati equations can be solved us-
ing the online data-based approach reviewed in Section 2.3
without using the exact knowledge on the drift term in the
system dynamics.

Algorithm 3 (Online form)
1) Let P 0

u = 0.
2) Let K

0(0)
u be zero, let k = 0.

a) Solve online
xT

t P 0(k+1)
u xt

=
� t+T0

t
xT

τ (CTC + (K0(k)
u )TRK0(k)

u )xτdτ

+xT
t+T0

P 0(k)
u xt+T0 .

b) Update K
0(k+1)
u = −BT

2 P
0(k+1)
u , k = k + 1.

c) Until ‖P 0(k)
u − P

0(k−1)
u ‖ < ε.

3) P 1
u = P

0(k)
u , Z1

u = P 1
u .

4) For i � 2,
a) Let K

i−1(0)
u be zero, let k = 0.

b) Solve online for the value of Z
i(k+1)
u using value

iteration (i.e., CT-HDP),
xT

t Zi(k+1)
u xt

=
� t+T0

t
xT

τ (Zi−1
u B1B

T
1 (Zi−1

u )T+Ki−1(k)
u (Ki−1(k)

u )T)xτdτ

+ xT
t+T0

Zi(k)
u xt+T0 ,

where xτ denotes the solution over the interval [t, t+T0] of
the system ẋ = (A+B1B

T
1 P i−1

u +B2K
i−1(k)
u )x with initial

condition xt (note that the integral term is not calculated by
using numerical integration but is measured directly from
the system by subtracting two measurements of the value
associated with the game at time moments t + T0 and t).

c) Update
Ki−1(k+1)

u = Ki−1(k)
u − BT

2 Zi(k+1)
u , k = k + 1.

d) Until ‖Zi(k)
u − Z

i(k−1)
u ‖ < ε.

5) Zi
u = Z

i(k)
u , P i

u = P i−1
u + Zi

u.
6) Until ‖P i

u − P i−1
u ‖ < εP.

From the perspective of two-player zero-sum games, the
algorithm translates as follows:

1) Let the initial disturbance policy be zero, w = 0.
2) Let K

0(0)
u be an initial control policy for system (3)

with zero disturbance w = 0, and let k = 0,
a) Update the value associated with the controller

K
0(k)
u .

b) Update the control policy, k = k + 1.
c) Until the controller with the highest value (i.e., min-

imum cost) has been obtained.
3) Update the disturbance policy using the gain of the

control policy.
4) For i � 2,

a) Let K
i−1(0)
u be a control policy for system (3) with

disturbance policy w = BT
1 P i−1

u x, and let k = 0.
i) Find the added value associated with the change in

the control policy.
ii) Update the control policy, k = k + 1.
iii) Repeat steps i) and ii) until the controller with the

highest value has been obtained.
5) Go to step 3) until the control policy and disturbance

policy have the same gain.
The adaptive critic structure that represents the imple-

mentation of this algorithm is given in Fig. 1.
An important aspect that is revealed by the adaptive critic

structure is the fact that this ADP algorithm is now using
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three time scales:
� the continuous-time scale, represented by the full lines,

which is connected with the continuous-time dynamics of
the system, and the continuous-time computation performed
by the two players;

� a discrete time scale given by Δ1, which is a multiple of
the sample time T . This time scale is connected with the on-
line learning procedure that is based on discrete time mea-
sured data;

� a slower discrete time scale characterized by the period
Δ2, which is a multiple of Δ1. This time scale is connected
with the update procedure of the disturbance policy, proce-
dure that is performed once the controller policy has con-
verged.

The values of the time periods Δ1 and Δ2 can be vari-
able and are controlled by the critic that outputs the matri-

ces Z
i(k)
u after every Δ1 interval, and Zi

u after every Δ2

time interval.
One notes that both the control and the disturbance sig-

nals are obtained as sums of two signals: a base signal and
a correction signal.{

u = ub + û = −BT
2 P i−1

u x − BT
2 Z

i(k)
u x

w = wb + ŵ = BT
1 P i−2

u x + BT
1 Zi−1

u x
(21)

The disturbance policy is constant over the time inter-
vals Δ2, and is equal with BT

1 P i−1
u , being described by

the parameters of the base policy of the controller given
by the matrix P i−1

u . The control policy is constant over the
shorter time intervals Δ1, and is equal with −BT

2 (P i−1
u +

Z
i(k)
u ). The correction policy of the controller is the one that

changes at every time interval Δ1 while the base policy re-
mains constant over the larger interval Δ2.

Fig. 1 Adaptive critic structure for the ADP game.

4 Online load-frequency controller design for
a power system

This section presents the results that were obtained in
simulation while finding the optimal controller for a power
system.

Even though power systems are characterized by non-
linearities, linear state-feedback control is regularly em-
ployed for load-frequency control at certain nominal operat-
ing points that are characterized by variations of the system
load in a given range around a constant value. Although this
assumption seems to have simplified the design problem of
a load-frequency controller, a new problem appears from
the fact that the parameters of the actual plant are not pre-
cisely known and only the range of these parameters can be
determined. For this reason it is particularly advantageous
to apply model free methods to obtain the optimal H∞ con-
troller for a given operating point of the power system.

The plant that was considered is the linear model of the
power system presented in [21]. The purpose of the de-
sign method is to determine the control strategy that results
in minimal control cost for maintaining the specified fre-
quency set point in front of a maximal demand load change.

The state vector of the system is

x = [Δf ΔPg ΔXg ΔE]T, (22)

where the state components are the incremental frequency
deviation Δf (Hz), incremental change in generator output
ΔPg (p.u. MW), incremental change in governor value posi-
tion ΔXg (p.u. MW) and the incremental change in integral
control ΔE. The matrices of the model of the plant that are
used in this simulation are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Anom =

⎡
⎢⎢⎢⎣
−0.0665 8 0 0

0 −3.663 3.663 0
−6.86 0 −13.736 −13.736
0.6 0 0 0

⎤
⎥⎥⎥⎦ ,

B2 = [0 0 13.736 0 ]T,

B1 = [−8 0 0 0 ]T.

(23)

The cost function parameter, i.e., the C matrix, was cho-
sen such that Q = CTC is the identity matrix of appropriate
dimensions.

Having the model of the system matrices one can easily
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determine the saddle point of the zero-sum game as

P∞
u = Π =

⎡
⎢⎢⎢⎣

0.6036 0.7398 0.0609 0.5877
0.7398 1.5438 0.1702 0.5978
0.0609 0.1702 0.0502 0.0357
0.5877 0.5978 0.0357 2.3307

⎤
⎥⎥⎥⎦. (24)

For the purpose of demonstrating the algorithm the closed
loop system was excited with an initial condition of 1 incre-
mental change in integral control ΔE, the initial state of the
system being x0 = [ 0 0 0 1]. The simulation was con-
ducted using data obtained from the system at every 0.1 s.
The value of the stop criterion ε was 10−7.

In order to solve online for the values of the P i
u matrix

that parameterizes the cost function of the game, a least-
squares problem of the sort described in Section 2.3 was
setup before each iteration step 2) a) or 4) a) i) in Algo-
rithm 3. Because there are 10 independent elements in the
symmetric matrix P the setup of the least-squares problem
requires at least 10 measurements of the cost function as-
sociated with the given control policy and measurements of
the system’s states at the beginning and the end of each time
interval, provided that there is enough excitation in the sys-
tem. A least squares problem was solved after 25 data sam-
ples were acquired and thus the policy of the controller was
updated every 2.5 s.

Fig. 2 presents the evolution of the parameters of the
value of the game. It is clear that the cost function (i.e.,
critic) parameters converged to the optimal ones – indicated
on the figure with star-shaped points. The high jumps in the
values of the parameters presented in the figure are asso-
ciated with the time moments when the disturbance player
updates its policy.

Fig. 2 Convergence of the cost function of the game using the ADP
method.

The value of the game after 5 updates of the control pol-
icy is given by the matrix

P 5
u =

⎡
⎢⎢⎢⎣

0.6036 0.7399 0.0609 0.5877
0.7399 1.5440 0.1702 0.5979
0.0609 0.1702 0.0502 0.0357
0.5877 0.5979 0.0357 2.3307

⎤
⎥⎥⎥⎦ . (25)

Comparing (25) with (24) one can see that the solution
that was obtained using the ADP gaming method described
in Section 3, which uses measurements from the system and
does not require any knowledge on the matrix A, is very

close to the exact solution that was obtained offline via nu-
merical methods that require the exact model of the system.

The number of iterations until convergence of the Zi
u

for i = 1, 5 are given in the following vector iter =
[52 51 15 3 1] . The large change in the parameters of the
cost function, indicated in the figure at time 132.5 s, is de-
termined by the first update of the policy of the disturbance
player, i.e., after the sequence Z

1(k)
u has converged to Z1

u ,
and P 2

u was calculated.
It is important to note that the convergence to the equi-

librium of the game is strongly connected with the conver-
gence of the algorithm at steps 2) and 4) of Algorithm 3.
If convergence at these steps is not obtained, and the distur-
bance policy is yet updated, then there are no guarantees that
the saddle point solution to the game will still be obtained.

As discussed in [8], there are no guarantees that the
closed loop dynamics of the game, characterized by Ai−1

u =
A + B1B

T
1 P i−1

u − B2B
T
2 P i−1

u , obtained after the distur-
bance has updated its policy will be stable. For this reason,
the iteration that was employed at steps 2) and 4) of Algo-
rithm 3 was chosen to be the CT-HDP algorithm described
in [16], as this CT-HDP procedure does not require initial-
ization with a stabilizing controller.

5 Conclusions

This paper introduced an online data-based approach that
makes use of reinforcement learning techniques, namely the
IRL method, to determine in an online fashion the solution
for the two-player zero-sum differential game with linear
dynamics. The result is based on a mathematical algorithm
that solves offline the GARE and involves iterations on Ric-
cati equations to build a sequence of controllers (and respec-
tively disturbance policies). The sequence converges mono-
tonically to the state-feedback saddle point solution to the
two-player zero-sum differential game.

The Riccati equations that appear at each step of the it-
eration are solved online using measured data by means of
a continuous-time value iteration (i.e., CT-HDP) algorithm.
In this way the H∞ state-feedback optimal controller, or
the solution to the differential game, can be obtained on-
line without using exact knowledge of the drift dynamics of
the system, i.e., matrix A in the system dynamics (3).

In order to give a clear presentation, here we considered
the infinite horizon, state-feedback, linear-quadratic case of
the problem. Ideas related with the extension of this result
to the more general case of a game with nonlinear dynamics
will be pursued in a future paper.
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