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Abstract—This paper makes use of the direct heuristic dynamic programming design in a nonlinear tracking control setting with filtered
tracking error. A Lyapunov stability approach is used for the stability
analysis of the tracking system. It is shown that the closed-loop tracking
error and the approximating neural network weight estimates retain the
property of uniformly ultimate boundedness under the presence of neural
network approximation error and bounded unknown disturbances under
certain conditions.
Index Terms—Approximate dynamic programming (ADP), direct
heuristic dynamic programming (direct HDP), Lyapunov stability, tracking control.

I. I NTRODUCTION
Dynamic programming (DP) is the approach to computing the
optimal control policy over time under nonlinearity and uncertainty by
employing the principle of optimality introduced by Bellman [1]. The
common goal of approximate DP (ADP) [2] approaches is to address
the question of how to use approximation methods and/or learning in
a DP formulation to extend the power of the Bellman equation [1],
so that widely applicable robust methods for obtaining nearly optimal
control strategies can be developed. The direct heuristic DP (HDP)
method studied herein is an ADP method that was introduced in [3],
which was inspired by action-dependent HDP (ADHDP) [4]–[7], and
has been applied to large-scale complex realistic applications [8], [9].
Developing ADP designs with desired performances, including convergence properties for large-scale complex realistic dynamic systems,
has been a research focus of many researchers for many years. Most
of the early results on ADP designs with convergence guarantees
have been obtained by using discrete-time finite-state systems under a
Markov decision process (MDP) setting. Either lookup tables such as
Q-learning [11], [12] or linear function approximators such as linear
TD(λ) [13] have been considered to establish convergence results. In
[14], Konda and Tsitsiklis proposed a class of actor–critic algorithms
with convergence guarantee, in which the critic uses temporal difference learning with a linearly parameterized approximation architecture
for MDPs with polish (complete, separable, and metric) state and
action spaces. Much effort has been made to extend the ADP designs
to real-time continuous states and control systems with uncertainties,
mainly by discretization and application of well-established discretetime results. However, most of these ADP techniques do not scale up.
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Bradtke et al. first presented a proof to a linear system with linear
quadratic regulation problems using a special form of Q-learning
[15]. It was further extended using HDP and dual HDP (DHP) with
a similar linear control structure by Landelius [16]. Anderson et al.
proposed a method that combines a proportional–integral controller
and reinforcement learning within a robust control framework. A
Q-learning component was incorporated into the integral quadratic
constraint framework, which was guaranteed to be stable to the predefined disturbance boundaries. The design has been implemented
for heating, ventilation, and air conditioning control of buildings in
[17]. A series of results [18]–[23] have demonstrated the applications
of ADP designs to various advanced control problem settings, e.g.,
H∞ control and zero-sum games. In [18], Al-Tamimi et al. used the
HDP and DHP structures proposed in [4]–[7] to solve a discrete-time
zero-sum game in which the state and action spaces were continuous.
The design was tested on an H∞ autopilot problem with convergence
proof. The structure was extended later onto a Q-learning framework
where no explicit model was required in [19]. In [20], Vrabie et al.
proposed a continuous-time state feedback optimal controller based
on an actor–critic structure for linear systems. Convergence properties
were established by showing equivalence to the quasi-Newton search
method. In [21], a neural network Hamilton–Jacobi–Bellman (HJB)
approach was presented for nonlinear systems with saturating actuators by Abu-Khalaf et al. Neural networks were used to approximate
the cost function associated with solving the HJB equation. ADP techniques such as policy iterations and zero-sum games were integrated
into the design to solve H∞ control of nonlinear systems with input
saturation [22], [23].
This paper focuses on a generic tracking control structure using
direct HDP as an online complementary learning control element.
The aim is to address general nonlinear dynamic control problems
with continuous states and uncertainty. Under the proposed controller
structure, the tracking results are examined using a Lyapunov stability
framework for a class of general nonlinear discrete-time systems.
Nonlinear control systems with filtered tracking error have extensively
been used in adaptive control literature [24]–[26]. Adaptive neural network controllers have been demonstrated in various problem settings
as nonlinear controller designs in the field of feedback control [27].
Typically, the universal approximation property of neural networks
is used to make a case for nonlinear control capability. In these
approaches, classical adaptive control ideas are used, and tracking
errors are formulated into short-term system performance measures.
A similar control structure was adopted for an adaptive critic-based
neural network control design for an engine emission control problem
[28], [29]. In this approach, the neural-network-based controller design
was similar to the original ASE-ACE structure in [10], with two similar
building blocks called action and critic neural networks. The inputs
to the critic contain the current states of the system, and the weights
of the action network are updated based on the output of the critic
network. For the design presented in this paper, however, the direct
HDP implemented in the proposed tracking structure was inspired
by the general ADHDP structure [6], [7] with several of its unique
features [3], [30]. Both system states and control actions are included
as inputs to the critic. The weights of the action network were adapted
by gradient descent algorithms to reduce the squared error between the
desired ultimate objective and the approximated overall cost, and this
update is performed through the weights in the critic. By doing so, the
tuning of the action network can directly be backpropagated via the
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control signal. In other words, the action network updates are guided
by a gradient descent direction, and this is tied into the final control
objective. Practically, we have observed robust performances in terms
of learning controller numerical stability during training. Because of
this, we were able to demonstrate successful applications of the direct
HDP to large complex problems [8], [9].
In addition to proposing the generic online learning control structure, as will be presented next, the results obtained in this paper provide
a comprehensive performance bound for the direct HDP learning
system under a tracking problem setting for a general class of nonlinear
dynamic systems.

Fig. 1. Schematic diagram of direct HDP implementation for nonlinear tracking control with filtered error tracking.

II. S YSTEM D ESCRIPTION
Consider an nmth-order multiple-input–multiple-output discretetime nonlinear system. Let x(t) = [ x1 (t) x2 (t) · · · xn (t) ]T
denote the system states. The nonlinear system dynamics are
defined as
x1 (t + 1) = x2 (t)
..
.
xn (t + 1) = f (x(t)) + u(t) + d(t)

(1)

III. T RACKING E RROR D YNAMICS FOR A C LASS
OF N ONLINEAR S YSTEMS
Given a desired trajectory xd (t) ∈ Rm and its delayed values,
tracking error e(t) is defined as

u(t) = xd (t + 1) − fˆ (x(t)) + kv ē(t)

with a diagonal gain matrix kv , and fˆ(x(t)) is an approximation of
the unknown nonlinear function f (x(t)). The closed-loop error system
then becomes
ē(t + 1) = kv ē(t) − f˜ (x(t)) + d(t)
where f˜(x(t)) is the function approximation error given by
f˜ (x(t)) = f (x(t)) − fˆ (x(t)) .
Assuming that function approximation error f˜(x(t)) and unknown
disturbance d(t) are bounded, the filtered tracking error system is
stable, given 0 < kvmax < 1, where kvmax is the maximum eigenvalue
of the constant gain matrix kv [26].
V. D IRECT HDP

(3)

A. Reinforcement Signal
Binary reinforcement signal r(t) is defined based on the current
filtered tracking error ē(t) as
r(t) = [r1 (t), r2 (t), . . . , rm (t)] ∈ Rm
with

Im×m ]e(t)

FOR N ONLINEAR T RACKING C ONTROL W ITH
F ILTERED T RACKING E RROR

A general schematic diagram of applying the direct HDP to the
nonlinear tracking control problem with filtered tracking error is
shown in Fig. 1.

where en−1 (t), . . . , e1 (t) are the delayed errors of e(t), i.e.,
en−k (t) = en (t − k), and λ1 , . . . , λn−1 are the constant matrices selected, so that |z n−1 + λ1 z n−2 + · · · + λn−1 | is stable. It can further
be written into matrix form as
ē(t) = [Λ

(7)

(2)

Filtered tracking error ē(t) ∈ Rm is defined as
ē(t) = e(t) + λ1 en−1 (t) + · · · + λn−1 e1 (t)

Define control input u(t) as

− λ1 en (t) − · · · − λn−1 e2 (t) (6)

where x(t) ∈ Rnm is the internal state vector, with xi (t) ∈ Rm , and
u(t) ∈ Rm is the control input. Nonlinear function {f (·) : Rnm →
Rm } is assumed to be unknown. Variable d(t) ∈ Rm is a disturbance
acting on the system at time instance t, which is assumed unknown
but bounded, so that d(t) ≤ dm , where dm is a known constant and
 ·  is the Euclidean vector 2-norm. This is the discrete Brunovsky
canonical form. Many systems naturally occur in Brunovsky form
[26]. Moreover, it is often possible to transform general discrete-time
systems into discrete Brunovsky form [31].

e(t) = xn (t) − xd (t).

IV. B ASIC C ONTROLLER D ESIGN



(4)

where e(t) = [eT1 , eT2 , . . . , eTn ]T , Λ = [λn−1 Im×m , λn−2 Im×m , . . . ,
λ1 Im×m ] ∈ Rm×(n−1)m , and Im×m ∈ Rm×m is an identity matrix.
Rewriting (3) at t + 1, i.e.,
ē(t + 1) = e(t + 1) + λ1 en−1 (t + 1) + · · · + λn−1 e1 (t + 1)
and combining (3) with (1), the discrete-time nonlinear system can be
written in terms of the filtered tracking error [26] as
ē(t + 1) = f (x(t)) − xd (t + 1) + λ1 en (t) + · · ·
+ λn−1 e2 (t) + u(t) + d(t). (5)

ri (t) =

0, if ēi (t) ≤ c
,
1, if ēi (t) > c

i = 1, 2, . . . , m

(8)

(9)

where constant c is a predefined threshold for the filtered tracking
error, and  ·  is the Euclidean vector 2-norm. Signal ri (t) is provided
from the external environment and is as simple as either a “0” or a “1,”
corresponding to “good” or “poor” tracking performance, respectively.
The goal of direct HDP control is to optimize a weighted total costto-go objective J(t) given by
J(t) = r(t + 1) + αr(t + 2) + α2 r(t + 3) · · ·
where α > 0 is a constant weighting factor.

(10)
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B. Critic Network
By writing the Bellman equation into the prediction error of the
critic element
ec (t) = αJ(t) − [J(t − 1) − r(t)]

the dynamic system denoted by f (·). Letting function approximation
error f˜(t) be
f˜(t) = fˆ(t) − f (t)

(17)

(11)

the square of this error provides the desired objective function for the
critic network to minimize by tuning critic network weights.
The critic network is implemented as a feedforward neural network
with one hidden layer, which is defined as follows:
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where fˆ(t) is the action network output, and f (t) is the unknown
nonlinear system dynamics, the prediction error for the action element
is defined as
ea (t) = J(t) − Uc (t) + f˜(t).

(18)

Nh

J(t) =

ŵc(2)
(t)pi (t)
i

(12)

i=1

with
pi (t) =
qi (t) =

f˜ (x(t)) = kv ē(t) − ē(t + 1) + d(t)

1 − exp−qi (t)
1 + exp−qi (t)
n+1


ŵc(1)
(t)xj (t)
ij

j=1

=

n


ŵc(1)
(t)xj (t) + ŵc(1)
(t)u(t),
ij
in+1

j=1

i = 1, . . . , Nh
(2)

(13)

(1)

where ŵci (t) and ŵci (t) are the weights for the output and hidden
layers, respectively; qi is the ith hidden node input of the critic
network; and pi is the corresponding output of the hidden node. Nh
is the total number of hidden nodes in the critic network, and n + 1 is
the total number of inputs into the critic network, including the analog
action value u(t) from the action network.
Writing (12) into matrix form, we have
J(t) =

ŵcT (t)φc





T
wch
x(t)

=

ŵcT (t)φc (t)

(14)

where ŵc (t) and wch are the weight matrices of the output and hidden
layers of the critic network, respectively. Since only the output weights
ŵc (t) are updated during the iterations, with the hidden weights wch
T
fixed, function φc (wch
x(t)) is written in φc (t) as the vector activation
function in the hidden layer.
The objective function to be minimized in the critic network is
1
Ec (t) = eTc (t)ec (t).
(15)
2
The weight update rule for the critic network is a gradient-based
adaptation given by
ŵc (t + 1) = ŵc (t) + Δŵc (t)


∂Ec (t)
Δŵc (t) = lc −
∂ ŵc (t)



= lc

Note that, if function approximation error f˜(t) approaches 0, i.e., a
perfect model of the nonlinear system is obtained by the action NN,
then, according to the closed-loop error system in (7)

∂Ec (t) ∂J(t)
−
∂J(t) ∂ ŵc (t)

(19)

the filtered tracking error will also approach 0, i.e., the optimal
performance with respect to the cost will also be achieved. In fact,
proving that both parts of error term ea (t) are uniformly ultimate
bounded (UUB) will be the main result of this paper.
In the current paradigm and without loss of generality, the term Uc is
set to “0,” corresponding to “success.” Thus, the action network error
function becomes
ea (t) = J(t) + f˜(t).

(20)

Similar to the critic network, the action network is implemented
using a feedforward neural network with one hidden layer. Its matrix
form can be expressed as





T
x(t) = ŵaT (t)φa (t)
fˆ(t) = ŵaT (t)φa wah

(21)

where ŵa (t) and wah are the weight matrices of the output and hidden
layers, respectively. Similar to the critic network, weights wah are
fixed during the adaptation, and φa (t) is used as the vector activation
function in the hidden layer.
Assuming that the unknown system dynamics can accurately be
represented by a neural network, i.e., suppose
f (t) = waT (t)φa (t) + εa (x(t))

(22)

where εa (x(t)) is the neural network function reconstruction error
vector, function approximation error f˜(t) can then be written as
f˜(t) = (ŵa (t) − wa (t))T φa (t) − εa (x(t)) .

(23)

The objective function to be minimized in the action network is



Ea (t) =

where lc > 0 is the learning rate of the critic network.
By substituting (11) into the preceding equation, the weightupdating rule becomes



ŵc (t + 1) = ŵc (t) − lc φc (t) αŵcT (t)φc (t) + r(t)

T

− ŵcT (t − 1)φc (t − 1)

. (16)

In direct HDP [3], the action network aims at learning an optimal
controller under the constraint of the principle optimality. In the
current tracking application using direct HDP, due to the problem construction described by (6), the action network output is to approximate

(24)

The weights in the action network are updated to minimize the square
of this performance error. For finding the tuning law, the formulation
of f˜(t) given by (7) is considered. The update rule is then similar to
that in the critic network by gradient descent and/or its variants
ŵa (t + 1) = ŵa (t) + Δŵa (t)



Δŵa (t) = la
C. Action Network

1 T
e (t)ea (t).
2 a

∂Ea (t)
−
∂ ŵa (t)



= la −



∂Ea (t) ∂J(t) ∂u(t)
∂J(t) ∂u(t) ∂ ŵa (t)



where la> 0 is the learning rate of the action network at time instance k.
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the first difference becomes

By substituting (18), we have



T

ŵa (t + 1) = ŵa (t) − la ωc,n+1 φa (t) ŵcT (t)φc (t) + f˜(t)

ΔJ1 (t) =

where ωc,n+1 is the absolute value of the critic weight connected
to control input u from the action network. Considering (19), the
updating rule becomes
ŵa (t + 1) = ŵa (t) − la ωc,n+1 φa (t)



T

× ŵcT (t)φc (t) + kv ē(t) − ē(t + 1)

(25)

1
(kv ē(t) − ζa (t) + εa (t) + d(t))T
γ1
× (kv ē(t) − ζa (t) + εa (t) + d(t)) − ē(t)T ē(t) .

Applying Cauchy–Schwarz inequality, we have (29).
Lemma 6.2: Let the desired trajectory xd (t) be uniformly bounded
and Assumptions 6.1 and 6.2 hold. Take the control input as (6), the
reinforcement signal as (9), the critic network setting as (14), and its
network updating rules as (16); then, for

with bounded disturbance d(t) taken to zero.
J2 (t) =
VI. L YAPUNOV S TABILITY A NALYSIS

wa 1 ≤ wam

(26)

where wcm , wam ∈ R are constant bounds on the unknown network
weights.
Assumption 6.2: Bounded function reconstruction error vector: Assume that the function reconstruction error vector is bounded, so that
εa (x(t))1 ≤ εam

(27)

over some compact set S, where x(t) ∈ S, and εam ∈ R is a constant
bound on the function reconstruction error vector.
In the rest of this section, some properties of the filtered tracking
error, i.e., the weights of the critic and action networks, will be first
given in Lemma (6.1)–(6.3) under the current problem settings. Then,
the final proof of the controller stability will be presented by Theorem
(6.4).
Lemma 6.1: Let the desired trajectory xd (t) be uniformly bounded
and Assumptions 6.1 and 6.2 hold. Take the control input as (6) and
the action network setting as (21); then, for
J1 (t) =

1
ē(t)T ē(t)
γ1

(31)

(28)





ΔJ2 (t) ≤ − α ζc (t)2 − α I − lc αφc (t)φTc (t)



· ζc (t) + wcT (t)φc (t) + α−1 r(t)

2

− α−1 ŵcT (t − 1)φc (t − 1)



2

+ 2α−1 αwcT (t)φc (t) + r(t) − wcT φc (t − 1)
+ 2α−1 ζc (t − 1)2

(32)

where ζc (t) = (ŵc (t) − wc (t))T φc (t) = w̃cT (t)φc (t) is the approximation error of the critic network.
Proof: The first difference can be written as
ΔJ2 (t) =


1  T
tr w̃c (t + 1)w̃c (t + 1) − w̃cT (t)w̃c (t) .
lc

(33)

With the weight updating rule of wc (t + 1) as in (16), we get





w̃c (t + 1) = I − lc αφc (t)φTc (t) w̃c (t) − lc φc (t)



T

× αwcT φc (t) + r(t) − ŵcT (t − 1)φc (t − 1)

ΔJ2 (t) =

1
tr(P1 + P2 + P3 ).
lc

(34)

For P1 , we have
P1 = −lc α ζc (t)2 − lc αw̃cT (t)





× I − lc αφc (t)φTc (t) φc (t)φTc (t)w̃c (t).
For P2





P2 = −2lc w̃cT (t) I − lc αφc (t)φTc (t) φc (t)



T

× αwcT φc (t) + r(t) − ŵcT (t − 1)φc (t − 1)


1
2
kvmax
−
ē(t)2
3

Then, for P3

ē(t + 1) = kv ē(t) + f˜ (x(t)) + d(t)

2

− α−1 ŵcT (t − 1)φc (t − 1) .

(29)

where ζa (t) = (ŵa (t) − wa (t))T φa (t) = w̃aT (t)φa (t) is the approximation error of the action network, and γ1 > 0 is a weighting factor.
Proof: By substituting the tracking error dynamics

.



P3 = lc2 α2 φTc (t)φc (t) wcT (t)φc (t) + α−1 r(t)
+ ζa (t)2 + εa (t) + d(t)2

.

Substituting it into (33), we get

its first difference is given by
3
ΔJ1 (t) ≤
γ1


1  T
tr w̃c (t)w̃c (t)
lc

its first difference is given by

Prior to the overall system stability analysis, the following two
assumptions are made, which can reasonably be satisfied under the
current problem settings. These assumptions are usually given in
neural network control designs to bypass the technically involved
aspects of the analysis and concentrate on the structural properties
of the algorithm [26], [28], [29], which is our main interest here. In
the current formulation,  · 1 represents the vector 1-norm, and  · 
stands for the Euclidean vector 2-norm if not specified elsewhere.
Assumption 6.1: Bounded optimal network weights: With wc and
wa as the optimal weights for the critic and action networks, respectively, assume that they are bounded, so that
wa 1 ≤ wcm ,

(30)

Combining the three terms and applying the Cauchy–Schwarz inequality with
ŵcT (t − 1)φc (t − 1) = wcT φc (t − 1) + w̃cT (t − 1)φc (t − 1)
we have (32).

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS, VOL. 39, NO. 6, DECEMBER 2009

Lemma 6.3: Let the desired trajectory xd (t) be uniformly bounded
and Assumptions 6.1 and 6.2 hold. Take the control input as (6), the
reinforcement signal as (9), the critic network setting as (14), the action
network setting as (21), and the network updating rules as (16) and
(25); then, for



1
J4 (t) =
tr w̃aT (t)w̃a (t)
γ3 la


lc φc (t)2 < 1
α>

2
ωc,n+1 − la wc,n+1
φTa (t)φa (t)


2
× ŵcT (t)φc (t) + ζa (t) − εa (t) − d(t)
+


2
2
ωc,n+1 wcT (t)φc (t) − (εa (t) + d(t))
γ3

−

1
2
ωc,n+1 ζa (t)2 + ωc,n+1 ζc (t)2
γ3
γ3



J(t) =

3
3

0 < kvmax <



1
1
ζc (t − 1)2 +
tr w̃aT (t)w̃a (t)
γ2
γ3 la

ΔJ(t) = ΔJ1 (t) + ΔJ2 (t) + ΔJ3 (t) + ΔJ4 (t).

ΔJ4 (t) = J4 (t + 1) − J4 (t)

ΔJ3 (t) =


1 
ζc (t)2 − ζc (t − 1)2
γ2

lc φc (t)2 < 1
α>

√

la φa (t)2 <
√

2

1
ωc,n+1

3
3

0 < kvmax <

(43)

and select γ{1,2,3} satisfying
γ1 > 3γ3 /ωc,n+1

We have

γ2 = α/2

γ3 > 2αωc,n+1 /(α2 − 2)

w̃a (t + 1) = w̃a (t) − la ωc,n+1 φa (t)



T

× ŵcT (t)φc (t) + ζa (t) − εa (t) − d(t)

(44)

such that
. (38)

Substituting the preceding equation into (37), with ζa (t) =
w̃aT (t)φa (t), it can be written as
ΔJ4 (t)


1 
2
1 − 3kvmax
ē(t)2
γ1


1
2
− α−
− ωc,n+1 ζc (t)2
γ2
γ3

ΔJ(t) ≤ −



−

1
3
ωc,n+1 −
γ3
γ1



ζa (t)2







− α I − lc αφc (t)φTc (t)

2
− ωc,n+1 −la wc,n+1
φTa (t)φa (t)



× ζc (t) + wcT (t)φc (t) + α−1 r(t)


2
× ŵcT (t)φc (t)+ζa (t)−(εa (t)+d(t))

2

−α−1 ŵcT (t − 1)φc (t − 1)

−

−ωc,n+1 ζa (t)2 +ωc,n+1



(42)

together with Lemma (6.1)–(6.3). By assumption, select

(37)

kv ē(t) − ē(t + 1) = ζa (t) − εa (t) − d(t).

(41)

Write ΔJ3 (t) as

with the weight updating rule of wa (t + 1) as in (25) and the tracking
error dynamics as

 
1

(40)

where γ1 , γ2 , γ3 > 0.
Let the first difference be

where ζa (t) and ζc (t) are the approximation errors of the action and
critic networks, respectively, and γ3 > 0 is a weighting factor.
Proof: The first difference can be written as

γ3

√
2

1
ωc,n+1


1 
1
ē(t)T ē(t) + tr w̃cT (t)w̃c (t)
γ1
lc
+

(36)

=

√

la φa (t)2 <

where kvmax is the maximum eigenvalue of the constant gain matrix
kv , and ωc,n+1 is the absolute value of the critic weight wc,n+1
connected to the control input u from the action network.
Proof: Define the Lyapunov function candidate as





estimates w̃c (t) and w̃a (t) are UUB, provided the following condition
holds:

(35)

its first difference is given by
1
ΔJ4 (t) ≤ −
γ3
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2 

× wcT (t)φc (t)−(εa (t)+d(t))+ w̃cT (t)φc (t)

.

(39)


1 
2
ωc,n+1 − la wc,n+1
φTa (t)φa (t)
γ3



where D2 is defined as
Applying Cauchy–Schwarz inequality, together with ζc (t) =
w̃cT (t)φc (t), we have (36).

Theorem 6.4: Let the desired trajectory xd (t) be uniformly
bounded and Assumptions 6.1 and 6.2 hold. Take the control input as
(6), the reinforcement signal as (9), the critic network setting as (14),
the action network setting as (21), and the network updating rules as
(16) and (25); then, filtered tracking error ē(t) and network weight

2

× ζa (t) + ŵcT (t)φc (t) − (εa (t) + d(t)) + D2



2

D2 = 2α−1 αwcT (t)φc (t) + r(t) − wcT φc (t − 1)
+


2
2
ωc,n+1 wcT (t)φc (t) − (εa (t) + d(t))
γ3

+

3
εa (t) + d(t)2 .
γ1

(45)
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Applying Cauchy–Schwarz inequality, we have



D2 ≤ 6 α + α−1 +


+6

1
ωc,n+1
γ3

1
1
+ ωc,n+1
γ1
γ3







2
wcm
φ2cm



ε2am + d2m + 6α−1

2
= Dm

where wcm , φcm , εam , and dm are the upper bounds of wc , φc ,
εa , and d, respectively.
Given that conditions (43) hold and



ē(t) >


ζc (t) >


ζa (t) >

γ1
2
Dm
2
1 − 3kvmax
α−

1
γ2

1
D2
− γ23 ωc,n+1 m
1

1
ω
γ3 c,n+1

−

3
γ1

2
Dm

(46)

the first difference ΔJ(t) ≤ 0. According to the standard Lyapunov
extension theorem [32], this demonstrates that filtered tracking error

ē(t) and network weight estimates w̃c (t) and w̃a (t) are UUB.
VII. C ONCLUSION
ADP algorithms have extensively been studied regarding their
structure, measured learning efficiency, value function approximation
bounds, and convergence rates, using learning statistics, due to the
statistical learning nature of such approaches. However, less has been
done in evaluating their convergence properties under general nonlinear system settings. Existing studies are mostly limited to discretetime finite-state systems that either are with lookup tables or consider
linear systems. This paper has studied the stability properties of our
previously proposed direct HDP design for a set of general nonlinear
discrete-time continuous systems. The control system framework of
the nonlinear tracking control with filtered tracking error has been
implemented for direct HDP design and analyzed using the Lyapunov
stability approach. Results have shown that the closed-loop tracking
error and the weight estimates of both critic and action networks
in the direct HDP design are UUB under the presence of neural
network approximation errors and bounded unknown disturbances
under certain conditions.
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