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Reinforcement Learning Controller Design for
Affine Nonlinear Discrete-Time Systems
using Online Approximators
Qinmin Yang and Sarangapani Jagannathan

Abstract—In this paper, reinforcement learning state- and
output-feedback-based adaptive critic controller designs are proposed by using the online approximators (OLAs) for a general
multi-input and multioutput affine unknown nonlinear discretetime systems in the presence of bounded disturbances. The proposed controller design has two entities, an action network that
is designed to produce optimal signal and a critic network that
evaluates the performance of the action network. The critic estimates the cost-to-go function which is tuned online using recursive
equations derived from heuristic dynamic programming. Here,
neural networks (NNs) are used both for the action and critic
whereas any OLAs, such as radial basis functions, splines, fuzzy
logic, etc., can be utilized. For the output-feedback counterpart,
an additional NN is designated as the observer to estimate the
unavailable system states, and thus, separation principle is not
required. The NN weight tuning laws for the controller schemes
are also derived while ensuring uniform ultimate boundedness
of the closed-loop system using Lyapunov theory. Finally, the
effectiveness of the two controllers is tested in simulation on a
pendulum balancing system and a two-link robotic arm system.
Index Terms—Adaptive critic, dynamic programming (DP),
Lyapunov method, neural networks (NNs), online approximators
(OLAs), online learning, reinforcement learning.

I. I NTRODUCTION

I

N THE literature, there are many ways for designing stable
controllers for nonlinear dynamic systems. However, stability is only a bare requirement for the controller design. A
further consideration is the optimality based on a predefined
cost function, which is used to determine the performance of
the system. In other words, a controller scheme should not only
achieve the stability of the closed-loop system but also keep
the cost as small as possible. A number of methods have been
introduced for the optimal control of nonlinear systems.
Of the available methods, dynamic programming (DP) has
been extensively applied to generate optimal control for nonManuscript received October 18, 2010; revised May 8, 2011; accepted
August 13, 2011. Date of publication September 22, 2011; date of current
version March 16, 2012. This work was supported in part by NSF under Grants
ECCS 0624644 and ECCS 0901562 by NSF of China, under Grant 60804064,
and by the Qianjiang Program of Zhejiang Province under Grant 2011R10024.
This paper was recommended by Associate Editor W. J. Wang.
Q. Yang is with the State Key Laboratory of Industrial Control Technology, Department of Control Science and Engineering, Zhejiang University,
Hangzhou 310027, China (e-mail: qmyang@iipc.zju.edu.cn).
S. Jagannathan is with the Department of Electrical and Computer Engineering, Missouri University of Science and Technology (formerly, University of
Missouri–Rolla), Rolla, MO 65409, USA.
Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TSMCB.2011.2166384

linear dynamic systems [1]–[4], [22] by utilizing Bellman’s
principle of optimality that is stated as “no matter how an
intermediate point is reached in an optimal trajectory, the rest
of the trajectory (from the intermediate point to the end) must
be optimal.” While this method allows optimization over time
[17], one of its drawbacks is the computation cost with the
increasing dimension of the nonlinear system, which is referred
to as the “curse of dimensionality” [4]. Therefore, to confront
this issue, adaptive or approximate DP (ADP) methods (e.g.,
see [8] and [29]) have been developed recently. However, most
of them are implemented either by an offline manner using
iterative schemes or require the dynamics of the nonlinear
system to be known a priori. Unfortunately, these requirements
are often not practical for real-world systems, since the exact
dynamics is usually not available for nonlinear systems.
On the other hand, reinforcement learning is originated
from animal behavior research and its interactions with the
environment. It is based on the common sense reasoning that, if
an action is followed by a satisfactory outcome (reinforcement
signal), then the tendency to repeat that action is strengthened,
i.e., reinforced. Differing from the traditional supervised neural
network (NN) learning, there is no desired behavior or training
examples employed with reinforcement learning schemes.
Nevertheless, it is common to apply reinforcement learning
for optimal controller design, since the cost function can be
directly seen as a form of reinforcement signal.
Of the available reinforcement learning schemes, the temporal difference learning method [9]–[12] and ADP [31] have
found many applications in engineering since it does not require
the knowledge of the system dynamics even though an iterative
approach is typically utilized. However, to obtain a satisfactory
reinforcement signal for each action, the approach must visit
each system state by applying each action often enough [13],
which requires that the system be time invariant, or stationary
in the case of stochastic system.
To overcome the iterative offline methodology for real-time
applications, several appealing online approximator (OLA)based controller design methods were introduced in [15], [17],
[19]–[22], and [24]. They are also referred to as forward DP
or adaptive critic designs (ACDs). The central theme of this
approach is that the optimal control law and cost function
are approximated by online parametric structures, such as
NNs, which are trained over time along with the information that is fed back from the system response. Depending
upon whether the NNs approximate the cost function or its
derivative, or both, the ACDs are classified as follows: 1)
heuristic DP (HDP); 2) dual heuristic programming (DHP);
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and 3) globalized dual heuristic programming (GDHP). It is
important to note that, when the action is introduced as an
additional input to the critic, then the ACD will be referred as
action dependent version of the ACD.
Instead of finding the exact minimum, ACDs approximate
the Bellman equation J(x(k)) = minu(k) {J(x(k + 1)) +
U (x(k), x(k + 1))} where x(k) is the state and u(k) is the control at time step k, while the strategic utility function J(x(k))
represents the minimum cost or performance measure associated with going from k to final step N , U (x(k), x(k + 1)) is
the utility function denoting the cost incurred in going from
k to k + 1 using control u(k), and J(k + 1) is the minimum
cost or performance measure associated in going from state
k + 1 to the final step N . The NNs are widely used for
approximation in the ACD literature.
Numerous papers have appeared on ACDs using NN, but
stability is rarely studied. The ones where some sort of stability
is discussed are briefly introduced next. A new NN learning
algorithm based on gradient descent rule is introduced in [6],
and the approach is evaluated on a single cart-pole balancing
system and a pendulum and a triple-link inverted pendulum.
However, no proof of the convergence or stability of the system
was given. By contrast, Lyapunov analysis was derived in [14]
and [15] using a variant of Bellman equation.
On the other hand, [6], [14], and [15] employ simplified
binary reward or cost function which is a variant of the standard Bellman equation. By contrast, in this paper, a novel reinforcement-learning-based controller is introduced for
multi-input multioutput affine nonlinear discrete-time systems
with standard Bellman equation first by assuming state feedback using NN. However, the approach is generic enough that
any OLA-based scheme, such as radial basis functions, splines,
and Cerebellar Model Articulation Controller (CMAC), can be
utilized.
Meanwhile, most of the developed methods in ADP and
reinforcement learning schemes [24], [31] use state feedback.
However, it is common in practical applications that outputs are
measured and the system states are unavailable for measurement. An observer is used for estimating the states by using
the measured outputs. For nonlinear systems, a stable state
observer, in general, does not guarantee the stability of the
entire closed-loop system when it is used in conjunction with
a stabilizing controller. While the separation principle holds
for linear systems, it does not hold for nonlinear systems [28],
and the design of an observer-based controller design becomes
more challenging if optimality has to be ensured. Therefore, an
output-feedback controller with reinforcement learning design
is also proposed in this paper.
In this paper, ONA-based methodology by using NNs is
considered for the control of nonlinear discrete systems with
standard quadratic-performance index as the cost function. The
state-feedback scheme consists of two OLAs (in this case,
two NNs): an action NN for the action network to derive the
optimal (or near optimal) control signal to track not only the
desired system output but also to minimize the long-term cost
function and a critic NN for the critic network to approximate
the long-term cost function J(x(k)) and to tune the action
NN weights. For the output-feedback controller, an additional
NN is employed as the observer to estimate the unavailable
system states.

Since the control signal is not used in the critic NN as an
additional input, the proposed approach could be seen as an
OLA-based HDP or neural HDP approach. Other than addressing the problem of optimization, contributions of this paper
include the following: 1) the demonstration of the uniformly
ultimately boundedness (UUB) of the overall system even in
the presence of approximation errors and bounded unknown
disturbances unlike in the existing adaptive critic works where
the convergence is shown under ideal circumstances [27]; 2)
the NN weights are tuned online instead of offline training
that is commonly employed in ACD [31]; and 3) the linearin-parameter assumption is overcome along with the persistent
excitation (PE) condition requirement [26]. Finally, the proposed approach uses the standard Bellman equation and not a
variant of the Bellman equation [14], [15].
This paper is organized as follows. In Section II, the background of ACDs and assumptions of the system are introduced.
Section III presents the detailed state-feedback controller design methodology with learning algorithm for the action and
critic NNs. Output-feedback control scheme is proposed in
Section IV, and simulation results on two-link robotic arm and
pendulum are demonstrated in Section V.
II. BACKGROUND
A. ACD
In this paper, consider the following nonlinear affine system,
given in the form as
x1 (k + 1) = x2 (k)
..
.
xn (k + 1) = f (x(k)) + g (x(k)) u(k) + d(k)
y(k) = x1 (k)

(1)

where the state vector x(k) = [x1 (k), x2 (k), . . . , xn (k)]T
∈ nm at time instant k with each xi (k) ∈ m , i = 1, . . . , n,
f (x(k)) ∈ m is a smooth unknown nonlinear vector field,
g(x(k)) ∈ m×m is a diagonal matrix of unknown nonlinear
vector fields, u(k) ∈ m is the control input vector, y(k)
∈ m is the output vector, and d(k) ∈ m is the unknown but
bounded disturbance vector, whose bound is assumed to be a
known constant such that d(k) ≤ dm . Here,  •  stands for
the Frobenius norm [5], which will be used throughout this
paper. First, the state vector x(k) is assumed available at the
kth step for the state-feedback controller.
Assumption 1: Without loss of generality, let the matrix
g(x(k)) ∈ m×m be a positive definite diagonal matrix for
each x(k) ∈ nm , with gmin ∈ + and gmax ∈ + represent
the minimum and maximum eigenvalues of the matrix g(x(k)),
respectively, such that 0 < gmin ≤ gmax .
Our objective is to design an online reinforcement learning
NN controller for the system (1) such that the following holds:
1) all the signals in the closed-loop system remain uniformly
ultimately bounded in the presence of bounded disturbances
and approximation errors; 2) the state x(k) follows a desired
trajectory xd (k) = [x1d (k), . . . , xnd (k)]T ∈ nm , or, equivalently speaking, the output y(k) follows a desired trajectory
yd (k) ∈ m ; and 3) the long-term cost function (2) is minimized so that an optimal (or near optimal) control input can be
generated. Here, the “online” means that the controller learns
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“in real time” through constant interaction with the instant,
instead of an explicit offline learning phase.
Assumption 2: The desired trajectory of the system states
xd (k) = [x1d (k), . . . , xnd (k)]T is arbitrarily selected, but
satisfies xid (k + 1) = x(i+1)d (k), i = 1, . . . , n − 1, and yd (k)
is a known smooth bounded function over the compact subset
of m .
Note that, from Assumption 2 and (1), one can derive that
xid (k) = yd (k + i − 1), i = 1, . . . , n. Meanwhile, to introduce
optimality into our design, the long-term cost function is
defined as
J(k) = J (x(k), u) =
=

∞


∞


Fig. 1. Two-layer NN structure.

γ i r(k + i)

i=t0



γ i q (x(k + i)) + uT (k + i)Ru(k + i) (2)

i=t0

where J(k) stands for J(x(k), u) for simplicity, u is a control
policy, R is a positive definite matrix, and q(x(k)) is a positive
semidefinite function of the states, while γ(0 ≤ γ ≤ 1) is the
discount factor for the infinite-horizon problem. As observed
from (2), the long-term cost is defined in terms of the discounted sum of the immediate cost or Lagrangian r(k), which
is given by
r(k) = q (x(k))+uT (k)Ru(k)
= (x1 (k)−x1d (k))T Q (x1 (k)−x1d (k))+uT (k)Ru(k)
= (y(k)−yd (k))T Q (y(k)−yd (k))+uT (k)Ru(k) (3)
where Q is a positive semidefinite matrix. In this paper, we are
using a widely used standard quadratic cost function defined
based on the output tracking error e(k) = y(k) − yd (k), which
will be contrasted with [6], [14], and [15]. The immediate cost
function r(k) can be viewed as a system performance index for
the current step.
The basic idea in adaptive critic or reinforcement learning
design is to approximate the long-term cost function J (or its
derivative, or both) and generate the control signal minimizing
the cost. By using learning, the OLA will converge to the
optimal cost, and the controller will converge to the optimal
controller correspondingly. In fact, for an optimal control law,
which can be expressed as u∗ (k) = u∗ (x(k)), the optimal longterm cost function can be written alternatively as J ∗ (k) =
J ∗ (x(k), u∗ (x(k))) = J ∗ (x(k)), which is a function of the
current state [16]. Next, one can state the following reasonable
assumption.
Assumption 3: The optimal cost function J ∗ (k) is finite and
bounded over the compact set S ⊂ n by Jm .
B. Two-Layer NN
In our controller architecture, we consider the NNs having
two layers, as shown in Fig. 1. The output of the NN can be
given by Y = W T φ(V T X), where V and W are the hidden
layer and output layer weights, respectively. The number of
hidden layer nodes is denoted as N2 . A general function f (x)
∈ C N3 (S) can be written as [18]
f (x) = W T φ(V T x) + ε(x)

(4)

with ε(x) being an NN functional reconstruction error vector.
In our design, V is selected initially at random and held. It is

Fig. 2. Online neural DP-based controller structure.

demonstrated in [18] that, if the hidden layer weights V are chosen initially at random and held while N2 is sufficiently large,
the NN approximation error ε(x) can be made arbitrarily small
since the activation function vector forms a basis. Additionally,
one can relax this assumption of bounded approximation error
by using a robust signal through an auxiliary control input,
which is relegated as part of a future publication. Since NN is
utilized here as an illustration of the OLA, the rest of this paper
uses NNs for the OLA.

III. S TATE -F EEDBACK O NLINE R EINFORCEMENT
L EARNING C ONTROLLER D ESIGN
The block diagram of the proposed controller is shown in
Fig. 2 where the action NN is providing the control signal to
the plant while the critic NN approximates the long-term cost
function. The two NNs learn online without any offline learning
phase.
Furthermore, the persistence of excitation (PE) condition is
usually necessary to guarantee boundedness of the NN weight
estimates [5], [25]. Unfortunately, it is difficult to verify the
PE condition of the output function φ(V T x) of the NN hidden
layer in practical applications. In this paper, a novel tuning
algorithm is therefore proposed to make the NN weights robust
so that PE is not needed. First, the action NN design is given,
and subsequently, the critic NN design is introduced for the
state-feedback controller. Next, the weight tuning updates are
presented before analyzing the stability of the overall system.
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In the meantime, we can notice that ei (k) = xi (k) −
xid (k) = en (k − n + i), i = 1, . . . , n. Next, the critic NN
design is introduced.

A. Action Network Design
The tracking error at instant k is defined as
ei (k) = xi (k) − xid (k) = xi (k) − yd (k + i − 1),
i = 1, . . . , n.

(5)

Then, future value of the tracking error using system
dynamics from (1) can be rewritten as
en (k + 1) =f (x(k)) + g (x(k)) u(k)+
d(k) − yd (k + n).

(6)

A desired control signal can be given by
ud (k) = g −1 (x(k)) (−f (x(k) + yd (k + n) + l1 e(k))

(7)

where l1 ∈ m×m is a design matrix selected such that the
tracking error en (k) converges to zero.
Since both of f (x(k)) and g(x(k)) are unknown smooth
nonlinear functions, the desired feedback control ud (k) cannot
be implemented directly. Instead, an action NN is employed to
generate the control signal. From (7) and considering Assumption 2, the desired control signal can be approximated as


ud (k) = waT φa vaT s(k) + εa (s(k))
= waT φa (s(k)) + εa (s(k))

(8)

where s(k) = [xT (k), ydT (k), ydT (k + n)]T ∈ (n+2)m is the
action NN input vector. The action NN consists of two layers,
and wa ∈ na ×m and va ∈ (n+2)m×na denote the desired
weights of the output and hidden layers, respectively, with
εa (s(k)) being the action NN approximation error and na being
the number of the neurons in the hidden layer. Since va is fixed,
for simplicity purposes, the hidden layer activation function
vector φa (vaT s(k)) ∈ n2 is denoted as φa (s(k)).
Considering the fact that the target weights of the action NN
are unknown, the actual NN weights have to be trained online,
and its actual output can be expressed as


u(k) = ŵaT (k)φa vaT s(k) = ŵaT (k)φa (s(k))
(9)
where ŵa (k) ∈ na ×m is the actual weight matrix of the output
layer at instant k.
Using the action NN output as the control signal and substituting (8) and (9) into (6) yield
en (k + 1) = f (x(k)) + g (x(k)) u(k) + d(k) − yd (k + n)
= l1 en (k) + g (x(k)) (u(k) − ud (k)) + d(k)
= l1 en (k) + g (x(k))

× w̃aT (k)φa (s(k)) − εa (s(k)) + d(k)
(10)
= l1 en (k) + g (x(k)) ζa (k) + da (k)

B. Critic Network Design
As stated earlier, an optimal controller should be able to
stabilize the closed-loop system while minimizing the cost
function at the same time. In this paper, a critic NN is employed
to approximate the target long-term cost function J(k). Since
J(k) is unavailable at the kth time instant in an online learning
framework, the critic NN is tuned online in order to ensure that
its output converges close to J(k).
First, the prediction error for the critic or the Bellman error
[6] is defined as
ˆ − J(k
ˆ − 1) + r(k)
ec (k) = γ J(k)
where the subscript “c” stands for the “critic” and


ˆ
J(k)
= ŵcT (k)φc vcT x(k) = ŵcT (k)φc (x(k))

(15)

(16)

ˆ
with J(k)
∈  representing the critic NN output which is an
approximation of J(k). In our design, the critic NN is also a
two-layer NN, while ŵc (k) ∈ nc ×1 and vc ∈ nm×nc represent its actual weight matrix of the output and hidden layers,
respectively. The term nc denotes the number of the neurons in
the hidden layer. Similar to HDP, the system states x(k) ∈ n
are selected as the critic network input. The activation function
vector of the hidden layer φc (vcT x(k)) ∈ nc is denoted as
φc (x(k)) for simplicity. Provided that enough number of the
neurons are in the hidden layer, the optimal long-term cost
function J ∗ (k) can be approximated by the critic network with
arbitrarily small approximation error εc (k) as


J ∗ (k) =wcT φc vcT x(k) + εc (x(k))
=wcT φc (x(k)) + εc (x(k)) .

(17)

Similarly, the critic network NN weight estimation error can
be defined as
w̃c (k) = ŵc (k) − wc

(18)

where the approximation error is given by
ζc (k) = w̃cT (k)φc (x(k)) .

(19)

Thus, we have
ˆ − J(k
ˆ − 1) + r(k)
ec (k) = γ J(k)
= γζc (k) + γJ ∗ (k) − ζc (k − 1)
− J ∗ (k − 1) + r(k) − εc (k) + εc (k − 1).
Next, we discuss the weight tuning algorithms for critic and
action NNs.

where
w̃a (k) = ŵa (k) − wa
ζa (k)

= w̃aT (k)φa

(s(k))

da (k) = − g (x(k)) εa (s(k)) + d(k).

(11)
(12)
(13)

Thus, the closed-loop tracking error dynamics is expressed as
en (k + 1) = l1 en (k) + g (x(k)) ζa (k) + da (k).

(14)

C. Weight Update for the Critic Network
Following the discussion from the last section, the objective
function to be minimized by the critic network can be defined
as a quadratic function of tracking errors as
Ec (k) =

1 T
1
e (k)ec (k) = e2c (k).
2 c
2

(20)
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Using a standard gradient-based adaptation method, the weight
updating algorithm for the critic network is given by

take it as zero and obtain the weight updating algorithm for the
action NN as

ŵc (k + 1) = ŵc (k) + ∆ŵc (k)

ŵa (k + 1) =ŵa (k) − αa φa (s(k)) (en (k + 1)
T
¯
.
−l1 en (k) + J(k)

where



∂Ec (k)
∆ŵc (k) = αc −
∂ ŵc (k)

(21)

(28)

(22)
E. Theoretic Result

with αc ∈  being the adaptation gain.
Combining (15), (16), and (20) with (22), the critic NN
weight updating rule can be obtained by using the chain rule
as

Assumption 4: Let wa and wc be the unknown output layer
target weights for the action and critic NNs, respectively, and
assume that they are upper bounded such that

ˆ
∂Ec (k)
∂Ec (k) ∂ec (k) ∂ J(k)
= −αc
ˆ
∂ ŵc (k)
∂ec (k) ∂ J(k)
∂ ŵc (k)
= − αc γφc (x(k)) ec (k).
(23)

(29)

∆ŵc (k) = − αc

Thus, the critic NN weight updating algorithm is obtained as
ŵc (k) − αc γφc (x(k))
ŵc (k + 1) = 
ˆ + r(k) − J(k
ˆ − 1) .
γ J(k)

(24)

D. Weight Update for the Action Network
The basis for adapting the action NN is to track the desired
trajectory and to lower the cost function. Therefore, the error
for the action NN can be formed by using the functional
estimation error ζa (k) and the error between the nominal desired long-term cost function Jd (k) ∈  and the critic signal
ˆ
¯
J(k).
Now, we define the cost function vector as J(k)
=
T
m×1
ˆ
ˆ
ˆ
[J(k)
J(k)
. . . J(k)]
∈
. Let

−1 

¯ − Jd (k)
J(k)
ea (k) = g (x(k))ζa (k) +
g (x(k))

−1
¯
J(k)
(25)
= g (x(k))ζa (k) +
g (x(k))
where ζa (k) is defined in (12). Given Assumption 1, we define g(x(k)) ∈ m×m as the principle square root of the
diagonal positive definite matrix g(x(k)), i.e., g(x(k)) ×
g(x(k)) = g(x(k)), and ( g(x(k)))T = g(x(k)) [14].
The desired long-term cost function Jd (k) is nominally defined
and is considered to be zero (“0”), which means as low as
possible.
Hence, the weights of the action NN ŵa (k) are tuned to
minimize the error
1
(26)
Ea (k) = eTa (k)ea (k).
2
Combining (10), (12), (14), (25), and (26) and using the chain
rule yield
∂Ea (k)
∂Ea (k) ∂ea (k) ∂ζa (k)
= −αa
∂ ŵa (k)
∂ea (k) ∂ζa (k) ∂ ŵc (k)

T
¯
= − αa φa (s(k)) g (x(k)) ζa (k) + J(k)
= − αa φa (s(k))

T
¯
× en (k + 1) − l1 en (k) − da (k) + J(k)
(27)

∆ŵa (k) = − αa

where αa ∈ + is the adaptation gain of the action NN. However, da (k) is typically unavailable, so as in the ideal case, we

wa  ≤ wam and wc  ≤ wcm

where wam ∈ + and wcm ∈ + represent the bounds on the
unknown target weights.
Fact 1: The activation functions for the action and critic NNs
are bounded by known positive values, such that
φa (k) ≤ φam

φc (k) ≤ φcm

(30)

where φam , φcm ∈ + is the upper bound for the activation
functions.
Assumption 5: The NN approximation errors εa (s(k)) and
εc (x(k)) are bounded above over the compact set S ⊂ m by
εam and εcm [11].
Fact 2: With the Assumptions 1 and 4, the term da (k) in (13)
is bounded over the compact set S ⊂ m by
da (k) ≤ dam = gmax εam + dm .

(31)

Combining Assumptions 1, 3, and 4 and Facts 1 and 2, the
following theorem is introduced.
Theorem 1: Consider the nonlinear affine system given by
(1) with all system states measurable. Let the Assumptions 1–5
hold with the disturbance bound dm being a known constant.
Let the control input be provided by the action NN (9), with
the critic NN input being (16). Furthermore, let the weights of
the action NN and the critic NN be tuned by (23) and (27),
respectively. Then, there exist three positive constants be , ba ,
and bc , denoted as the uniform ultimate bounds for the tracking
error e(k), and the NN weight estimates the errors of the action
and critic NNs ζa (k) and ζc (k), respectively, given by
√
2
be = 2 3DM / 4γ1 (1 − 3lmax
) − 3γ3 Qmax
(32)
√
2
ba = 2 2DM / 8γ2 gmin − 8γ1 gmax
− γ3 Rmax (33)
bc = DM /

γ3 γ 2 − γ2 n − γ4

provided that the controller design parameters satisfy
gmin
0 < αa φa (k)2 < 2
gmax

(34)

(35)

0 < αc γ 2 φc (k)2 < 1
√
0 < l1 max < 3/3

(36)

γ > 1/2

(38)

(37)

where αa and αc are NN adaptation gains, γ is employed
to define the strategic utility function, and l1 max ∈ + is the
largest eigenvalue of square matrix l1 .
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Proof: See the Appendix.
Remark 1: The action and critic NN weights can be initialized at zero or random. This means that there is no explicit
offline learning phase needed.
Remark 2: It is important to note that persistency of excitation condition is not utilized, and certainty equivalence (CE)
principle is not employed, in contrast to standard work in
discrete-time adaptive control [30]. In the latter, a parameter
identifier is first designed, and the parameter estimation errors
are shown to converge to small values by using a Lyapunov
function. Then, in the tracking proof, it is assumed that the
parameter estimates are exact by invoking a CE assumption,
and another Lyapunov function is selected that weighs only the
tracking error terms to demonstrate the closed-loop stability and
tracking performance. By contrast, in our proof, the Lyapunov
function shown in the Appendix weighs the tracking errors e(k)
and the weight estimation errors of all the NNs for the controller
W̃ (k). The proof is exceedingly complex due to the presence
of several different variables. However, it obviates the need for
the CE assumption, and it allows weight-tuning algorithms to
be derived during the proof, not selected a priori in an ad hoc
manner.
Remark 3: In this paper, two-layer NNs are utilized as OLAs
for action and critic network signals whereas any other OLAs,
such as CMAC, splines, fuzzy logic, and so on, can be utilized
instead. Lyapunov proof of the controller convergence still
holds.
Next, the output-feedback controller is discussed.
IV. O UTPUT-F EEDBACK O NLINE R EINFORCEMENT
L EARNING C ONTROLLER D ESIGN
In the state-feedback design that is presented in the previous
section, all states are assumed to be available for the controller.
However, in this section, the output-feedback version of our
online reinforcement learning scheme is introduced when
certain states of the plant are unavailable. First, an observer
design is introduced followed by the action and critic NN
designs before discussing the stability of the closed-loop system
with output feedback.

x̃i (k) = x̂i (k) − xi (k),

i = 1, . . . , n

(40)

where x̃i (k) ∈ m , i = 1, . . . , n, is the state estimation error.
As a matter of fact, by comparing (1) and (39), one can
find that the observer NN approximates the nonlinear function
given by f (x(k − 1)) + g(x(k − 1))u(k − 1). Thus, ideally,
this nonlinear function can be expressed as
f (x(k − 1))+ g (x(k − 1)) u(k − 1)
= woT φo voT z(k − 1) + εo (z(k − 1))
= woT φo (z(k − 1)) + εo (z(k − 1))

(41)

where wo ∈ no ×m is the target observer NN weight matrix,
εo (z(k − 1)) is the NN approximation error, and the NN
input is z(k − 1) = [xT1 (k − 1), . . . , xTn (k − 1), uT (k − 1)]T
∈ (n+1)m . Again, for convenience, the hidden layer activation function vector φo (voT z(k − 1)) ∈ no is written as
φo (z(k − 1)).
Combining (39)–(41), one obtains
x̃n (k) = x̂n (k) − xn (k)
= x̂n (k) − f (x(k − 1))
− g (x(k − 1)) u(k − 1) − d(k − 1)
= ŵoT (k − 1)φo (ẑ(k − 1)) − woT φo (z(k − 1))
− εo (z(k − 1)) −d(k − 1)
= ŵoT (k − 1) − woT φo (ẑ(k − 1))
+ woT (φo (ẑ(k − 1)) − φo (z(k − 1)))
− εo (z(k − 1)) − d(k − 1)
= w̃oT (k − 1)φo (ẑ(k − 1)) + woT φo (z̃(k − 1))
− εo (z(k − 1)) − d(k − 1)
(42)
= ξo (k − 1) + do (k − 1)
where
w̃o (k − 1) = ŵo (k − 1) − wo
(43)
(44)
ξo (k − 1) = w̃oT (k − 1)φo (ẑ(k − 1))
(45)
φ̃o (z(k − 1)) = φo (ẑ(k − 1)) − φo (z(k − 1))
do (k − 1) = woT φ̃o (z(k − 1)) − εo (z(k − 1) + d(k − 1).
(46)
Therefore, the dynamics of the estimation error is obtained
using (40) and (42) as

A. Observer Structure
Consider system (1) and assume that only the output vector
y(k) ∈ m is available at the kth step. Therefore, to estimate
other system states, an NN observer is first proposed. For the
system described by (1), we use the following NN-based state
observer to estimate the actual state x(k) as
x̂1 (k) = x̂2 (k − 1)
..
.



x̂n (k) = ŵoT (k − 1)φo voT ẑ(k − 1)
= ŵoT (k − 1)φo (ẑ(k − 1))

plicity purposes, the hidden layer activation function vector
φo (voT ẑ(k − 1)) ∈ no is written as φo (ẑ(k − 1)).
Define the state estimation error as

x̃1 (k) = x̃2 (k − 1)
..
.
x̃n (k) = ξo (k − 1) + do (k − 1).

(47)

B. Action and Critic Network Designs

(39)

where x̂i (k) ∈ m , i = 1, . . . , n, is the estimated value
of xi (k) ∈ m , ẑ(k − 1) = [x̂T1 (k − 1), . . . , x̂Tn (k − 1), uT
(k − 1)]T ∈ (n+1)m is the input vector to the NN observer
at the kth instant, ŵo (k − 1) ∈ no ×m and vo ∈ (n+1)m×no
denote the output and hidden layer weights of the NN observer,
and no is the number of the hidden layer neurons. For sim-

Since the actual system states are unavailable for the action
and critic NNs, their input and update laws have to be changed
accordingly. The basic idea is to substitute the unavailable
system states with the corresponding estimated values from
the observer NN. Consequently, the action NN input is taken
as ŝ(k) = [x̂T (k), ydT (k), ydT (k + n)]T ∈ (n+2)m , while the
input to the critic NN is replaced by x̂(k). Thus, in our outputfeedback design, the control input to the plant is provided as


u(k) = ŵaT (k)φa vaT ŝ(k) = ŵaT (k)φa (ŝ(k)) .
(48)
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The long-term cost function is approximated by


ˆ
J(k)
= ŵcT (k)φc vcT x̂(k) = ŵcT (k)φc (x̂(k)) .

provided that the following additional conditions are met as
(49)

Meanwhile, the training algorithms governing action and
critic NNs are updated as
ŵa (k + 1) = ŵa (k) − αa φa (ŝ(k))

T
¯
× ên (k + 1) − l1 ên (k) + J(k)

(50)

ŵc (k + 1) = ŵc (k) − αc γφc (x̂(k))

ˆ + r(k) − J(k
ˆ − 1)
× γ J(k)

(51)

where ên (k) = x̂n (k) − xnd (k).
Thus, (10) has to be rewritten as
en (k + 1) = f (x(k)) + g (x(k)) u(k) + d(k) − yd (k + n)
= l1 en (k) + g (x(k)) (u(k) − ud (k)) + d(k)
= l1 en (k) + g (x(k))

× w̃aT (k)φa (ŝ(k)) − εa (ŝ(k)) + d(k)
= l1 en (k) + g (x(k)) ζ̂a (k) + dˆa (k)
(52)
where
ζ̂a (k) = w̃aT (k)φa (ŝ(k))
dˆa (k) = − g (x(k)) εa (ŝ(k)) + d(k).

(53)
(54)

C. Weight Updates for the Observer NN
The observer NN weight update is driven by the state
estimation error x̃1 (k) = x̂1 (k) − y(k), i.e.,
ŵo (k + 1) = ŵo (k) − αo φo

T
× (ẑ(k)) ŵoT (k)φo (ẑ(k)) + l2 x̃1 (k)

(55)

+

is the

is a design matrix and αo ∈ 
where l2 ∈ 
adaptation gain for the NN observer.
m×m

D. Theoretic Result
Theorem 2: Consider the system given by (1) with only
the output vector available. Let the Assumptions 1–5 hold
(Assumptions 4 and 5 also hold for the observer NN) with the
disturbance bound dm being a known constant. Let the system
states be estimated by observer NN (39) and the control input
be provided by the action NN (48), with the critic NN (49)
tuning the action NN weights. Furthermore, let the observer,
action, and critic NN weights be tuned by (50), (51) and
(55), , respectively. Then, there exist four constants Be , Bo ,
Ba , and Bc , denoted as the uniform ultimate bounds for the
tracking error e(k), and the NN weight estimates the errors of
the observer, action, and critic NNs ζo (k), ζ̂a (k), and ζc (k),
respectively, given by
√
Be = 3DM / η4 − 3(η3 + η4 )l12 max
(56)
Bo = DM / η6 − η2 − 2η7
Ba = DM / η7 gmin − (η3 +
Bc = DM / η8

γ2

(57)
2
η4 )gmax

− η7 − η10

− η9
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(58)
(59)

0 < αo φo (k)2 < 1
√
3
.
γ>
3

(60)
(61)

Proof: See the Appendix.
Remark 4: The observer NN weights can also be initialized
at zero or random, which avoids the need for offline learning
phase.
Remark 5: Since separation principle does not hold for nonlinear systems, the proposed output-feedback controller relaxes
this strong assumption since Lyapunov proof includes observer
estimation error and weight estimation error terms along with
the action and critic network terms.
V. S IMULATION R ESULTS
To demonstrate the feasibility of the theoretic results, the
online reinforcement learning controller design is implemented
on a pendulum balancing system and a two-link robotic arm
system by simulation.
A. Pendulum Balancing System
First, our approach is examined on a pendulum swing up and
balancing task. The example under investigation is identical
to that in [6] and [7]. The continuous-time dynamics of the
pendulum can be written as follows:
dω
3
=
(F + m lg sin θ) + d
dt
4ml2
dθ
=ω
dt

(62)

where m = 1/3 and l = 3/2 are the mass and length of the
pendulum, respectively. The gravity g = 0.98 m/s2 . The original system states include the current angle θ and angular
velocity ω, while the angular acceleration F is adopted as
the control input. Furthermore, an additive bounded uniformly
distributed noise d ∈ [−0.02 0.02] is introduced with bound
dm = 0.02. The objective is to swing up the bar and to balance
it at the top position, namely, θd = 0, ωd = 0. Initially, the
pendulum starts at θ = π, which means that the bar is released
loosely straight down.
In the implementation, the system dynamics are discretized
with standard zero-order-hold technique presented in [5]. The
time step is taken as 0.05. Since the optimal control law is
unknown, for comparison purposes, the proposed reinforcement learning design and a traditional proportional–integral
(PI) controller are evaluated.
First, the parameters of the online reinforcement learning
design and the simulation parameters are selected according to
Theorems 1 and 2 (Table I).
Traditional sigmoidal activation functions are employed in
all the nodes in the hidden layer of all NNs [26]. The hidden
layer weights are selected initially at random and held constant.
The output layer weights are initialized randomly.
Then, the PI controller is implemented as u = kp rθ +
kI rθ dt, where rθ = ω + kθ θ is the filtered tracking error [26]
and some of the design parameters are set as kθ = 5, kp = −5,
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TABLE I
S UMMARY OF PARAMETERS U SED IN S IMULATION OF P ENDULUM

TABLE II
S UMMARY OF PARAMETERS U SED IN S IMULATION OF
T WO -L INK ROBOT A RM

and kI = −20. The PI controller parameters are obtained from
numerous simulation tests but may not be globally “optimal.”
In our study, 100 consecutive trials for state-feedback reinforcement learning design are attempted, and the task is
successfully accomplished for every trial. Fig. 3(a) shows the
simulation results of state-feedback controller for one of the
trials in terms of θ and ω, and Fig. 3(b) gives the corresponding
control signal. Consistent with the theoretical results, the tracking error converges to a small value, and the control input is
also found to be bounded.
Meanwhile, the performance of the PI controller is shown
in Fig. 4. It is apparent that, with PI controller, the system
output trajectories converge to zero faster and seem to have
a better performance. However, it should be noted that a lot
more control effort is generated for PI control law by looking
into the control input plots. As a matter of fact, the long-term
cost function computed from (2) and (3) with the same R and
Q is 9.981 for the online learning scheme but 13.731 for the
PI controller, which shows that the proposed design is indeed
tuned to decrease the cost function as predicted.
In addition, the time histories of both the critic NN weights
and Bellman error (15) are demonstrated in Fig. 5. Examining
the figure shows that the parameter estimates converge to
constant values and remain bounded consistent with Theorem 1.
Moreover, in order to show the impact of the cost function parameters on the controller performance, the simulation is redone
with different settings of R = diag{0.05, 0.05} and Q = 0.5.
As one can see in Fig. 6, the NN weights are still bounded, and
Bellman error converges to zero eventually as expected.
Furthermore, Fig. 7 shows the output trajectories of the
system with output-feedback online learning controller, which
verifies its feasibility.

Fig. 3. Performance of the state-feedback online reinforcement learning
controller. (a) Trajectories of system outputs θ and ω. (b) Control input.

B. Two-Link Planar Robot Arm System
In the second implementation, the two-link planar robot arm
system shown in Fig. 8 and discussed in [5] is considered.

Fig. 4. Simulation results of the PI controller on pendulum balancing system.
(a) Trajectories of system outputs θ and ω. (b) Control input.
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Fig. 5.
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Trajectories of OLA weights and Bellman error.

Fig. 6. Trajectories of OLA weights and Bellman error along with R =
diag{0.05, 0.05} and Q = 0.5.



The continuous-time manipulator dynamics is as follows [5]:
 
q̈1
α + β + 2η cos q2 β + η cos q2
β + η cos q2
β
q̈2




−η 2q̇1 q̇2 + q̇22 sin q2
+
η q̇12 sin q2

    
αe1 cos q1 + ηe1 cos(q1 + q2 )
τ
d
+
+ 1 = 1 (63)
d2
τ2
ηe1 cos(q1 + q2 )

where
α
= (m1 + m2 )a21 ;
β
= m2 a22 ;
η
= m2 a1 a2 ;
e1
= g/a1 ;
g
= 9.8 m/s2 , the acceleration of gravity;
m1 , m2 point masses of the links at distal end;
a1 , a2
lengths of the links;
q1 , q2
rotational angles of the joints;
τ1 , τ2
torques applied on the joints.
In most of the controller designs, joint angles q1 and q2
are the states while τ1 and τ2 are the control inputs. After
using the same technique as that of the pendulum example
for discretization, the system dynamics in discrete time can be
written in an affine form as (1). In the simulation, the time step
is set as 1 ms. To be more realistic, the system is also added
with a bounded random disturbance d = [d1 d2 ]T , where d1 ,
d2 ∈ [−0.1 0.1]. The initial states of the system are set at
q1 (0) = q2 (0) = 0, and for the output-feedback case, the initial
states of the observer are q̂1 (0) = q̂2 (0) = 0 as well. Our goal

Fig. 7. Simulation results of the output-feedback online reinforcement learning controller on pendulum balancing system. (a) Trajectories of system outputs
θ and ω. (b) Control input. (c) Comparison of observer states and actual system
outputs.

Fig. 8. Two-link planar robot arm.
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Fig. 9. Simulation results of the state-feedback online reinforcement learning
controller on two-link planar robot arm. (a) (Solid line) Trajectories of the
actual rotational angles; (Dashed line) Desired final values of the angles.
(b) Control input signals τ1 and τ2 .

is to manipulate the robot arm to track a sinusoidal signal with
a frequency of 1/2π and an amplitude of 1 rad. The simulation
parameters used in this simulation are tabulated in Table II.
A typical system response using state-feedback-based online
reinforcement learning controller is shown in Fig. 9 including the system output trajectories and control signals. At the
same time, Fig. 10 shows the system response with its outputfeedback counterpart in terms of the system output trajectories,
control signals, and, also, the observer states. From the simulation results, we can find that both the designs are capable of
accomplishing the control targets with all signals of the closedloop system bounded.
In order to verify the robustness of the output-feedback
control design with respect to the observer’s initial conditions,
the initial states of the observer are intentionally set as q̂1 (0) =
q̂2 (0) = π/2. Fig. 11 shows the state trajectories, control signals, and the actual and the estimated system states from the
NN observer, which also confirms that the proposed controller
is able to maintain the tracking performance even with initial
conditions.
VI. C ONCLUSION
A novel reinforcement-learning-based online neural controller has been designed for affine nonlinear systems to deliver
a desired performance under bounded disturbance. Both statefeedback and output-feedback versions are introduced in this
paper. The proposed NN controller optimizes the long-term

Fig. 10. Performance of the output-feedback online reinforcement learning
controller with initial observer state q̂1 (0) = q̂2 (0) = 0. (a) (Solid line) Trajectories of the actual rotational angles; (Dashed line) Desired final values of
the angles. (b) Control input signals τ1 and τ2 . (c) Comparison of observer
states and actual system outputs.

cost function by introducing a critic NN. Unlike the many
applications where the controller is trained offline, the control
input is updated in an online fashion. To guarantee that a
control system must be stable all of the time, the boundedness
of the closed-loop tracking errors and NN weight estimates
is verified by using Lyapunov analysis in the presence of
bounded disturbances and approximation errors. The observer
estimates unavailable system states in the output-feedback
design. Persistency of excitation condition, CE, and separation
principles are not required. The feasibility of the two methods
is also strengthened through the controller implementations on
pendulum and two-link robotic arm.

YANG AND JAGANNATHAN: REINFORCEMENT LEARNING CONTROLLER DESIGN

387

given by

γ1
en (k + 1)2 − en (k)2
3
γ1
=
len (k) + g (x(k)) ζa (k) + da (k)2 − en (k)2
3

γ1 
2
1 − 3lmax
en (k)2
≤−
3
2
+ γ1 gmax
ζa (k)2 + γ1 da (k)2
(A.2)
γ2
T
T
=
tr W̃ (k + 1)W̃a (k + 1) − W̃a (k)W̃a (k)
αa  a
γ2
tr −2W̃aT (k)αa φa (s(k))
=
αa


¯ + da (k)
× g (x(k)) ζa (k) + J(k)

∆Ls1 =

∆Ls2

+∆ŴaT (k)∆Ŵa (k)



¯
= − 2γ2 ζaT (k)g(x(k))ζa (k)−2γ2 ζaT (k) J(k)+d
a (k)
2
¯
+ γ2 αa φa (s(k))2 g (x(k))ζa (k)+ J(k)+d
a (k)


¯ + da (k)
≤ − 2γ2 gmin ζa (k)2 − 2γ2 ζaT (k) J(k)
2
ζa (k)2
+ γ2 αa φa (s(k))2 gmax
+ γ2 αa φa (s(k))2

T
2
¯
¯
× J(k)+d
a (k) +2 J(k)+da (k) g(x(k))ζa (k)


2
= γ2 − gmin ζa (k)2 − gmin −αa φa (s(k))2 gmax

×
ζa (k)2 − 2ζaT (k)


¯
J(k)+d
a (k)

2
¯
J(k) + da (k)

× I −αa φa (s(k))2 g (x(k))


= γ2

+ αa φa (s(k))2
− gmin ζa (k)2 +



1−αa φa (s(k))2 gmin
2
gmin −αa φa (s(k))2 gmax

¯ + da (k) 2
× J(k)

2
− gmin − αa φa (s(k))2 gmax

I −αa φa (s(k))2 g (x(k))
× ζa (k)+
2
gmin−αa φa (s(k))2 gmax

2

.
(A.3)

Fig. 11. Performance of the output-feedback online reinforcement learning
controller with initial observer state q̂1 (0) = q̂2 (0) = π/2. (a) (Solid line)
Trajectories of the actual rotational angles; (Dashed line) Desired final values
of the angles. (b) Control input signals τ1 and τ2 . (c) Comparison of observer
states and actual system outputs.

A PPENDIX
Proof of Theorem 1: Consider the following Lyapunov
candidate
4

Ls (k) =
Lsi
i=1
γ1
γ2  T
en (k)2 +
=
tr W̃a (k)W̃a (k)
3
αa
γ3  T
tr W̃c (k)W̃c (k) + γ4 ζc (k − 1)2 (A.1)
+
αc
where γi ∈ + , i = 1, 2, 3, 4, represents the design parameters. Hence, the first difference of the Lyapunov function is

Set γ2 = γ2 γ2 , where γ2 (1 − αa φa (s(k))2 gmin /gmin −
2
αa φa (s(k))2 gmax
) ≤ (1/2); hence

2
∆Ls2 ≤ −γ2 gmin ζa (k)2−γ2 gmin−αa φa (s(k))2 gmax

2
I − αa φa (s(k))2 g (x(k))
× ζa (k) +
2
gmin − αa φa (s(k))2 gmax
¯ + da (k) 2
J(k)
+ γ2
2

2
≤ −γ2 gmin ζa (k)2−γ2 gmin−αa φa (s(k))2 gmax

2
I − αa φa (s(k))2 g (x(k))
× ζa (k) +
2
gmin − αa φa (s(k))2 gmax
+ γ2 n ζc (k)2 + γ2 n J ∗ (k) + da (k)2 .

(A.4)

At the same time
γ3 
∆Ls3 = tr W̃cT (k + 1)W̃c (k + 1) − W̃cT (k)W̃c (k)
αc
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γ3 
tr −2W̃cT (k)αc γφc (x(k)) ec (k)
αc
γ3 
tr ∆ŴcT (k)∆Ŵc (k)
+
αc
= − 2γ3γζc (k)ec (k) + γ3 αc γ 2 e2c (k) φc (k)2

=

where
2
=
DM

≤ − γ3 1 − αc γ 2 φc (k)2 e2c (k) − γ3 γ 2 ζc2 (k)
γ3
γ3
(γJ ∗ (k) − J ∗ (k − 1))2
+ ζc2 (k − 1) +
4
4
γ3
γ3
(εc (k) − εc (k − 1))2
+ r(k) +
4 
4
≤ − γ3 1 − αc γ 2 φc (k)2 e2c (k) − γ3 γ 2 ζc2 (k)
γ3
γ3
(γJ ∗ (k) − J ∗ (k − 1))2
+ ζc2 (k − 1) +
4
4
T
γ3
γ3 
ζa (k) + waT φa (k) R
+ Qmax e(k)2 +
4
4


× ζa (k) + waT φa (k) + γ3 ε2cm

≤ − γ3 1 − αc γ 2 φc (k)2 e2c (k) − γ3 γ 2 ζc2 (k)
γ3
γ3
(γJ ∗ (k) − J ∗ (k − 1))2
+ ζc2 (k − 1) +
4
4
γ3
γ3
+ Qmax e(k)2 + Rmax ζa (k)2
4
8
γ3
2
+ Rmax waT φa (k) + γ3 ε2cm
(A.5)
8
where Qmax and Rmax are the maximum eigenvalues of
matrices Q and R, respectively

(A.6)
∆Ls4 = γ4 ζc (k)2 − ζc (k − 1)2 .
Combining (A.1)–(A.6) yields

γ1 
2
2
1 − 3lmax
en (k)2 + γ1 gmax
∆Ls (k) ≤ −
ζa (k)2
3
2
2
+ γ1 d
 a (k) − γ2 gmin ζa (k)
2
− γ2 gmin − αa φa (s(k))2 gmax

I − αa φa (s(k))2 g (x(k))
× ζa (k) +
2
gmin − αa φa (s(k))2 gmax



γ3
γ n
γ2 n 2
γ3
2
da (k) +
+ 2
+ Rmax
Jm
2
4
2
6
2
T
× wa φa (k) + γ1 da (k)2 + γ3 ε2cm .

(A.8)

For the standard Lyapunov analysis, (A.7) and (A.8) imply
that ∆Ls < 0 as long as the conditions (35)–(38) are satisfied
and the following holds:

√
2
4γ1 (1 − 3lmax
) − 3γ3 Qmax (A.9)
en (k) > 2 3DM
or


√
ζa (k) > 2 2DM

or
ζc (k) > DM



2
8γ2 gmin − 8γ1 gmax
− γ3 Rmax
(A.10)

γ3 γ 2 − γ2 n − γ4 .

(A.11)

According to the standard Lyapunov extension theorem [5],
[26], the aforementioned analysis demonstrates that the tracking error en (k) and the weights of the estimation errors
are UUB. Considering ei (k) = xi (k) − xid (k) = en (k − n +
i), i = 1, . . . , n, one can readily conclude that ei (k), i =
1, . . . , n − 1, is also UUB. Furthermore, the boundedness
of ζa (k) and ζc (k) implies that the weight estimations
ŵa (k) and ŵc (k) are also bounded.
Proof of Theorem 2: The proof of Theorem 2 is similar
to that of Theorem 1. Since an additional observer NN is
introduced to estimate the immeasurable states, we consider the
following Lyapunov function:
Lo (k) =

11


Loi =

i=1
2

n
n
η1 
η2 
x̃i (k − 1)2 +
x̃i (k)2
2 i=1
2 i=1

η3 
η4 
η5
ei (k − 1)2 +
ei (k)2 +
3 i=1
3 i=1
αo

× tr W̃oT (k − 1)W̃o (k − 1)
η7  T
η6  T
tr W̃o (k)W̃o (k) +
tr W̃a (k)W̃a (k)
+
αo
αa
η8  T
+
tr W̃c (k)W̃c (k) + η9 ζc (k − 1)2
αc
n

n

+

+ γ2 nζc (k)2 + γ2 n J ∗ (k) + da (k)2

− γ3 1 − αc γ 2 φc (k)2 e2c (k)
γ3
γ3
− γ3 γ 2 ζc2 (k) + ζc2 (k − 1) +
4
4
γ3
× (γJ ∗ (k) − J ∗ (k − 1))2 + Qmax en (k)2
4
γ3
γ3
2
+ Rmax ζa (k)2 + Rmax waT φa (k)
8
8
+ γ4 ζc (k)2 − ζc (k − 1)2 + γ3 ε2cm
γ 
 γ3
1
2
1 − 3lmax
− Qmax en (k)2
=−
3
4

γ3
2
− γ2 gmin − γ1 gmax − Rmax ζa (k)2

 8

γ3
2
− γ3 γ − γ2 n − γ4 ζc (k)2 − γ4 −
4

× ζc (k − 1)2 − γ3 1 − αc γ 2 φc (k)2 e2c (k)

2
− γ2 gmin − αa φa (s(k))2 gmax

2
I −αa φa (s(k))2 g (x(k))
2
× ζa (k)+
+DM
2
gmin−αa φa (s(k))2 gmax
(A.7)

+ η10 ζc (k − 1)2 + η11 e1 (k − 1)2

(A.12)

where ηi ∈ + , i = 1, . . . , 11, represents the design parameters. Hence, the first difference of the Lyapunov function is the
summation of the difference for each term.
From (42), we have
n
n
η1 
η1 
x̃i (k)2 −
x̃i (k − 1)2
2 i=1
2 i=1
η1
= η1 ζo (k − 1)2 +η1 do (k−1)2 − x̃1 (k − 1)2
2
(A.13)
n
n

η2 
η
2
=
x̃i (k + 1)2 −
x̃i (k)2
2 i=1
2 i=1
η2
x̃1 (k)2 . (A.14)
= η2 ζo (k)2 + η2 do (k)2 −
2

∆Lo1 =

∆Lo2
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2
η8
2η8
(γJ(k)−J(k−1))2 +
Rmax ζ̂a (k−1)
3
3
2η8
2
T
Rmax wa φa (ŝ(k − 1)) .
+
(A.20)
3

Equation (52) yields
∆Lo3 =

∆Lo4

+

n
n
η3 
η3 
ei (k + 1)2 −
ei (k)2
3 i=1
3 i=1

2
ζ̂a (k)
≤ η3 l12 max en (k)2 + η3 gmax
2
η3
e1 (k)2
+ η3 dˆa (k) −
3
η4
η4
en (k + 1)2 −
en (k)2
=
3
3
2
ζ̂a (k)
≤ η4 l12 max en (k)2 + η4 gmax
2
η
4
en (k)2 .
+ η4 dˆa (k) −
3

2

Furthermore

2

(A.16)

2

× ζo (k) + l2 x̃1 (k) + WoT φo (k)
2
− η6 ζo (k)2 + 2η6 l22 max x̃1 (k)2 + 2η6 wom
φ2om
(A.18)
where l2 max ∈  is the maximum eigenvalue of matrix l2 .
Similar to (A.4), we obtain

2
∆Lo7 ≤ − η7 gmin − αa φa (ŝ(k))2 gmax

2
I − αa φa (ŝ(k))2 g (x̂(k)) β(k)
× ζ̂a (k) +
2
gmin − αa φa (ŝ(k))2 gmax
η
− η7 gmin ζ̂a (k) + 7 β(k)2
4

2
≤ − η7 gmin − αa φa (ŝ(k))2 gmax

I − αa φa (ŝ(k))2 g (x̂(k)) β(k)
× ζ̂a (k) +
2
gmin − αa φa (ŝ(k))2 gmax

7

c

(A.22)
(A.23)

2
∆Lo ≤ − (η6 − η2 − 2η7 ) ζo (k)

2
− η5 − η1 − 2η7 l1 max ζo (k − 1)2
2


2
2
− η7 gmin − η4 gmax
− η3 gmax
− η9 ζ̂a (k)


2
2η8
ζ̂a (k − 1)
Rmax
− η9 −
3


 2
η8 2
ζc (k − 1)
− η8 η − η7 − η10 ζc2 (k) − η10 −
3
η
2
2
2
− 2η6 l2 max x̃1 (k)
−
 η2
η
1
3
− 2η5 l22 max x̃1 (k − 1)2 −
− η11
−
2
3

η
8
× e1 (k)2 − η11 − Qmax e1 (k − 1)2
3
η
4
− η4 l12 max − η3 l12 max en (k)2
−
3
− η8 1 − αc γ 2 φc (x̂(k))2 e2c (k)

2
− η7 gmin − αa φa (ŝ(k))2 gmax

2
I − αa φa (ŝ(k))2 g (x̂(k)) β(k)
× ζ̂a (k) +
2
gmin − αa φa (ŝ(k))2 gmax

2
− η6 1−αo φo (k)2 ζo (k)+l2 x̃1 (k)+WoT φo (k)

− η5 1 − αo φo (k − 1)2

× ζo (k−1)+l2 x̃1 (k − 1)+WoT φo (k − 1)

2

2

2
+ DM
(A.24)

where
2

2η8
2
Rmax wam
φ2am
3
η8 (2γ 2 + 1) 2
2
J
+ 2η7 wcm
φ2cm +
3  m

2
2
+ η1 +η2 +2η7 +2η7 l1 max dom +(η3 +η4 2η7 ) d2am .
(A.25)

2
2
DM
= (2η5 + 2η6 )wom
φ2om +

+ 2η7 ζo (k)2

+ 2η7 do (k)2 + 2η7 l12 max ζo (k − 1)2
+ 2η7 l12 max do (k − 1)2 + η7 ζc (k)2
2
+ η W T φc (x̂(k)) + dˆa (k)

(A.21)
2

Combining (A.13)–(A.23) yields

2

2

2

∆Lo10 = η10 ζc (k) − η10 ζc (k − 1)
∆Lo11 = η11 e1 (k)2 − η11 e1 (k − 1)2 .

× ζo (k − 1) + l2 x̃1 (k − 1) + WoT φo (k − 1)
− η5 ζo (k − 1)2 + 2η5 l22 max
2
× x̃1(k − 1)2 + 2η5 wom
φ2om
(A.17)
η6
T
T
= tr W̃o (k + 1)W̃o (k + 1) − W̃o (k)W̃o (k)
αo 
≤ − η6 1 − αo φo (k)2

− η7 gmin ζ̂a (k)

− η9 ζ̂a (k − 1)

2

Considering (55), we have
η5 
∆Lo5 = tr W̃oT (k)W̃o (k) − W̃oT (k − 1)W̃o (k − 1)
αo 
≤ − η5 1 − αo φo (k − 1)2

∆Lo6

2

∆Lo9 = η9 ζ̂a (k)

(A.15)

(A.19)

where β(k) = x̃n (k + 1) − l1 x̃n (k) + Q̂(k) + dˆa (k) and
η7 = η7 η7 such that η7 (1 − αa φa (ŝ(k))2 gmin /gmin −
2
) ≤ (1/4). Similar to (A.5)
αa φa (ŝ(k))2 gmax

∆Lo8 ≤ − η8 1 − αc γ 2 φc (x̂(k))2 e2c (k)
η8
− η8 γ 2 ζc2 (k) + ζc2 (k − 1)
3
η8
+ Qmax e1 (k − 1)2
3

Referring to the standard Lyapunov analysis [5], [26], (A.24)
and (A.25) imply that ∆Lo < 0 as long as the conditions
(35)–(37) and (60)–(61) are satisfied and the following holds:

√
x̃1 (k) > 2DM
η2 − 4η6 l22 max
(A.26)
or
en (k) >


√
3DM

η4 − 3(η3 + η4 )l12 max

or
ζo (k) > DM



η6 − η2 − 2η7

(A.27)

(A.28)
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or


ζ̂a (k) > DM

2
η7 gmin − (η3 + η4 )gmax
− η9

or
ζc (k) > DM



η8 γ 2 − η7 − η10 .

(A.29)

(A.30)

According to the standard Lyapunov extension theorem [5],
[26], the aforementioned analysis demonstrates that the tracking error e(k) and the weights of the estimation errors are
UUB. Furthermore, the boundedness of ζo (k), ζ̂a (k), and
ζc (k) implies that the weight estimations ŵo (k), ŵa (k),
and ŵc (k) are also bounded.
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