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Abstract: In this paper, the optimal control of a class of general afﬁne nonlinear discrete-time (DT) systems is
undertaken by solving the Hamilton Jacobi-Bellman (HJB) equation online and forward in time. The proposed approach,
referred normally as adaptive or approximate dynamic programming (ADP), uses online approximators (OLAs) to solve
the inﬁnite horizon optimal regulation and tracking control problems for afﬁne nonlinear DT systems in the presence of
unknown internal dynamics. Both the regulation and tracking controllers are designed using OLAs to obtain the optimal
feedback control signal and its associated cost function. Additionally, the tracking controller design entails a feedforward
portion that is derived and approximated using an additional OLA for steady state conditions. Novel update laws for
tuning the unknown parameters of the OLAs online are derived. Lyapunov techniques are used to show that all signals are
uniformly ultimately bounded and that the approximated control signals approach the optimal control inputs with small
bounded error. In the absence of OLA reconstruction errors, an optimal control is demonstrated. Simulation results verify
that all OLA parameter estimates remain bounded, and the proposed OLA-based optimal control scheme tunes itself to
reduce the cost HJB equation.
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Introduction

Online approximators (OLAs) have been widely used in
the controller designs for uncertain discrete-time (DT) nonlinear systems [1]; however, system stability is typically
the sole consideration although optimality is generally preferred. While linear systems accompanied by quadratic cost
functions can achieve optimal control by solving the Riccati equation [2], the optimal control of nonlinear DT systems often requires solving the nonlinear Hamilton-JacobiBellman (HJB) equation. To extend the results of linear optimal control theory to nonlinear systems, the state-dependent
Riccati equation [3] is proposed for suboptimal control under certain tight assumptions including the need for full system dynamics.
To avoid solving the HJB equation, approximate solutions to the HJB equation have been proposed [4–6]. In [4],
a Chebyshev series was proposed for approximating the
system dynamics, boundary conditions, and cost function.
In [5, 6], neural networks (NNs) are utilized to solve the DT
nonlinear optimal regulation in an ofﬂine manner by ignoring NN reconstruction errors and assuming complete system dynamics. Recently, online methods to solve the continuous HJB equation were presented in [7] for linear systems
using online policy iterations based on adaptive control.
In addition to the optimal regulation problem, the optimal
tracking control problem has also recently been considered.
In [8], the authors consider the H∞ optimal tracking control

by linearizing the error equations about the origin yielding
a locally optimal control law. The effort in [9] considers the
receding horizon optimal tracking control by linearizing the
nonlinear error dynamics about the origin. In [10], authors
consider the HJB equation and employ similar techniques
such as [6] to ﬁnd an ofﬂine solution to the optimal tracking
control problem.
In this work, a novel approach to the optimal regulation
of nonlinear DT systems is adopted to solve the HJB equation online. Using an initial stabilizing control, an OLA is
tuned online at each time step to learn the HJB equation in
contrast to normal approaches to ADP [7], which use two
indices: a time index for the system dynamics and a policy iteration index for the cost function approximator. Then,
a second OLA is utilized that minimizes the HJB function
based on the information provided by the ﬁrst OLA. Knowledge of the internal system dynamics is not required while
the control coefﬁcient matrix alone is needed although it can
be relaxed by introducing an additional OLA [11].
Subsequently, this approach is extended to include optimal tracking control even with unknown internal dynamics
by using a third OLA to approximate the feedforward part of
the control input that is normally required for tracking [1,2].
Novel online parameter tuning laws for the OLAs are derived, and Lyapunov theory is utilized to demonstrate the
stability of the system while explicitly considering the OLA
approximation errors in contrast to the other works [5,6,10].
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Background

Consider the afﬁne nonlinear DT system
(1)
xk+1 = f (xk ) + g(xk )u(xk ),
where xk ∈ Rn , f (xk ) ∈ Rn , g(xk ) ∈ Rn×m satisﬁes
g(xk )F  gM , where  · F denotes the Frobenius norm
[1], and u(xk ) ∈ Rm is the control input. Without loss of
generality, assume that x = 0 is a unique equilibrium point
on a compact set Ω while the states are considered measurable. In order to control (1) in an optimal manner, select the
control sequence u(xk ) that minimizes the inﬁnite horizon
cost function as [6]
J(xk ) = Q(xk ) + u(xk )T Ru(xk )
+J(f (xk ) + g(xk )u(xk ))
(2)
m×m
is a
for all xk , where with Q(xk ) > 0 and R ∈ R
symmetric positive deﬁnite matrix. Selecting Q(xk ) > 0
ensures that variations in any direction of the state affect the
cost, which can be linked to the observability condition [2].
In addition, it is required that the control policy u(xk ) be
admissible [5] and J(xk = 0) = 0 so that J(xk ) serves as
a Lyapunov function.
Using Bellman’s principle of optimality [2], the inﬁnite
horizon optimal cost function, J ∗ (xk ), is time invariant and
satisﬁes the DT HJB equation [2]
J ∗ (xk ) = min (r(xk , u(xk ))+J(f (xk )+g(xk )u(xk ))) ,
u(xk )

where r(xk , u(xk )) = Q(xk ) + u(xk )T Ru(xk ). The optimal control u∗ (xk ) that minimizes J ∗ (xk ) is found by applying the stationary condition (see [2])
∂J ∗ (xk )
∂J ∗ (xk+1 )
= 0,
= 2Ru(xk ) + g(xk )T
∂u(xk )
∂xk+1
and is shown to be (see [2])
∂J ∗ (xk+1 )
1
u∗ (xk ) = − R−1 g(xk )T
.
(3)
2
∂xk+1
The optimal control (3) is generally unavailable for nonlinear DT systems due to its dependence on the future state
vector xk+1 . To circumvent this deﬁciency, a new approach
to online optimal control is presented next.

3

Near optimal regulation of DT systems

The proposed approach entails two OLAs: one OLA to
learn the HJB equation and a second OLA to learn the control signal that minimizes the estimated HJB equation. Using the function approximation property of OLAs [1], the
cost function (2) and feedback control policy (3) have OLA
representations on a compact set expressed as
(4)
J(xk ) = ΦT σ(xk ) + εJk ,
and
(5)
u(xk ) = ΘT ϑ(xk ) + εuk ,
respectively, where Φ ∈ RL1 and Θ ∈ RL2 ×m are the constant target OLA parameters, εJk ∈ R and εuk ∈ Rm
are the bounded approximation errors, and σ( · ) ∈ RL1
and ϑ( · ) ∈ RL2 are the activation functions for the cost
and control signal OLA schemes, respectively. Here, L1
and L2 deﬁne the dimension of Φ and Θ, respectively. The
upper bounds for the ideal OLA parameters are taken as
Φ  ΦM and ΘF  ΘM , where ΦM and ΘM are
positive constants [1], respectively, and the approximation

errors are assumed to be bounded above as εJk   εJM
and εuk   εuM , where εJM and εuM are positive constants [1]. In addition, the gradient of the approximation er ∂ε 
 Jk 
ror is assumed to be bounded above as 
  εJM ,
∂xk+1 F
where εJM is also a positive constant [12].
To begin, the HJB function OLA is considered next.
3.1 Approximation of the optimal cost function
Now, the cost function (2) is approximated by an OLA
and written as
ˆ k ) = Φ̂T σ(xk ),
J(x
(6)
k
ˆ
where J(xk ) represents an approximated value of the cost

function (2), and Φ̂k is the estimate of the target OLA
parameter vector Φ. The basis function should satisfy
ˆ
σ(0) = 0 for x = 0 to ensure J(0)
= 0 can be satisﬁed [2].
It is observed that (2) represents a nonlinear DT Lyapunov equation that can be rewritten as J(f (xk ) +
g(xk )u(xk ))−J(xk )+r(xk , u(xk )) = 0. However, this relationship is not guaranteed to hold when the estimated cost
function in (6) is used. Therefore, the residual or cost-to-go
(CTG) error associated with (6) can be written as
ˆ k ) + r(xk , u(xk )) = eJk
ˆ k+1 ) − J(x
J(x
or
(7)
eJk = r(xk , u(xk )) + Φ̂T
k Δσ(xk+1 ),
where Δσ(xk+1 ) = σ(xk+1 ) − σ(xk ). Next, we deﬁne an
auxiliary CTG error vector as
1×(1+j)
EJk = Yk + Φ̂T
,
k Xk ∈ R

(8)

where
Yk = [r(xk , u(xk )) r(xk−1 , u(xk−1 )) · · ·
r(xk−j , u(xk−j ))],
Xk = [Δσ(xk+1 ) Δσ(xk ) · · · Δσ(xk+1−j )],
0 < j < k − 1 ∈ N and N being the set of natural real
numbers. It is clear that (8) represents a time history of the
previous j + 1 CTG errors (7) recalculated using the most
recent Φ̂k .
Moving on, deﬁne the OLA parameter update law as
T
αJ Xk EJk
Φ̂k+1 = Φ̂k −
,
(9)
Xk XkT + IF
where 0 < αJ < 1 is a small positive design parameter and
I is an identity matrix of appropriate dimension. It is observed that the auxiliary CTG error (8) becomes zero when
xk = 0 because the cost functions (4) and (6) are zero at
xk = 0. Thus, once the system states have converged to
zero, the cost function OLA is no longer updated. This can
be viewed as a persistency of excitation (PE) requirement
for the inputs to the cost function OLA wherein the system,
states must be persistently existing long enough for the optimal cost function to be learned.
To obtain the OLA parameter estimation error dynamics,
rewrite (2) using the target OLA representation (6) as
(10)
r(xk , u(xk )) = −ΦT Δσ(xk+1 ) − ΔεJk ,
where ΔεJk = εJk+1 − εJk . Substituting (10) into (7) results in
eJk = −Φ̃T
(11)
k Δσ(xk+1 ) − ΔεJk ,
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where Φ̃k = Φ − Φ̂k is the cost parameter estimation error.
Similarly, (8) can be rewritten as
(12)
EJk = −Φ̃T
k X k − Ψk ,
2

where Ψk = [ΔεJk ΔεJk−1 · · · ΔεJk−j ] and Ψk  
2
ΨM
. Now, observing Φ̃k+1 = Φ − Φ̂k+1 and using (9) and
(12) results in the OLA parameter estimation error dynamics to be expressed as
T
αJ Xk EJk
.
(13)
Φ̃k+1 = Φ̃k +
T
Xk Xk + IF
Next, the action network that generates the optimal feedback signal (3) is considered.
3.2 Estimation of the optimal feedback control signal
The objective of this section is to ﬁnd the control policy
that minimizes the approximated cost function (6). To begin
the development of the feedback control policy, we deﬁne
the OLA approximation of (5) to be
(14)
û(xk ) = Θ̂kT ϑ(xk ),
where Θ̂k is the estimated value of Θk .
Next, the action error is deﬁned as the difference between
the feedback control applied to (1) and the control signal
that minimizes the estimated cost function (6), which is denoted as
∂σxk+1 T Φ̂k
ũ(xk ) = Θ̂kT ϑ(xk ) + R−1 g T (xk )(
)
, (15)
∂xk+1
2
and the control OLA parameter update is deﬁned to be
αu ϑ(xk )ũT
k
Θ̂k+1 = Θ̂k − T
,
(16)
(ϑ (xk )ϑ(xk ) + 1)
where 0 < αu < 1 is a positive design parameter. Because
the control policy u(xk ) in (5) minimizes the cost function
(4), from (3) we can write
1
∂εJk+1
0 = εuk + ΘT ϑ(xk ) + R−1 g T (xk )
2
∂xk+1
1 −1 T
∂σ(xk+1 )
+ R g (xk )
Φ.
(17)
2
∂xk+1
Then, deﬁning the action OLA parameter estimation error
as Θ̃k = Θ − Θ̂k and subtracting (16) from (15) yields
T

1
∂σ(xk+1 )
Φ̃k
ũ(xk ) = −Θ̃kT ϑ(xk ) − R−1 g T (xk )
2
∂xk+1
−ε̃uk ,
(18)
1 −1 T
∂εJk+1
and satisﬁes
where ε̃uk = εuk + R g (xk )
2
∂xk+1
ε̃uk   ε̃uM for a positive constant ε̃uM .
As a ﬁnal step, we form the parameter estimation error
dynamics as
αu ϑ(xk )ũT
k
Θ̃k+1 = Θ̃k + T
,
(19)
(ϑ (xk )ϑ(xk ) + 1)
and the closed loop nonlinear system dynamics (1) can be
rewritten in terms of u∗ (xk ) and Θ̃k as
xk+1 = f (xk ) + g(xk )û(xk )
= f (xk ) + g(xk )Θ̂T ϑ(xk )
= f (xk ) + g(xk )u∗ (xk ) − g(xk )Θ̃T ϑ(xk )
−g(xk )εuk .
(20)
Remark 1 To calculate the action error (14) and implement the OLA parameter update (15), knowledge of the
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input transformation matrix g(xk ) is required. However,
knowledge of the internal dynamics f (xk ) can be avoided
by rewriting (2) in terms of xk+1 as noted in [6]. In contrast to [6], this work utilizes online learning and requires an
initial stabilizing control to ensure the nonlinear system remains stable while the optimal control signal and cost function are computed because nonlinear systems are known to
have ﬁnite escape times [13].
The following theorem will show that the cost function
and action network OLA parameter estimation errors are
uniformly ultimately bounded (UUB) [1]. Furthermore, the
estimated control input (14) approaches the optimal control
signal with small bounded error, which is a function of the
OLA reconstruction errors εJ and εu , and if the OLA approximation errors are considered to be negligible [5, 6],
asymptotic convergence is observed.
The initial system states are considered to reside in a
compact set Ω ⊂ Rn by using the initial stabilizing control input u0k . Moreover, sufﬁcient conditions for the OLA
tuning gains, αJ and αu , are derived to ensure that all future states never leave the compact set. As a result, in the
compact Ω, the cost function and its gradient as well as the
basis function of the action network are bounded according
 ∂σ(x ) 

k 

, and ϑ(xk )  ϑM ,
to σ(xk )  σM , 
  σM
∂xk
respectively. A similar approach has been used in several
other well known efforts in control theory [14] to establish
bounds on functions of the system states xk .
Theorem 1 (Convergence of the optimal control signal)
Let u0 (xk ) be any initial admissible control policy for the
class nonlinear controllable systems in (1). Let the OLA parameter tuning for the cost function estimator and the action
network be provided by (9) and (15), respectively. Then,
there exist positive constants αJ and αu such that the system states and the cost and action network OLA parameter
estimate errors Φ̃k and Θ̃k , respectively, are all UUB for all
k  k0 + T . Furthermore, û(xk ) − u∗ (xk )  εr for a
small positive constant εr .
Proof of Theorem 1 is shown in Appendix.
Remark 2 The cost and control OLA parameter update
laws are both written in terms of the time index k instead
of a policy iteration index commonly used in standard ADP
approaches [7]. Therefore, the conclusions of Theorem 1 illustrate the convergence of the ADP scheme and the boundedness of the system states simultaneously.
In the next section, the optimal online regulator is extended to consider the optimal tracking problem.

4 Near optimal tracking control
In this section, the optimal tracker is considered as an extension of regulation [2]. In addition to the assumptions on
the system dynamics (1) presented in Section 2, in this section it is assumed that m = n so that g(xk ) is invertible. The
objective for the optimal tracking problem is to ﬁnd the optimal control sequence to make the nonlinear system in (1)
track a desired trajectory xdk . To begin the development,
deﬁne the dynamics of the desired trajectory as (see [8])
xdk+1 = f (xdk ) + g(xk )ud (xdk , xk ),

(21)
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where f (xdk ) is the internal dynamics of the nonlinear system (1) rewritten in terms of the desired state xdk , g(xk )
is the input transformation matrix presented in (1), and
ud (xdk ) is the control input to the desired system. It is useful to note that when xdk , xdk+1 , and f (xdk ) are known,
ud (xdk , xk ) is obtained by rearranging (20) to give
(22)
ud (xdk , xk ) = g(xk )−1 (xdk+1 − fd (xdk )).
Next, deﬁne the tracking error as
(23)
ek = xk − xdk .
Then, using (1) and (20), the tracking error dynamics are
ek+1 = f (xk ) + g(xk )u(xk ) − xdk+1
= fe (ek ) + g(xk )ue (ek ),
(24)
where fe (ek ) = f (xk ) − f (xdk ) and
(25)
ue (ek ) = u(xk ) − ud (xdk , xk ).
Considering ue (ek ) as the control input for (23), ue (ek ) is
an admissible control policy with ek = 0 being an equilibrium point of (23). To convert the nonlinear tracking into a
regulation problem, the inﬁnite horizon cost function (2) is
rewritten in terms of ek and ue (ek ) as
Je (ek ) = Qe (ek ) + ue (ek )T Re ue (ek ) + Je (ek+1 ), (26)
with Qe (ek ) > 0 and Re ∈ Rm×m is positive deﬁnite. Because ue (ek ) is admissible, (26) is ﬁnite. The optimal control input that minimizes (26) is found by solving
∂Je (ek )
= 0 as
∂ue (ek )
1
(∂Je∗ (ek+1 )
u∗e (ek ) = − Re−1 g T (xk )
,
(27)
2
∂ek+1 )
or
1
∂J ∗ (ek+1 )
u∗ (xk ) = ud (xdk )− Re−1 g T (xk )( e
). (28)
2
∂ek+1
It is observed that the optimal tracking control input (28)
consists of a predetermined feedforward term, ud (xdk , xk ),
and an optimal feedback term that is a function of the gradient of the optimal cost function. Additionally, implementation of the feedforward term requires knowledge of the internal dynamics f (xk ) and control coefﬁcient matrix g(xk ).
∂Je (ek+1 )
are all unIn this effort, f (xk ), Je (ek ) and
∂ek+1
known. To mitigate these deﬁciencies, the universal approximation properties [1] of OLAs are utilized as described
next.
The proposed solution for achieving nonlinear optimal
tracking control entails three portions: an HJB function estimator that evaluates the performance of the error system
by approximating (26), a feedback system that is designed
to produce a nearly optimal portion of the control signal
(27), and a feedforward design to produce the feedforward
control input (28) by approximating f (xdk ). Using the approximation property of OLAs [1], the cost function (26),
feedback control policy (27), and desired internal dynamics, f (xdk ), in (20) have OLA representations on a compact
set expressed as
(29)
Je (ek ) = ΦT
e σe (ek ) + εJe ,
ue (ek ) = ΘeT ϑe (ek ) + εue ,
(30)
and
(31)
f (xdk ) = ΩdT φ(xdk ) + εd (xdk ),

respectively, where Φe , Θe , and Ωd are the constant target
OLA parameters, εJe , εue , and εd are the bounded approximation errors, and σe ( · ), ϑe ( · ) and φ( · ) are the linearly
independent vector activation functions for the cost, feedback, and feedforward control networks, respectively [1].
The upper bounds for the ideal OLA parameters are taken
as Φe   ΦeM , Θe F  ΘeM , and Ωd F  ΩdM where
ΦeM , ΘeM , and ΩdM are positive constants [1] while the approximation errors are assumed to be bounded above such
that εJe   εJeM , εue   εueM , and εd   εdM where
εJeM , εueM and εdM are positive constants [1]. In addition,
the gradient of the cost function approximation error is con ∂ε 
 Je 
sidered to be bounded according to 
  εJeM
∂ek+1 F
where εJeM is also a positive constant [12]. As in Section
3, the basis functions and the gradient of the cost function
basis vector are considered to be bounded on a compact
set [14] according to σe ( · )  σeM , ϑe ( · )  ϑeM ,
 ∂σ ( · ) 
 e


for known constants
φ( · )  φM , and 
  σeM
∂( · )

σeM , ϑeM , φM , and σeM
, respectively [1]. To begin, the design of the HJB function and optimal feedback approximators will be considered ﬁrst.
4.1 Cost function and optimal feedback control
The objective of the optimal tracking control law is to stabilize system (23) while minimizing the cost function (26).
To begin, (26) is approximated by an OLA as
(32)
Jˆe (ek ) = Φ̂T
ek σe (ek ),
where Φ̂ek is the approximation for the ideal parameters Φe .
The basis vector σe ( · ) is selected to satisfy σe (0) = 0 to
facilitate Je (0) = 0.
Similar to Section 3, it is observed that (26) represents
a nonlinear DT Lyapunov equation for tracking; however,
when the estimated cost function in (32) is used, a residual or CTG error, eJek , associated with (32) for tracking is
required. The CTG error for tracking is deﬁned identically
to the CTG error for regulation, deﬁned in (7) in Section 3,
with xk , u(xk ) and Φ̂T
k Δσ(xk+1 ) replaced by ek , ue (ek ),
and Φ̂T
Δσ
(e
),
respectively.
In addition, the auxiliary
e
k+1
ek
CTG error for tracking, EJek , is deﬁned similarly to (8)
with the regulation variables replaced by those for tracking
as described above.
The OLA parameter update law is now deﬁned as
T
αJe Xek EJek

Φ̂ek+1 = Φ̂ek − 
(33)
Xek X T + I  ,
ek
F
where 0 < αJe < 1 is a small positive design parameter,
Xek is deﬁned similarly to Xk in (8), and I is an identity
matrix of appropriate dimension. Following the steps described by (10)–(13) in Section 3, the OLA parameter estimation error dynamics for tracking Φ̃ek+1 are written similarly to (13).
Next, the action network that generates the optimal feedback signal that minimizes the approximated cost function
(32) is considered. To begin, deﬁne the OLA approximation
of (30) as
T
ϑe (ek ),
(34)
ûe (ek ) = Θ̂ek
where Θ̂ek is the OLA estimate of the target value Θe . The
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basis function, ϑe ( · ), is selected to satisfy ϑe (0) = 0 so
that ûe (0) = 0 can be satisﬁed as required for admissibility.
Next, the action error for tracking, ũe (ek ), is deﬁned to
be the difference between the feedback control applied to
(23) and the control signal that minimizes the estimated
cost function (32), which is written similarly (14) in Section
3 with the regulation variables replaced by the appropriate
variables deﬁned for tracking. The proposed control OLA
parameter update is deﬁned to be
αue ϑe (ek )ũT
ek
,
(35)
(ϑT
e (ek )ϑ(ek ) + 1)
where 0 < αue < 1 is a positive design parameter. Deﬁning the action OLA parameter estimation error for tracking
as Θ̃ek = Θe − Θ̂ek and following similar steps as those
presented in (16) and (17) in Section 3, the action error for
tracking can be written identically to (17) for regulation, and
the parameter estimation error dynamics Θ̃ek+1 , for tracking can be written identically to (18).
Next, the overall nearly optimal control signal is derived
and system stability is investigated.
4.2 Nearly optimal control input
Recall that the optimal tracking control input (28) to system (1) is comprised of an optimal feedback term and a predetermined feedforward term, which is a function of the desired yet unknown internal dynamics,
Θ̂ek+1 = Θ̂ek −

f (xdk ) ≡ f (xk )|xk =xxd .
Therefore, the desired internal dynamics are approximated
online by identifying the actual internal dynamics, and
reevaluating the estimate using the desired state, xdk .
To begin the online identiﬁer development, the nonlinear
system dynamics (1) are rewritten as
xk+1 = ΩdT φ(xk ) + εd (xk ) + g(xk )u(xk , xdk , ek ),
(36)
ΩdT φ(xk )

+ εd (xk ) is the OLA estimate deﬁned in
where
(31) reevaluated at xk . As in the previous cases, it is assumed that there exists a nonzero lower bound such that
φdm  φ( · ) for a positive constant φdm . The online identiﬁer is then deﬁned as
T
x̂k+1 = Ω̂dk
φ(xk ) + g(xk )u(xk , xdk , ek )
−Kd x̃k ,

(37)

where x̂k+1 is the estimate of xk+1 , Ω̂dk is the parameter estimate of Ωdk , x̃k = xk − x̂k , and 0 < Kd < 1 is
a constant. Next, subtracting (37) from (36) and deﬁning
Ω̃dk = Ωd − Ω̂dk , the identiﬁer error dynamics are
T
φ(xk ) + εd (xk ) + Kd x̃k .
x̃k+1 = Ω̃dk

(38)

The parameter update law is now deﬁned as
Ω̂dk+1 = Ω̂dk + αd φ(xk )(x̃k+1 + Kd x̃k )T ,

(39)

where 0 < αd < 1 is a constant, and the parameter estimation error dynamics, Ω̃dk+1 = Ωd − Ω̂dk+1 , are found to
be
T
Ω̃dk+1 = Ω̃dk − αd φ(xk )(Ω̃dk
φ(xk ) + εd (xk ))T . (40)

Moving on, the feedforward control input can now be de-
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ﬁned using the OLA representation (31) as
ud (xdk , xk )
= g(xk )−1 (xdk+1 − (ΩdT φ(xdk ) + εd (xdk ))). (41)
Now, the estimated feedforward control input is deﬁned as
T
ud (xdk , xk ) = g(xk )−1 (xdk+1 − Ω̂dk
φ(xdk )), (42)
T
ˆ
where f (xdk ) = Ω̂dk φ(xdk ) was used while observing the
deﬁnition of f (xdk ) in (20). Now, using (34) and (42), the
estimate of the control input (28) is written as
u(xk , xdk , ek ) = ûd (xdk , xk ) + ûe (ek ),
(43)
and applying (43) to the nonlinear system (1) reveals
xk+1 = f (xk ) + g(xk )(ûd (xdk , xk ) + ûe (ek ))
or
T
ek+1 = f (xk ) − Ω̂dk
φ(xdk ) + g(xk )ûe (ek )). (44)
Then, adding and subtracting f (xdk ) and g(xk )ue (ek ) to
(44), recalling the OLA representations of f (xdk ) and
ue (ek ) in (31) and (30), respectively, (44) is rewritten as
T
ek+1 = fe (ek ) + g(xk )ue (ek ) + Ω̃dk
φ(xdk )
T
(45)
−g(xk )Θ̃ek ϑ(ek ) + εed (xdk ),
where εed = εd (xdk ) − g(xk )εue .
Next, the convergence of tracking error, online identiﬁer,
and the cost function, feedback control signal, and feedforward control signal OLA parameter estimation errors is
demonstrated in the following theorem while explicitly considering the OLA reconstruction errors.
Theorem 2 (System stability) Let ue0k be any initial
admissible control for the nonlinear system (23) such that
(23) is initially asymptotically stable. Let the parameter tuning for the cost OLA and feedforward OLA be provided
by (33) and (35), respectively, and let the tuning law for
the feedforward estimator be given by (39). Then, there exist positive constants Kd , αJe , αue , and αd such that the
tracking error, identiﬁcation error, and the OLA parameter
estimation errors of the cost function, feedback and feedforward terms are all UUB for all k  k0 + T , and the
estimated control input approaches the optimal control input such that u(xk , xdk , ek ) − u∗ (xk , xdk , ek )  εu for
a small positive constant εu .
Proof of Theorem 2 is shown in Appendix.

5 Simulation results
To demonstrate the effectiveness of the nearly optimal
nonlinear controller, a tracking example is presented under
two scenarios: when the internal dynamics are known and
when they are not. When the internal dynamics are known,
only the cost and feedback OLAs are required to regulate
the tracking error to zero. Subsequently, the feedforward
OLA is added when the internal dynamics are not known.
For example, a differentially driven nonholonomic mobile
robot is considered whose discretized nonlinear system is
described by [15]
 


vRk
vRk+1
vk+1 =
=
+ T f (vk ) + T M −1 τ, (46)
vLk+1
vLk
where f (vk ) = −M −1 (V (vk )vk + F (vk )), τ is the control torque, vRk and vLk are the velocities of the right and

366

T. DIERKS et al. / J Control Theory Appl 2011 9 (3) 361–369

left wheels of the robot, respectively, and T is the sampling
time. Furthermore, M is the inertial matrix, V (vk ) is the
nonlinear Coriolis forces matrix, and F (vk ) is the nonlinear friction vector. The robot parameters used in the simulation were chosen to be as those presented in [14] while the
sampling time is taken as T = 0.01 s. The objective of the
mobile robot is to track a virtual reference cart, and the desired right and left wheel velocities, vkd = [vdRk vdLk ]T ,
which are generated online [14]. For this test, the translational and angular velocities of the reference cart were taken
as vrk = 1 m/s and ωrk = 0.5 sin(0.2πkT ) rad/s, respectively.
To implement the control scheme, two-layer NNs are
considered consisting of one layer of randomly assigned
constant weights, vN , in the ﬁrst layer and one layer of tunable weights, ΘN , in the second layer. It has been shown
that by randomly selecting the input layer weights vN , the
activation function forms a stochastic basis, and thus the approximation property holds for all inputs in a compact set
[1]. Additionally, 10 hidden layer neurons were selected for
both the cost function and feedback control OLAs while 25
hidden layer neurons were selected to estimate the feedforward signal of the control input. The activation function of
the cost function OLA was selected as hyperbolic tangent
squared to obtain an even linearly independent basis function. Conversely, the basis function of the feedback action
OLA was selected as hyperbolic tangent after taking the partial derivative. Finally, radial basis functions were selected
as activation functions for the feedforward control estimator.
The initial stabilizing control law was selected as
 




0.5 0
e1k
0.5 0
vRk −vdRk
ue0 (ek ) =
=
.
vLk −vdLk
e2k
0 0.5
0 0.5

this case were observed to be similar to the trajectory in
Fig. 1 while the ﬁnal values of the cost and action OLA parameters as well as the values of the cost and action errors
were observed to be similar to those presented in Figs. 2
and 3, respectively. In addition, the difference between the
actual feedforward control term and the estimated feedforward term is shown in Fig. 4. Here, the estimation error is
found to be small and bounded consistent with the theoretical results of Theorem 2.

Fig. 1 Robot trajectory.

(47)
The control gains for the OLA-based optimal control
scheme were selected as Kd = 0.1, αJe = 0.1, αue = 0.1
and αd = 0.1, and all tunable NN weights were initialized
to zero. The simulation was run for 10 s (1000 time steps),
and for the ﬁrst 6 s, probing noise with mean zero and variance 1.4 was added to the system to ensure the persistency
of excitation condition holds (see Section 3).
The resulting robot trajectory when the dynamics are
known is shown in Fig. 1, where it is observed that the robot
converges to the path of the virtual cart and maintains the
desired course for the remainder of the test. The time histories of both the cost function and the feedback control signal
parameter estimates are shown in Fig. 2. Examining the ﬁgure, it is clear that the parameter estimates converge to constant values and remain bounded consistent with Theorem 1.
The cost function and feedback action network errors are
shown in Fig. 3 where it is clear that both errors initially incur large values but then converge to a small bounded value
near the origin.
Next, knowledge of the internal dynamics is removed,
and the feedforward estimator presented in Section 4 is
added to the robot control law. The robot trajectories for

Fig. 2 OLA parameter estimates.

Fig. 3 OLA CTG and action errors.
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Closed-form solutions for the discrete-time HJB equation
are difﬁcult to obtain, and no bench marking methods currently exist for evaluating discrete-time nonlinear optimal
control laws. As a result, a cost comparison with the initial
stabilizing control policy is considered where the costs were
calculated by summing the cost function (26) from i = 0
to i = 1000. Examining Table 1, the OLA-based optimal
tracking control scheme is observed to incur less cumulative
cost than the initial stabilizing control both when the internal dynamics were known and when they were unknown.
Thus, the proposed tracker is indeed tuning to decrease the
cost function (26) as predicted. Furthermore, the difference
in the optimal costs when the dynamics are known and when
they are not are observed to be small, which again reinforces
the theoretical results of Theorem 2.
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Appendix

6

Conclusions

In this work, the HJB equation was solved online for the
nearly optimal control of general afﬁne nonlinear DT systems using OLAs to address the regulation and tracking control problems. Knowledge of the system’s internal dynamics
was not needed while the OLAs generate a novel nearly optimal control law, and an initial admissible control policy
guarantees that the system is stable while the OLAs learn.
For the tracking problem, a desired feedforward portion of
the control input generated by the third OLA rendered an
overall stable system with ultimately bounded signals. All
OLA parameters were tuned online using novel update laws,
and system stability is guarenteed using Lyapunov theory.
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Proof of Theorem 1 Consider the positive deﬁnite Lyapunov
candidate
αJ X̄m
α2 αJ X̄m
Vu (Θ̃k ) + VJ (Φ̃k ),
V = 2 u 2
VD (xk ) +
2gM ΩA (ϑM + 1)
ΠA
(a1)
where
T
T
VD (xk ) = xT
k xk , Vu (Θ̃k ) = tr{Θ̃k Θ̃k }, VJ (Φ̃k ) = Φk Φk ,

−1 2
ΠA = (αu + 1)(σM gM λmax (R ))
` 
´
(σM gM λmax (R−1 ))2 + 2
+αu
,
4
−1
and λmax (R ) is the maximum singular value of R. The ﬁrst
difference of (a1) is given by
α2 αJ X̄m ΔVD (xk )
αJ X̄m ΔVu (Θ̃k )
ΔV = u 2
+ ΔVJ (Φ̃k ).
+
2gM ΠA (ϑ2M + 1)
ΠA
(a2)
T
Considering ﬁrst ΔVD (xk ) = xT
k+1 xk+1 − xk xx , substituting
the nonlinear dynamics (19), and applying the Cauchy-Schwartz
inequality ((a1 + a2 + . . . + an )2  n(a21 + a22 + . . . + a2n )) twice,
reveals
ΔVD (xk )  2f (xk ) + g(xk )u∗ (xk )2 − xT
k xk

+4g(xk )Θ̃T ϑ(xk )2 + 4g(xk )εuk 2 . (a3)
It is observed that the optimal closed loop system, f (xk ) +
g(xk )u∗ (xk ), is asymptotically stable on a compact set. Furthermore, it can be shown that on a compact set, the optimal closed
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where

loop system is upper bounded according to
f (xk ) + g(xk )u∗ (xk )  k∗ xk 2 ,
2

where k∗ is a constant. Using this observation while deﬁning
ΞAk = Θ̃kT ϑ(xk ), ΔVD (xk ) is upper bounded according to

2
2 2
ΞAk 2 + 2gM
εuM .
ΔVD (xk )  −(1 − 2k∗ ) xk 2 + 4gM
(a4)

T
Moving on, ΔVu (Θ̃k ) = tr{Θ̃k+1
Θ̃k+1 } − tr{Θ̃kT Θ̃k }, and
substituting (18) and then (17), ΔVu (Θ̃k ) is upper bounded in
terms of ΞAk as

ΔVu (Θ̃k )
αu (2 − αu )
 − T
ΞAk 2
(ϑ (xk )ϑ(xk ) + 1)
”
“

gM λmax (R−1 ) + 2ε̃uM
αu (αu + 1) Φ̃k σM
+
ΞAk 
(ϑT (xk )ϑ(xk ) + 1)
“ (σ  g λ
−1 2
)) Φ̃k 2
αu2
M M max (R
·
+ T
(ϑ (xk )ϑ(xk ) + 1)
4
”

−1
2 2
+σM gM λmax (R )Φ̃k ε̃uM + αu ε̃uM .
Now, observing
αu (3 − 3αu ) ΞAk 2
2
αu (αu + 1) ΞAk 2
−
2
and completing the square with respect to
−αu (2 − αu ) ΞAk 2 = −


ΞAk  (|Φ̃k σM
gM λmax (R−1 ) + 2ε̃uM ),

gM λmax (R−1 )ε̃uM reveals the upper bound of
and then Φ̃k σM
ΔVu (Θ̃k ) to be written as
αu
(3 − 3αu ) ΞAk 2 + αu ΠA Φ̃k 2
ΔVu (Θ̃k )  −
2(ϑ2M + 1)
“
α2 (σ  gM λmax (R−1 ))2 ” 2
+ αu (5αu + 4)+ u M
ε̃uM .
2
(a5)

Next, considering

ε2uM αu2 αJ X̄m
(ΠA (ϑ2M + 1))
“
α2 (σ  gM λmax (R−1 ))2 ” ε̃2uM
.
+αJ X̄m αu (5αu +4)+ u M
2
ΠA
Therefore, ΔV is less than zero provided the following inequalities hold
8
s
2
>
2gM
ΠA (ϑ2M + 1)εSM
>
>
>
xk  >
or
>
>
(1 − 2k∗ )αu2 αJ X̄m
>
>
s
>
<
εSM 2(ϑ2M + 1)ΠA
(a8)
≡ bΞA or
ΞAk  >
>
αu αJ X̄m (3 − 7αu )
>
>
>
>
r
>
>
εSM
> Φ̃  >
>
,
: k
αJ X̄m (1 − αu )
2
εSM = αJ2 ΨM
+

3
and the tuning gains are selected as αu < and 0 < αJ < 1 for
7
the class of nonlinear systems that satisfy the optimal closed loop
1
bounds described above with 0 < k ∗ < . Thus, using standard
2
Lyapunov extensions [1], the system states and the cost and control NN weight estimation errors are UUB, and the system states
are guaranteed to never leave their initial compact set.
To show û(xk ) − u∗ (xk )  εr , use (5) and (14) to observe
û(xk ) − u∗ (xk ) = −Θ̃kT ϑ(xk ) − εu . Then, taking the limit as
k → ∞ and taking the upper bound of û(xk ) − u∗ (xk ) shows
û(xk ) − u∗ (xk )  ΞAk  + εuM  bΞA + εuM ≡ εr , where
bΞA is deﬁned in (a8).
Proof of Theorem 2 Consider the positive deﬁnite Lyapunov
candidate
αue αJe αd X̄em
VT =
Ve (ek ) + αd VJe (Φ̃ek )
2
12gM
ΠAe (ϑ2eM + 1)
αJe αd X̄em
Veu (Θ̃ek )
+
ΠAe
αJe αue X̄em
+ 2
(a9)
Vd (Ω̃dk , x̃k ),
2gM ΠAe (ϑ2eM + 1)
where

T
ΔVJ (Φ̃k ) = ΦT
k+1 Φk+1 − Φk Φk ,

T
Ve (ek ) = eT
k ek , VJe (Φ̃ek ) = Φ̃ek Φ̃ek ,
T
Θ̃ek },
Vue (Θ̃ek ) = tr{Θ̃ek

and substituting (12) and (13) reveals
ΔVJ (Φ̃k ) = −2αJ

T
T
Φ̃T
Φ̃T
k Xk Xk Φ̃k
k Xk Ψk
− αJ
T
T
Xk Xk + IF
Xk Xk + IF

T
Ω̃dk } +
Vd (Ω̃dk , x̃h ) = tr{Ω̃dk

−αJ

T
T
T
Ψk XkT Φ̃k
2 Φ̃k Xk Xk Xk Xk Φ̃k
+
α
J
Xk XkT + IF
Xk XkT + I2F

+αJ2

T
T
Φ̃T
Ψk XkT Xk XkT Φ̃k
k Xk Xk Xk Ψk
+ αJ2
T
2
Xk Xk + IF
Xk XkT + I2F

+αJ2

Ψk XkT Xk ΨkT
.
Xk XkT + I2F

and

gM λmax (Re−1 ))2
ΠAe = (αue + 1)(σeM
` 
´
αue (σeM gM λmax (Re−1 ))2 + 2
+
,
4
−1
−1
where λmax (Re ) is the maximum eigenvalue of Re . The ﬁrst
difference of VT is given by

ΔVT =

Observing
0 < X̄m 

XkT Xk 
< 1,
Xk XkT + IF

where X̄m is a constant ensured to exist by the PE condition described in Section 3, ΔVJ (Φ̃k ) can be upper bounded as
2
.
ΔVJ (Φ̃k )  −αJ X̄m Φ̃k 2 + αJ2 ΨM

(a6)

Then, substituting (a4)–(a6) into (a2) yields the upper bound for
ΔV to be
−(1 − 2k∗ )αu2 αJ X̄m
ΔV 
xk 2 −αJ X̄m (1 − αu )Φ̃k 2
2
2gM
ΠA (ϑ2M + 1)
αu αJ X̄m (3 − 7αu )
−
ΞAk 2 + εSM ,
(a7)
2(ϑ2M + 1)ΠA

αd2 x̃T
k x̃k
,
6

αue αJe αd X̄em ΔVe (ek )
+ αd ΔVJe (Φ̃ek )
2
12gM
ΠAe (ϑ2eM + 1)
αJe αd X̄em
ΔVeu (Θ̃ek )
+
ΠAe
αJe αue X̄em ΔVd (Ω̃dk , x̃k )
+
.
(a10)
2
2gM
ΠAe (ϑ2eM + 1)

First, considering ΔVe (ek ), substituting the error dynamics
(45), and applying the Cauchy-Schwartz inequality twice yeilds
T
ΔVe (ek )  2fe (ek ) + g(xk )ue (ek )2 + 6Ω̃dk
φ(xd )2
2
T
+6gM
Θ̃ek
ϑ(ek )2 + 6ε2dM − eT
k ek .

(a11)

Observing the optimal error dynamics are asymptotically stable, it can be shown that fe (ek ) + g(xk )ue (ek )2  ke∗ ek 2
where ke∗ is a constant. Applying this relation and taking the upper
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bound of (a11) is written as
T
φ(xd )2
ΔVe (ek )  −(1 − 2ke∗ )ek 2 + 6Ω̃dk
2
T
+6gM
Θ̃ek
ϑ(ek )2 + 6ε2dM .

(a12)

Next, examining the similarities of VJe (Φ̃ek ) and Veu (Θ̃ek ) to
VJ (Φ̃k ) and Vu (Θ̃k ), respectively, deﬁned in Proof of Theorem 1,
the ﬁrst differences of ΔVJe (Φ̃ek ) and ΔVeu (Θ̃ek ) are calculated
identically to (a5) and (a6), respectively, after substituting the approptiate variables deﬁned for tracking in Section 4 in place of the
regulation variables deﬁned in Section 3.
Now, considering ΔVd (Ω̃dk , x̃k ), using (38) and (40) and taking the upper bound gives
ΔVd (Ω̃dk , x̃k )
T
φ(xk )2
 −αd (2 − αd )Ω̃dk
T
αd2 Ω̃dk
φ(xk )2
T
φ(xk )εdM
+ 2αd (1 + αd )Ω̃dk
2
α2 K 2 x̃k 2
α2 x̃k 2
α 2 ε2
+ε2dM + d dM + d d
− d
.
2
2
6

+

T
φ(xk )εdM yields
Then, completing with respect to Ω̃dk

ΔVd (Ω̃dk , x̃k )
3
T
 −αd ( − 2αd )Ω̃dk
φ(xk )2
2
α2 1
α2
−( d )( − Kd2 )x̃k 2 + (1 + 2αd (αd + 1) + d )ε2dM .
2 3
2
(a13)
Next, using (a12), (a13), and VJe (Φ̃ek ) and Veu (Θ̃ek ) written
in the form of (a5) and (a6), respectively, to form (a10) gives
ΔVT = −

αue αJe αd X̄em (1 − 2ke∗ )
ek 2
2
12gM
ΠAe (ϑ2eM + 1)

−αd αJe X̄em (1 − αue )Φ̃ek 2
αJe αue αd2 X̄em ( 13 − Kd2 )
−
x̃k 2
2
4gM
ΠAe (ϑ2eM + 1)
αJe αue αd X̄em
1
T
− 2
φ(xk )2
( − 2αd )Ω̃dk
2gM ΠAe (ϑ2eM + 1) 2
αue αJe αd X̄em
T
−
(2 − 3αeu )Θ̃ek
ϑ(ek )2 + εSe ,
2(ϑ2eM + 1)ΠAe
where
εSe ≡

ε2dM αJe αue X̄em
5
3
(1 + 2αd ( αd + ))
2
2gM
ΠAe (ϑ2eM + 1)
4
2
αJe αd X̄em
2
2
ΨeM
+
(αue (5αue + 4)
+αd αJe
ΠAe
2

−1 2
α (σ gM λmax (Re )) 2
+ ue eM
)ε̃ueM ,
2

and ΔVT < 0 for the class of nonlinear systems that satisfy the op1
timal closed loop bounds described above with ke∗ < provided
2
the control gains are selected according to
Kd2 <

1
2
1
, αJe < 1, αeu < , αd < ,
3
3
4
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and the following inequalities hold:
s
2
12gM
ΠAe (ϑ2eM + 1)εSe
ek  >
≡ be or
α α α X̄ (1 − 2ke∗ )
s ue Je d em
2
4gM
ΠAe (ϑ2eM + 1)εSe
x̃k  >
≡ bx̃ or
αJe αue αd2 X̄em ( 13 − Kd2 )
s
2(ϑ2eM + 1)ΠAe εSe
T
Θ̃ek
≡ bΞe or
ϑ(ek ) >
αJe αd αue X̄em (2 − 3αeu )
r
εSe
≡ bΦe or
Φ̃ek  >
X̄
αd αs
Je em (1 − αue )
T
Ω̃dk
φ(xk ) >

2
2gM
ΠAe (ϑ2eM + 1)εSe
≡ bΩd .
αd αJe αue X̄em (1/2 − 2αd )

Therefore, using standard Lyapunov extension [1], it can be
concluded that ΔVT is less than zero outside of a compact
set so that the tracking error (22) and the OLA parameter
estimation errors of the cost function, feedback control signal, and feedforward control inputs are all UUB. To show
u(xk , xdk , ek ) − u∗ (xk , xdk , ek )  εu , we use (28), (30),
(34), and (41)–(43) to observe
u(xk , xdk , ek ) − u∗ (xk , xdk , ek )
I
T
I
T
= gM
Ω̃kd
φ(xdk )F + gM
εdM + Θ̃ek
ϑe (ek ) + εueM
I
I
 gM
bΩd + gM
εdM + bΞe + εueM
≡ εu .
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