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A �-Learning Approach to Derive Optimal
Consumption and Investment Strategies

Alex Weissensteiner

Abstract—In this paper, we consider optimal consumption and
strategic asset allocation decisions of an investor with a finite plan-
ning horizon. A -learning approach is used to maximize the ex-
pected utility of consumption. The first part of the paper presents
conceptually the implementation of -learning in a discrete state-
action space and illustrates the relation of the technique to the dy-
namic programming method for a simplified setting. In the second
part of the paper, different generalization methods are explored
and, compared to other implementations using neural networks, a
combination with self-organizing maps (SOMs) is proposed. The
resulting policy is compared to alternative strategies.

Index Terms—Asset allocation, dynamic programming, finance,
-learning, reinforcement learning, self-organizing maps (SOMs).

I. INTRODUCTION

O NE of the classical problems in finance is to derive op-
timal consumption and asset allocation strategies for an

investor with a finite planning horizon. Early work traces back
to the pioneering papers of [33], [27], and [28] who focus on
analytical tractability. Since then, a range of different methods
has been proposed in the literature.

Using dynamic programming techniques, one group of pa-
pers extends the classical Merton framework along different
lines, e.g., labor income or time-varying investment opportu-
nities. Closed-form solutions can be derived only for special
cases (see, e.g., [4], [23], and [40]). Another group proposes
approaches which are not limited in this strict way to analytical
tractability. Their results are exact for a broader set of problem
settings and give approximations in their neighborhood (see,
e.g., [8], [9], and [11]). For example, Campbell et al. [8] con-
sider Epstein–Zin utility and an infinite planning horizon to-
gether with a first-order vector autoregression for the evolution
of asset returns and state variables. Excluding short sale con-
straints on the asset allocation, they get an exact solution for the
case of unit elasticity of intertemporal consumption.

To overcome these restrictions of analytical models, various
numerical methods have been proposed. One approach works
via a finite-difference approximation on a grid (see, e.g., [1],
[7], [13], and [18]) to reduce the state–space dimension and
solve the problem by backward induction. Others, such as De-
temple et al. [15] and Brandt et al. [6] use simulation-based
approaches. While Detemple et al. [15] propose a simulation-
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based method to approximate deviations from a closed-form so-
lution, Brandt et al. [6] combine Monte Carlo simulation and re-
gression techniques, inspired by Longstaff and Schwartz [25].
Finally, also stochastic linear programming (SLP), with many
successful applications in asset-liability management problems
(see, e.g., [14], [17], [19], and [43]), has been proposed to derive
optimal consumption and investment decisions in the expected
utility framework by [16]. The main advantage of this method is
its ability to handle large scale problems with many assets and
many constraints.

However, all these techniques require the specification of
the dynamics describing the uncertainty of the future, which
drives asset returns and state variables. For example, in the
SLP approach, to maintain computational tractability, the
multivariate distribution of the process is approximated with a
few mass points (nodes) (see, e.g., [20], [21], and [31]). Given
this scenario tree optimal decisions are calculated for each
node. There are at least two conceptual problems when using
this approach in practical applications (for a discussion, see,
e.g., [14]). First, after one period, the realized returns and state
variables are unlikely to coincide exactly with the values in sce-
nario tree. Second, the stochastic properties of the process may
change unexpectedly over time. To mitigate these problems,
the SLP literature proposes a rolling-forward approach, where
in every stage the new parameters of the stochastic process are
estimated and a new scenario tree is generated in order to solve
the optimization task again.1

In this paper, we explore the implementation of -learning
[41], [42] to derive optimal consumption and asset allocation
decisions in a finite-horizon model. Compared to the methods
mentioned above, -learning can handle time- and path-depen-
dent utility functions and does not require any assumption about
the stochastic process. Instead of the rolling-forward approach
used, e.g., in the SLP literature, this “online” learning tech-
nique allows for continuous adaptation to a changing environ-
ment. Like other numerical approaches, -learning also suffers
from the curse of dimensionality. Therefore, for practical appli-
cations, it must be combined with generalization methods. In
the second part of this paper, we explore function approxima-
tion methods (see, e.g., [10], [29], [30], and [39]) and present a
combination with self-organizing maps (SOMs) [34], [36]. The
finite-horizon structure of the problem poses some challenges,
as for each decision stage a different map has to be created.

The paper is organized as follows. Section II presents the
problem formulation and relates the optimization task to the
well-known dynamic programming method. Section III studies

1A more comprehensive comparison with other numerical methods is very
demanding and beyond the objective of this paper.
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conceptually the application of the -learning algorithm for
consumption and asset allocation decisions in a finite-horizon
context. In Section IV, we give an illustrative example for a
simplified task in a discrete state-action space. The general ex-
tension to function approximations is explored in Section V,
while a combination of -learning with SOMs is proposed in
Section VI. In Section VII, results are compared to a case where
a closed-form solution is available. Section VIII concludes.

II. PROBLEM FORMULATION

The objective is to maximize expected utility over a finite
planning horizon by taking into account optimal consump-
tion and investment decisions at discrete points in time (called
stages) from (now) to . In , the last con-
sumption and investment decision is made by the individual as
at the last stage the individual consumes the remaining wealth
completely. The optimization task can be formalized in terms of
the value function

(1)
where is a time-additive, strictly concave von Neumann–Mor-
genstern utility function, is the time preference rate (for the
sake of notation brevity set in the following equal to zero), and

is the total amount of wealth denominated in units of the con-
sumption good, which serves as the numeraire. and
refer to the two control variables available at the stages , at
which the individual has to determine the consumption rate
and the asset allocation vector for the remaining financial
wealth. The admissible action sets are represented by and

. The uncertainty in the model results from the possi-
bility to invest wealth not only in a safe asset, but also in risky
assets. This leads to an -adapted process of wealth . The
expectation in (1) is with respect to the multivariate distri-
bution of the random variables . The corresponding Bellman
equation for this optimization task is given by (see, e.g., [27])

(2)
where the migration function describes the transition from the
combination at stage to the wealth at

, i.e., the migration from a given state and given actions to
a new state at the following stage when the uncertainty is
resolved.

III. -LEARNING

-learning is a reinforcement learning algorithm [41], [42],
which calculates the optimal policy in a time-, state-, and action-

discrete environment. Like dynamic programming, -learning
is a bootstrapping method, as the update of estimates in is
based on estimates in . As a distinctive feature, however, re-
inforcement learning algorithms are simulation based, i.e., they
use training information to evaluate the actions taken. Neverthe-
less, there is a strong interrelation between the -value of the
optimal policy and the value function .

Definition 1: The -value of the optimal policy
is defined as the expected utility of

choosing the (not necessary optimal) control variables
and with given wealth at stage and following the
optimal policy afterwards.

In this way, the -function maps state-action combinations
to expected utility

(3)

To see the interrelation between the -function and the value
function of the optimal policy, compare (4) and (5)

(4)

(5)

From the above equations, one can verify that the -function of
the optimal policy corresponds to the value function of the
optimal policy (see, e.g., [35, p. 76])

(6)

and the optimal control variables at stage are given by

(7)

Inserting the corresponding (6) for stage into (4) results
in (8) shown at the bottom of the page.

-learning, as a simulation-based method, does not require
all possible trajectories and the corresponding probabilities to
solve the control task recursively, but estimates the -values

by an incremental learning approach.
This can be done either by simulating single trajectories from

to or by using real market data (see, e.g., [10]). In the
second case, there is no need to specify a stochastic process
or to estimate its parameters (see, e.g., [22]). The estimated

-values for the state-action vector
are maintained in a lookup table and updated

(8)
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on occurrence of new experiences , , on this spe-
cific combination (see, e.g., [2]) using the incremental updating
formula

(9)

where the vector replaces and indi-
cates the learning step size. Convergence of the estimated

-values to the optimal -values
in (8) would be guaranteed by the law of

large numbers, visiting all state-action pairs infinitely often
[42] and by ensuring that satisfies (see [37])

and (10)

In this way, also the actions for the learned policy will converge
to their optimal values; see (7). In Section IV, we set ,
satisfying the conditions (10).

Rearranging the ideas and formulas above, we construct the
-learning algorithm for a consumption and asset allocation

strategy (Algorithm 1).

Algorithm 1: -learning for a consumption and investment
strategy

1: Initialize arbitrarily (e.g., with 0)

2: for trajectory to (number of trajectories) do

3: Initialize with the initial wealth

4: for to do

5: Choose a policy to select from
(e.g., -greedy policy)

6:

7: if then

8:

9: else

10:

11: end if with for

12: end for

13: end for

Line 8 shows the update of , which is based on
the utility of current consumption and on the esti-
mated value of the optimal policy in state by

[see also (6)]. These two determine the new estimation (or
target) for in (9) and indicate the direction in
which to move.

IV. RESULTS IN THE DISCRETE STATE-ACTION SPACE

In the following illustrative example, we present a simplified
task, where an individual with a time-additive, strictly concave
von Neumann–Morgenstern utility function and initial wealth

wants to take optimal decisions from a set of discrete con-
sumption and investment possibilities in order to maximize his
expected utility over the planning horizon; see (1). We assume
that the market offers two investment opportunities, a risk-free
asset and a risky asset. To model the uncertainty, we further as-
sume that at each stage two states of nature can
occur with probabilities , in which the risky asset
will realize the returns or . In this way, the process of the
risky asset corresponds to a binomial tree. To avoid dominance
and the ensuing arbitrage opportunities, we set ,
where represents the return of the risk free asset. The total
number of -values to estimate and update
can easily be calculated by

(11)

where and are the number of discrete consumption and
investment possibilities at each stage .

Fig. 1 illustrates the -learning process at a specific stage ,
grouping the Cartesian product of consumption and investment
possibilities, i.e., , on the -axis of the graphs.
In the example used here, we allow for three consumption

and three investment possibilities, resulting
in a total of nine action combinations for each discrete level
of wealth . On the -axis, we plot the wealth , while
the -axis shows the corresponding -values. The estimated

-value for the optimal policy is indicated
by a black bullet.

A total of 162 -values are tuned at this specific stage .
During the learning process, each of them is updated. For a
particular -combination, these updates are
illustrated in Fig. 2. In this way, the rather crumpled -surface
in the top graph of Fig. 1 becomes considerably smoother.
Optimal consumption and investment decisions are taken ac-
cording to (7). Given wealth , the individual will choose the

-combination with the highest estimated -value
, i.e., the combination with the highest

expected utility analogous to the value function of the optimal
policy; see (6). This corresponds to a theoretical cut of the
surface in Fig. 1 at the given wealth and in the search for
the maximum in the resulting graph. Performing this calcu-
lation for all discrete wealth levels and plotting the resulting
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Fig. 1. �-learning process at a specific stage � . The graphic illustrates the �-learning process, grouping the Cartesian product of consumption and investment
possibilities on the �-axis, the wealth on the �-axis, and the �-values on the �-axis. Each estimated �-value for the optimal policy � �� �� � � � is
indicated by a black bullet. During the learning process, they are updated, smoothing the �-surface in the top of the figure.

maximum -values in Fig. 3, we get a (discrete) approximation
of the value function of the optimal policy at stage .

Next, we study the sensitivity of the -values
with respect to different consumption/in-

vestment combinations at stage . The results are plotted in
Fig. 4. As can be seen from the scaling of the axes, for the
chosen stage , the expected utility is much more sensitive to
changes in consumption than to the investment decision (by a
factor of ten).

V. FUNCTION APPROXIMATION

Section IV presented an example for a discrete state-action
space. For the sake of computational tractability, we restricted

the problem in two ways: the process of the risky asset was
modeled by a binomial tree and the sets of consumption and
investment possibilities were each limited to three elements, as
the computational complexity increases exponentially; see (11).
For high-dimensional and continuous state-action spaces, some
form of generalization is required [5]. Generalization methods
assume that “similar” wealth at a given stage will lead to
“similar” expected utility. In this way, a compact storage of
learned information and a transfer of knowledge between “sim-
ilar” states and actions can be established [22]. A classical form
of generalization is function approximation.

Instead of saving all possible combinations at stage in a
lookup table, the -values are calculated by a function. For this
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Fig. 2. Approximation of a particular �-value � �� �� � � �. The
�-axis indicates the number of updates, and the �-axis indicates the estimated
�-value for this state-action combination.

Fig. 3. Maximum of the optimal �-values. The figure corresponds to a theo-
retical cut of the surface in Fig. 1 at a given wealth � and in the search for the
maximum in the resulting graph. It represents a discrete approximation of the
value function of the optimal policy at stage � .

approach, two steps are necessary. First, define a set of basis
functions to calculate . The intuition or
understanding of a user in providing this set of basis functions
is the key to unlock the complexity of the underlying decision
problem [32]. Second, after defining the functional form, esti-
mate (or “learn”) the parameter vector .2

As the number of parameters is normally much lower than the

2Note that for the finite horizon of the problem setting this vector is stage
dependent.

Fig. 4. �-function sensitivity. As can be seen from the scaling of the axes, for
the chosen stage � , the expected utility is much more sensitive to changes in
consumption than to the investment decision (by a factor of ten).

number of possible state-action combinations, changing one pa-
rameter will result in a modification of the expected utility of
many (all) state-action combinations. This function is then used
to derive optimal consumption and investment decisions, anal-
ogous to (7)

(12)

The parameter vector should be tuned in such a way
that the estimation error between the approximated function

and their corresponding true value
is minimized. One measure to quantify this

deviation is the mean squared error (MSE)

(13)

where is the probability for wealth . Usually it is not
possible to reduce the MSE for all state-action combinations
considered, but instead some tradeoff is necessary. The prob-
ability weights reward small errors more in states with a higher
probability of occurrence. However, finding a global minimum
for the MSE (such that MSE ) is diffi-
cult. In most cases, a local optimum is the best we can get.

As the MSE given by (13) is a function dependent on the
parameter vector , the gradient-descent method can be ap-
plied. Unfortunately, is not known ex-ante; this value
is just being learned. Therefore, as an estimate for the true
value , the sum of and the maximum of

is used

(14)
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where the vector replaces . Calculating
with an estimate instead of the true value, convergence is as-
sured if and only if the estimator is unbiased [35, p. 198]. How-
ever, for bootstrapping methods such as -learning, this is not
the case and convergence can no longer be guaranteed [38].

The method presented in this section reduces the complexity
by the choice of a suitable parameterization of the function. To
this end, some practical experience or theoretical analysis of
the problem at hand is required [3]. However, while the con-
cave shape of the value function is somewhat intuitive, guessing
the functional form of the -values is not an easy task. Deter-
mining the functional interrelation between -value and com-
binations of wealth, consumption, and investment decisions re-
quires a high degree of prior knowledge; the “correct” answer is
known only after solving the problem. For this reason, we prefer
to present a rather general approach in Section VI.

VI. -LEARNING WITH SELF-ORGANIZING MAPS

In this section, we maintain the assumption that “similar”
state-action combinations lead to “similar” results in terms of
expected utility. Instead of saving and updating all discrete
state-action combinations in a lookup table, “similar” combi-
nations are represented by “hidden units” or neurons. In this
case, as known from the literature, convergence can no longer
be proved. Compared to an artificial neural network (ANN)
with hidden layers (see, e.g., [10] and [39]), we follow the
approach using SOMs (see, e.g., [26], [34], and [36]). Although
ANNs have been successfully applied for different tasks, it is
not unusual to criticize them as a nonlinear black-box model,
which do not enhance the understanding of the problem at hand.
SOMs are an effective tool for visualization and/or abstraction
of high-dimensional data and have been very successfully
applied in various fields [12]. A comparison of advantages and
limitations of different neural network implementations when
using -learning can be found in [36].3

The number, the positions, and the values of these neurons are
not defined ex-ante, but created and updated during the learning
process. This ensures an economical use of computer power:
only the relevant neurons are updated and optimized with high
frequency. A neuron is representative for particular com-
binations if the single elements are “near” the
wealth and the actions of the neuron [24, p. 77]. To determine the
distance, different measures are proposed in the literature, e.g.,
euclidean norm or radial basis functions (RBFs). In this paper,
we focus on RBFs. Generally, given a neuron with center
and dispersion , the distance to a state is given by

(15)

For our application, the distance of a particular state-action
combination is calculated in the dimensions wealth , con-

3The author illustrates that �-learning combined with SOMs improves in
terms of memory requirements, learning time, and performance of the learned
policy (compared to other approaches with fixed, a priori specified, structures
of the neuronal networks).

sumption , and investment for all neurons. While the
consumption rate and the investment decision (excluding short
sales) take values between zero and one, neither the -values
nor the wealth are restricted in this way. To compare and
calculate the distance for each dimension, we normalize the
last two values (from zero to one).4 The following information
vector is stored in a table for each neuron :

(16)
where , , and indicate the wealth, the
consumption rate, and the investment decision of neuron ,

gives the corresponding, estimated -value, while the
last two elements represent the normalized values.

The implementation of -learning using SOMs is illustrated
in Algorithm 2 and the related Algorithms 3–6.

Algorithm 2: -learning using SOMs

1: Initialize: , , , ,

2: for trajectory to (number of trajectories) do

3: Initialize

4: for to do

5: if trajectory then

6: step 0: create new neurons (Algorithm 3)

7: else

8: step 1: choose , (Algorithm 4)

9: step 2: ,

10: step 3: calculate -value (Algorithm 5)

11: step 4: update representative neuron (Algorithm 6)

12: end if

13: end for

14: end for

Algorithm 3: step 0—create new neurons

1: RND, RND

2:

3: if then

4:

5: else

6:

7: end if

8:

4If short sales are not restricted, we also normalize the investment decisions.
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Algorithm 4: step 1—choose ,

1:

2: if then

3: , ,

4:

5: else

6: ,

7: end if

Algorithm 5: step 3—calculate -value

1: if then

2:

3:

4: else

5:

6: end if

7:

Algorithm 6: step 4—update representative neuron

1: with

2: if then

3:

4: else

5:

6:

7:

8:

9: end if

After initializing the step size for learning ,5 the critical dis-
tance , and the dispersion of the RBF, the algorithm starts

5We note that not only single, absolute values, but also their relation to each
other is important for the learning success.

the learning process by running different trajectories from to
.

In the first simulation run, no neurons and no experience are
available. Algorithm 3 shows that in this case consumption and
investment decisions are chosen randomly, where “RND” repre-
sents a uniformly distributed variable with RND . Given
the decisions at stage and the general migration function, the
wealth can be calculated. Due to the absence of knowl-
edge, we assign to the direct utility of consumption at state

for and to the sum of utility of consumption
at the stages and . The vector is
then assigned to a new (the first) neuron at stage .

After this initializing first simulation run the learning process
starts. In Algorithm 4, we show how to choose consumption
and investment decisions for a given wealth . The function

combines normalized wealth and -values to
search in the set of available neurons the single neuron
that is close to the current wealth and shows a high -value, i.e.,
a high expected utility. The output arguments of this function are
calculated according to

(17)

If the distance measure is lower than the critical
value, i.e., if no “near” neuron with a high -value is available,
we act randomly, initialize to zero, and assign these values
to a new neuron . Otherwise, we use the actions imposed
by neuron . To ensure enough exploration, which is espe-
cially important at the beginning, we disturb these by some
randomness with mean zero and shrink its magnitude
as the number of simulation runs increases.

Step 2 calculates the utility of consumption and the wealth
for the next stage . Step 3 determines the corresponding

-value by using the function for all
. If , we assign the utility of consumption at the

final stage .
Finally, step 4 defines the update rule on how to generalize the

experience of the particular state-action combination to a single
neuron. For that purpose, the function calculates the
distance in the state-action space by the equations shown at the
bottom of the page. The neuron is nearest to the particular
combination , having a distance of .
If this distance is below the critical level , a new neuron
is created. Otherwise, the experience made is used to tune the
neuron : the -value , the wealth , and the
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decision variables and are updated toward
, , , and . After some tuning period, consumption

and investment decisions can be selected according to neuron
in (17).

In order to speed up learning in Algorithm 2, we propose two
further improvements. First, as the -value measures expected
utility, we simulate more than one successor for the combina-
tion and take the arithmetic mean of the re-
sulting -values, instead of calculating step 2 and step 3 only
for one . This expected value is used in step 4 to update
our knowledge. Second, as the -value and the wealth are in-
terrelated (the higher the wealth, the higher the expected utility
expressed in terms of the -value), we divide the set in
two subsets: whose neurons have a wealth below ,
and with a higher wealth. In both sets, we use (17) to find a
neuron nearby and interpolate linearly their -values to approx-
imate the value of wealth . Without such a correction, we
would have a bias in the estimates: given two neurons equally
distant from and both just tuned to the optimal policy,
(17) will always choose the one with the higher wealth and the
corresponding higher -value.

VII. RESULTS USING SELF-ORGANIZING MAPS

In the following, we study the application of the algorithm
proposed in Section VI. In order to compare the performance of
the learned policy with the optimal policy, we choose a simpli-
fied setting with four stages where a closed-form solution ex-
ists. Hence, we use log utility, a risk-free rate set to 4%, and
the risky asset following a geometric Brownian motion (GBM)
with a drift of 8% and volatility of 25%. From the lit-
erature, we know that in this case the optimal consumption rate
is given by the fraction , i.e., 25% at the first stage,
and the optimal asset allocation to the risky asset is myopic with

, i.e., 64%.
For the learning period, we use 20 000 simulated trajectories

and set the learning parameters by manual tuning to

The resulting map for the first stage, starting with a financial
wealth equal to 100, is given by 21 neurons. In Table I, we
order these neurons by their -value .6 The last row indi-
cates the neuron with the highest expected utility . As ex-
pected, the values of the control variables of this neuron
and are near their analytical counterparts (25% and
64%). The last column gives the number of updates for each
neuron . The corresponding tuning process for is illus-
trated in Fig. 5. In order to evaluate the performance of the
learned strategy, we simulate a new set of 20 000 possible tra-
jectories for the risky assets. We use this sample to compare the
expected utility given by the learned strategy to the expected
utility of: 1) the analytical solution and 2) a naive strategy in
which at all stages 50% of current wealth is consumed and 50%
is invested in the risky asset. The results are indicated in Table II.
As can be seen from the last column, the expected utility of our
learned strategy is 0.69% below the optimal policy but outper-
forms the naive strategy by 4.84%. Given the flexibility of our

6At stage two and three, 84 and 163 neurons are created and tuned.

Fig. 5. Illustration of the tuning process for the neuron��� �. The control vari-
ables for consumption � �� � and asset allocation � �� � can be compared
to the known closed-form solution (consumption rate equal to 25% and asset
allocation to the risky asset equal to 64%).

TABLE I
SELF-ORGANIZED MAP AT STAGE 1

TABLE II
EXPECTED UTILITY GAIN

approach, the results are considered as very promising. The per-
formance can be improved by a longer learning period (more
trajectories) and/or by tuning the indicated learning parameters
above in the “right” direction. However, we defer a more thor-
ough investigation of these issues to future work.

VIII. CONCLUSION AND OUTLOOK

The aim of this paper was to study conceptually the imple-
mentation of -learning for consumption and asset allocation
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decisions. Many intuitive results were deduced from the figures
in Section IV. The main advantages of -learning are as fol-
lows. First, time- and path-dependent utility functions, which
normally are problematic for analytical tractability, can easily
be incorporated in the model. Second, the possibility to use the
algorithm without specifying the underlying stochastic process
makes this technique a candidate for online learning with real
market data, where little is known about the driving parameters
and where a changing market environment is the rule rather than
the exception.

In the illustrative example of Section IV, we have assumed
that the estimates of the -values are represented by a table
with one entry for each combination. This is
a clear and instructive case, but it is limited to a task with a
small number of states and actions. The exponential growth
of possible future wealth levels may lead to serious time and
memory problems in the calculation, known as the curse of
dimensionality. In this case, most -values will suffer from
poor updates as they will be reached rarely or never during the
learning process. However, also in this case, another argument
can be reported in favor of -learning. The forward approach
of -learning going from stage to ensures an “efficient use”
of computer power: only the practically relevant combinations

, which are encountered often in the state-ac-
tion space, are estimated with high accuracy.

Overall, -learning is most attractive when one is faced with
a large and complex system which requires approximation: the
simulated trajectories are used to estimate a -function for con-
tinuous state-action spaces, rather than to update explicitly every
state-action pair.

In the second part of the paper, we have illustrated the com-
bination of -learning with SOMs. Compared to function ap-
proximation methods, where after choosing the functional form
the parameter vector is tuned, SOMs try to set and calibrate a
finite number of neurons to deduce an optimal strategy. The re-
sults seem promising for future work.
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