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a b s t r a c t

In this paper, we propose a novel adaptive dynamic programming (ADP) architecture with three

networks, an action network, a critic network, and a reference network, to develop internal goal-

representation for online learning and optimization. Unlike the traditional ADP design normally with an

action network and a critic network, our approach integrates the third network, a reference network,

into the actor-critic design framework to automatically and adaptively build an internal reinforcement

signal to facilitate learning and optimization overtime to accomplish goals. We present the detailed

design architecture and its associated learning algorithm to explain how effective learning and

optimization can be achieved in this new ADP architecture. Furthermore, we test the performance of

our architecture both on the cart-pole balancing task and the triple-link inverted pendulum balancing

task, which are the popular benchmarks in the community to demonstrate its learning and control

performance over time.

& 2011 Elsevier B.V. All rights reserved.
1. Introduction

Learning and optimization has been a long-term focus in the
machine intelligence community to understand and develop
principled methodologies to replicate certain level of the brain-
like general-purpose intelligence [1,2]. Over the past decades,
extensive efforts have been focused on different aspects of
machine intelligence research, including memory-prediction the-
ory, embodied intelligence (EI), reinforcement learning (RL),
neural dynamic programming, and many others. Recently, strong
evidences from multiple disciplinary research have supported
that mathematically speaking biological brain can be considered
as a whole system of an intelligent controller to learn and predict
to adjust actions to achieve goals [1,3]. To this end, it is widely
recognized that adaptive dynamic programming (ADP) could be a
core methodology to accomplish the learning and optimization
capabilities for intelligent systems to approximate optimal strat-
egy of actions over time. From the application side, ADP has also
demonstrated many successful applications across a wide range
of domains, such as intelligent power grid, complex system
control, chess gaming, and many others [4–18].

Generally speaking, the foundation for optimization over time
in stochastic processes is the Bellman equation [19], closely tied
ll rights reserved.

ri.edu (Z. Ni),
with the Cardinal utility function concept by Von Neumann.
Specifically, given a system with performance cost:

J½xðtÞ,t� ¼
X1
t ¼ i

gt�iU½xðtÞ,uðtÞ,t� ð1Þ

where xðtÞ is the state vector of the system, u(t) is the control
action, U is the utility function, and g is a discount factor. The
objective of dynamic programming is to design control sequence
u(t) so the cost function J is minimized:

J%ðxðtÞÞ ¼min
uðtÞ
fUðxðtÞ,uðtÞÞþgJ%ðxðtþ1ÞÞg ð2Þ

Eq. (2) provides the foundation for implementing dynamic
programming by working backward in time. For instance, uni-
versal approximators like neural networks with the backpropaga-
tion method are widely used in the community [20,21].

Existing adaptive critic design can be categorized into three
major groups [5,22,23]: heuristic dynamic programming (HDP),
dual heuristic dynamic programming (DHP), and globalized dual
heuristic dynamic programming (GDHP). For instance, the HDP
[1] was proposed with the objective of using a critic network to
critique the action value in order to optimize the future cost
function by using temporal differences between two consecutive
estimates from the critic network [24]. This idea is essentially
similar to the temporal-difference (TD) method discussed in the
RL literature [25]. To overcome the limitations of scalability, DHP
and GDHP were proposed [26], followed by many improvements
and demonstrations of such methods [4,6,27]. The key idea of

www.elsevier.com/locate/neucom
www.elsevier.com/locate/neucom
dx.doi.org/10.1016/j.neucom.2011.05.031
mailto:he@ele.uri.edu
mailto:ni@ele.uri.edu
mailto:pigeon1387@gmail.com
dx.doi.org/10.1016/j.neucom.2011.05.031


H. He et al. / Neurocomputing 78 (2012) 3–134
DHP is to use a critic network to approximate the derivatives of
the value function with respect to the states, while GDHP takes
advantage of both HDP and DHP by using a critic network to
approximate both the value function and its derivatives. Varia-
tions of all of these categories of ADP design have also been
investigated in the community, such as the action dependent (AD)
version of the aforementioned methods by taking action values as
an additional input to the critic network [24].

In this paper, we aim to tackle one of the critical questions in
the ADP design: how to effectively and efficiently represent the
reinforcement signal to guide the intelligent system to achieve
goals over time? In our approach, we propose to integrate a
reference network to provide the internal reinforcement signal as
a natural representation of the internal goal to facilitate machine
learning. This reference network will interact with the critic
network and action network in the classic ADP design to provide
improved learning and optimization performance. Traditionally,
in the existing ADP design, the normal way is to use a binary
signal, such as either a ‘‘0’’ or a ‘‘�1,’’ to represent ‘‘success’’ or
‘‘failure’’ of the system. In order to provide more informative
reinforcement signals in many complex problems, different
approaches have been proposed to use non-binary reinforcement
signals to improve the learning performance, such as a three-
value reinforcement signal (0, �0.4, and �1) for a pendulum
swing up and balancing control task [24] and a quadratic
reinforcement signal for the helicopter flight control [28]. Instead
of hand-crafting such reinforcement signals, our objective in this
paper is to seek an approach that can automatically and adap-
tively develop informative internal reinforcement signals to guide
the intelligent system’s behavior to achieve on-line learning,
optimization, and control. We hope our proposed approach in
this paper can provide useful suggestions to this important
question regarding how to develop internal goal representations
for machine intelligence research.

The rest of this paper is organized as follows. Section 2
presents the detailed three-network ADP architecture design
Fig. 1. The proposed ADP architecture
and associated learning algorithm. The focus in this section is
the reference network and critic network design, as well as their
interactions to facilitate learning and optimization over time. In
Section 3, detailed experimental setup and simulation analysis
based on the cart-pole benchmark is presented to show the
effectiveness of our approach. Following this, we present another
case study in Section 4 with triple-linked inverted pendulum
balancing benchmark to further demonstrate how the proposed
approach performs under such a task. For both case studies, we
have provided detailed comparative study of our approach with
that of existing literature method. Finally, a conclusion and brief
discussion regarding future research directions are discussed in
Section 5.
2. A three-network ADP architecture

2.1. System architecture with internal goal representation

Fig. 1 shows the proposed ADP architecture with goal repre-
sentation for learning and optimization over time. Compared to
the existing ADP architectures, the key idea of our approach is to
integrate another network, the reference network, to provide the
internal reinforcement signal (internal goal representation) s(t), to
interact with the operation of the critic network. By introducing
such a reference network to represent the system’s internal goal,
this architecture provides a new way to adaptively estimate the
internal reinforcement signal instead of crafted by hand. This is
the most important contribution of this work when compared to
the existing ADP designs. From a mathematical point of view, this
new architecture presents two major differences compared with
that of the existing ADP designs. First, the critic network has one
more additional input s(t) from the reference network. Second,
the optimization error function and learning in the reference
network and critic network are different: The error function of
the reference network is related to the primary reinforcement
with internal goal representation.
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signal r(t), whereas for the critic network, it is related to the
internal reinforcement signal s(t). Both of these characteristics
will change the parameter tuning and adaptation in such a
network, which we will discuss in further detail in this section.
We would also like to note that another characteristic of our
method is that it shares the advantage of no requirement of a
system model to predict the future system state, as proposed in
the ADP architecture in [24]. This means similar to the architec-
ture in [24], our approach in this work also stores the previous
cost-to-go value to obtain the temporal difference for training at
any time instance, which enables the online learning, association,
and optimization over time.

2.2. Learning and adaptation in the proposed architecture

From Fig. 1 one can see there are three paths to tune the
parameters of the three types of networks. The action network in
this architecture is similar to the classic ADP approach to
indirectly backpropagate the error between the desired ultimate
objective Uc and the J function from the critic network [24,29].
Therefore, the error function Ea(t) used to update the parameters
in the action network can be defined as (path 1 in Fig. 1):

eaðtÞ ¼ JðtÞ�UcðtÞ; EaðtÞ ¼ 1
2e2

aðtÞ ð3Þ

The key of this architecture relies on the learning and adapting
process for the reference network and critic network. As the primary
reinforcement signal r(t) is presented to the reference network, the
secondary reinforcement signal s(t) is adapted to provide a more
informative internal reinforcement representation to the critic net-
work, which in turn is used to provide a better approximation of the
J(t). In this way, the primary reinforcement signal r(t) is in a higher
hierarchical level and can be a simple binary signal to represent
‘‘good’’ or ‘‘bad’’, or ‘‘success’’ or ‘‘failure’’, while the secondary
reinforcement signal s(t) can be a more informative continuous
values for improved learning and generalization performance.
Therefore, the error function Ef(t) used to update the parameters
in the reference network can be defined as (path 2 in Fig. 1):

ef ðtÞ ¼ aJðtÞ�½Jðt�1Þ�rðtÞ�; Ef ðtÞ ¼
1
2e2

f ðtÞ ð4Þ

Once the reference network outputs the s(t) signal, it will be used
as an input to the critic network, and also used to define the
error function to adjust the parameters of the critic network (path 3
in Fig. 1):

ecðtÞ ¼ aJðtÞ�½Jðt�1Þ�sðtÞ�; EcðtÞ ¼ 1
2e2

c ðtÞ ð5Þ
Fig. 2. Parameters adaptation and tu
In this architecture, the chain backpropagation rule is the key
to training and adaptation of the parameters of all three networks
(action network, critic network, and reference network) [20].
Fig. 2 shows the three backpropagation paths used to adapt the
parameters in the three networks.

In this figure, the optimization error functions for the action
network Ea, reference network Ef, and critic network Ec are
defined in Eqs. (3)–(5), respectively. Therefore, chain backpropa-
gation can be calculated through the three data paths as high-
lighted in Fig. 2. Briefly speaking, the high level conceptual
calculation on this can be summarized as follows:

Path 1: For action network:

@EaðtÞ

@waðtÞ
¼
@EaðtÞ

@JðtÞ

@JðtÞ

@uðtÞ

@uðtÞ

@waðtÞ
ð6Þ

Path 2: For reference network:

@Ef ðtÞ

@wf ðtÞ
¼
@Ef ðtÞ

@JðtÞ

@JðtÞ

@sðtÞ

@sðtÞ

@wf ðtÞ
ð7Þ

Path 3: For critic network:

@EcðtÞ

@wcðtÞ
¼
@EcðtÞ

@JðtÞ

@JðtÞ

@wcðtÞ
ð8Þ

2.3. Adaptation and learning in the three networks

In order to focus on the learning principle, in this paper we
assume neural networks with a three-layer nonlinear architecture
in all three networks. Meanwhile, since the weight tuning process
in the action network is similar to that as presented in [24], in this
paper we will only focus on the adaptation and learning in the
reference network and critic network for clear presentation.
Interested reader can refer to [24] for the detailed learning
process in the action network. We would also like to note that
the learning principles discussed in this section can also be
generalized to any arbitrary function approximators by properly
applying backpropagation rule, which will be reported in future
research studies. We now proceed to discuss the detailed design
strategy and learning process in the proposed ADP architecture.
2.3.1. Reference network learning and adaptation

Fig. 3(a) shows the reference network used in this design
with a three-layer nonlinear architecture (with one hidden layer).
To calculate the backpropagation, we first need to define the
ning based on backpropagation.



Fig. 3. Design of the three networks with nonlinear neural network: (a) Reference

network design; (b) critic network design.
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reference network output s(t) as follows:

sðtÞ ¼
1�exp�kðtÞ

1þexp�kðtÞ
ð9Þ

kðtÞ ¼
XNh

i ¼ 1

wð2Þfi
ðtÞyiðtÞ ð10Þ

yiðtÞ ¼
1�exp�ziðtÞ

1þexp�ziðtÞ
, i¼ 1, . . . ,Nh ð11Þ

ziðtÞ ¼
Xnþ1

j ¼ 1

wð1Þfi,j
ðtÞxjðtÞ, i¼ 1, . . . ,Nh ð12Þ

where zi is the ith hidden node input of the reference network and
yi is the corresponding output of the hidden node, k is the input to
the output node of the reference network before the sigmoid
function, Nh is the number of hidden neurons of the reference
network, and (nþ1) is the total number of inputs to the reference
network including the action value u(t) from the action network.

To apply the backpropagation rule, one can refer to Fig. 2 and
Eqs. (4) and (7). Specifically, since the output s(t) is an input to the
critic network, backpropagation can be applied here through the
chain rule (path 2) to adapt the parameters Wf. This procedure is
illustrated as follows.

(1) Dwð2Þf : Reference network weight adjustment for the
hidden to the output layer:

Dwð2Þfi
¼ Zf ðtÞ �

@Ef ðtÞ

@wð2Þfi
ðtÞ

2
4

3
5 ð13Þ

@Ef ðtÞ

@wð2Þfi
ðtÞ
¼
@Ef ðtÞ

@JðtÞ

@JðtÞ

@sðtÞ

@sðtÞ

@kðtÞ

@kðtÞ

@wð2Þfi
ðtÞ

¼ aef ðtÞ �
XNh

i ¼ 1

wð2Þci
ðtÞ

1

2
ð1�p2

i ðtÞÞw
ð1Þ
ci,nþ 2
ðtÞ

� �

�
1

2
ð1�ðsðtÞÞ2Þ � yiðtÞ ð14Þ

(2) Dwð1Þf : Reference network weight adjustments for the input
to the hidden layer:

Dwð1Þfi,j
¼ Zf ðtÞ �

@Ef ðtÞ

@wð1Þfi,j
ðtÞ

2
4

3
5 ð15Þ

@Ef ðtÞ

@wð1Þfi,j
ðtÞ
¼
@Ef ðtÞ

@JðtÞ

@JðtÞ

@sðtÞ

@sðtÞ

@kðtÞ

@kðtÞ

@yiðtÞ

@yiðtÞ

@ziðtÞ

@ziðtÞ

@wð1Þfi, j
ðtÞ

¼ aef ðtÞ �
XNh

i ¼ 1

wð2Þci
ðtÞ

1

2
ð1�p2

i ðtÞÞw
ð1Þ
ci,nþ 2
ðtÞ

� �
�
1

2
ð1�ðsðtÞÞ2Þ �wð2Þfi

ðtÞ �
1

2
ð1�y2

i ðtÞÞ � xjðtÞ ð16Þ

Once the reference network provides the secondary reinforce-
ment signal s(t) to the critic network, one can adapt the para-
meters in the critic network.

2.3.2. Critic network learning and adaptation

Fig. 3(b) shows the critic network used in our current design
with a three-layer nonlinear architecture (with one hidden layer).
To calculate the backpropagation, we first need to define the critic
network output J(t) as follows:

JðtÞ ¼
XNh

i ¼ 1

wð2Þci
ðtÞpiðtÞ ð17Þ

piðtÞ ¼
1�exp�qiðtÞ

1þexp�qiðtÞ
, i¼ 1, . . . ,Nh ð18Þ

qiðtÞ ¼
Xnþ2

j ¼ 1

wð1Þci,j
ðtÞxjðtÞ, i¼ 1, . . . ,Nh ð19Þ

where qi and pi are the input and output of the ith hidden node of
the critic network, respectively, and (nþ2) is the total number of
inputs to the critic network including the action value u(t) from
the action network and the secondary reinforcement signal s(t)
from the reference network.

By applying chain backpropagation rule (path 3), the procedure of
adapting parameters in the critic network is summarized as follows.

(1) Dwð2Þc : Critic network weight adjustments for the hidden to
the output layer:

Dwð2Þci
¼ ZcðtÞ �

@EcðtÞ

@wð2Þci
ðtÞ

" #
ð20Þ

@EcðtÞ

@wð2Þci
ðtÞ
¼
@EcðtÞ

@JðtÞ

@JðtÞ

@wð2Þci
ðtÞ
¼ aecðtÞ � piðtÞ ð21Þ

(2) Dwð1Þc : Critic network weight adjustments for the input to
the hidden layer:

Dwð1Þci,j
¼ ZcðtÞ �

@EcðtÞ

@wð1Þci,j
ðtÞ

" #
ð22Þ

@EcðtÞ

@wð1Þci,j
ðtÞ
¼
@EcðtÞ

@JðtÞ

@JðtÞ

@piðtÞ

@piðtÞ

@qiðtÞ

@qiðtÞ

@wð1Þci,j
ðtÞ

¼ aecðtÞ �w
ð2Þ
ci
ðtÞ �

1

2
ð1�p2

i ðtÞÞ � xjðtÞ ð23Þ

3. Simulation analysis I: case study with cart-pole
balancing benchmark

3.1. Description of the system model

The proposed three-network architecture has been implemented
on a cart-pole balancing problem, which is the same as that in [24].
Our ultimate goal here is to control the force applied on the cart to
move it either left or right to keep the balance of the single pole
mounted on the cart. The system function of the model is described
as following:

@2y=@t2 ¼
g sin yþ cos y½�F�ml _y

2
sin yþmc sgnð _xÞ�

mc þm �
mp
_y

ml

l 4
3 �

m cos y2

mc þm

� � ð24Þ

@2x=@t2 ¼
Fþml½ _y

2
sin y� €y cos y��mc sgnð _xÞ

mcþm
ð25Þ



Table 2
Performance evaluation on case I: cart-pole balancing task. The 2nd and the 3rd

columns are with our proposed method, while the 4th and the 5th columns are the

results from [24].

Noise type Success

rate (%)

# of

trial

Success

rate (%)

# of

trial

Noise free 100 13.7 100 6

Uniform 5% a.a 100 16.1 100 8

Uniform 10% a. 100 20.6 100 14

Uniform 5% s.b 100 12.6 100 32

Uniform 10% s. 100 14.4 100 54

Gaussian s2ð0:1Þ s. 100 15.0 100 164

Gaussian s2ð0:2Þ s. 100 21.3 100 193

a a.: actuators are subject to the noise.
b s.: sensors are subject to the noise.

Fig. 4. Definition of notation used in the system equations for the triple link

inverted pendulum benchmark.
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where the acceleration g¼9.8 m/s2, the mass of the cart mc¼1.0 kg,
the mass of the pole m¼0.1 kg, half-pole length l¼0.5 m, the
coefficient of friction of the cart m¼ 0:0005 and the coefficient of
friction of the pole mp ¼ 0:000002. The force F applied to the cart is
either 10 N or �10 N, and the sgn function in Eq. (25) is defined as
following:

sgnðxÞ ¼

1, x40

0, x¼ 0

�1, xo0

8><
>: ð26Þ

The state vector in this system model is

Q ¼ ½x y _x _y� ð27Þ

In our current study, we adopted the same criteria as those in
[24] to evaluate the performance of our control approach. That is
to say a pole is considered fallen when the angular is outside the
range of [�121, 121] or the cart if beyond the range of [�2.4 m,
2.4 m]. Note that in our current study, the F force applied to the
cart is a binary value (i.e., either 10 N or �10 N) while the control
action u(t) fed to the critic network is a continuous value.

3.2. Simulation results

In order to evaluate the statistic performance of our proposed
approach, we set 100 runs to this task with different initial state
conditions. Specifically, the angular and angular velocity of the
pole in each of these initial states are uniformly generated within
[�0.11, 0.11] and ½�0:5,0:5�180=pi rad=s, respectively, while the
position and velocity of the cart are both 0. We hope these
different initial conditions will provide a comprehensive under-
standing of our approach.

The parameters in our simulation are summarized in Table 1
and the notations are defined as following:

lc(0): initial learning rate of the critic network;
la(0): initial learning rate of the action network;
lr(0): initial learning rate of the reference network;
lc(k): learning rate of the critic network which is decreased by
0.05 every five time steps until it reach lc(f) and stay
thereafter;
la(k): learning rate of the action network which is decreased by
0.05 every five time steps until it reach la(f) and stay
thereafter;
lr(k): learning rate of the reference network which is decreased
by 0.05 every five time steps until it reach lr(f) and stay
thereafter;
Nc: internal cycle of the critic network;
Na: internal cycle of the action network;
Nr: internal cycle of the reference network;
Tc: internal training error threshold for the critic network;
Ta: internal training error threshold for the action network;
Tr: internal training error threshold for the reference network.

For comparative study, here we compare our results with those
of ADP structure presented in [24] with the same parameter setting.
These results are summarized in Table 2. For fair comparison,
Table 1
Summary of the parameters used in cart-pole balancing task.

Para. lcð0Þ lað0Þ lrð0Þ lcðf Þ laðf Þ lrðf Þ

Value 0.3 0.3 0.3 0.001 0.001 0.001

Para. Nc Na Nr Tc Ta Tr a
Value 80 100 50 0.05 0.005 0.05 0.95
we also added the same type of noises according to [24] in our
simulation. From these results one can see, our approach can
provide competitive results, especially under the uniform noise
and Gaussian noise on sensors. We would also like to note that
under noise free condition and uniform noise on actuator (both
5% and 10%), the approach in [24] can provide better results. This
might indicate our approach is more robust and can work
effectively under relatively large level of noises. We are currently
conducting large-scale experiments with different benchmarks
under various types of noises to investigate this issue, and
corresponding results will be presented later.
4. Simulation analysis II: case study with triple-link inverted
pendulum balancing benchmark

4.1. Description of the system model

The three-network approach mentioned above is now tested
on triple-link inverted pendulum, which is unstable with multi-
variables and exhibits non-negligible nonlinearities. This kind of
pendulum is frequently used to evaluate the performance of new
control strategies. Here we consider the same system model as
in [24,30]. Fig. 4 shows a schematic diagram depicting the
notations used.



Table 3
System constants for the triple link inverted pendulum problem.

Constant Value Constant Value

A1 Mþm1þm2þm3 A2 m1l1þðm2þm3ÞL1

A3 m2l2þm3L2 A4 m3l3
A5 Cc A6 �m1l1�ðm2þm3ÞL1

A7 �ðm2l2þm3L2Þ A8 �m3l3
A9 m1l1þðm2þm3ÞL1 A10 I1þm2l21þðm2þm3ÞL

2
1

A11 ðm2l2þm3L2ÞL1 A12 m3l3L1

A13 C1þC2 A14 ðm2l2þm3L2ÞL1

A15 �C2 A16 m3l3L1

A17 �gðm1l1þm2L1þm3L1Þ A18 m2l2þm3L2

A19 ðm2l2þm3L2ÞL1 A20 I2þm3L2
2þm2l22

A21 m3l3L2 A22 �ðm2l2þm3L2ÞL1

A23 �C2 A24 C2þC3

A25 m3l3L2 A26 �C3

A27 �gðm2l2þm3L2Þ A28 m3l3
A29 m3l3L1 A30 m3l3L2

A31 I3þm3l23 A32 C3

A33 �m3l3L1 A34 �gm3l3
A35 �m3l3L2 A36 �C3

A37 1.3 A38 0.506

A39 0.219 A40 0.568
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The nonlinear dynamic equations of this system can be
expressed as

FðqÞ
d2q

dt2
¼�G q,

dq

dt

� �
dq

dt
�HðqÞþLðq,uÞ ð28Þ

where

FðqÞ ¼

A1 A2 cosðy1Þ A3 cosðy2Þ A4 cosðy3Þ

A9 cosðy1Þ A10 A11 cosðy1�y2Þ A12 cosðy1�y3Þ

A18 cosðy2Þ A19 cosðy1�y2Þ A20 A21 cosðy2�y3Þ

A28 cosðy3Þ A29 cosðy1�y3Þ A30 cosðy2�y3Þ A31

2
66664

3
77775
ð29Þ
G q,
dq

dt

� �
¼

A5 A6 sinðy1Þ
_y1 A7 sinðy2Þ

_y2 A8 sinðy3Þ
_y3

0 A13 A14 sinðy1�y2Þ
_y2þA15 A16 sinðy1�y3Þ

_y3

0 A22 sinðy1�y2Þ
_y2þA23 A24 A25 sinðy2�y3Þ

_y3þA26

0 A33 sinðy1�y3Þ
_y1 A35 sinðy2�y3Þ

_y2þA36 A32

2
66664

3
77775 ð30Þ
q¼

x

y1

y2

y3

2
66664

3
77775 ð31Þ

HðqÞ ¼

0

A17 sinðy1Þ

A27 sinðy2Þ

A34 sinðy3Þ

2
66664

3
77775 ð32Þ

Lðq,uÞ ¼

Ksu�sgnðxÞmxA37

�sgnðy1Þm1A38

�sgnðy2Þm2A39

�sgnðy3Þm3A40

2
66664

3
77775 ð33Þ

Note that all the m here is the Coulomb friction coefficient for
links and is not linearizable. In this simulation, mx ¼ 0:07,
m1 ¼ m2 ¼ m3 ¼ 0:003, and Ai are all available in Table 3. The
parameters in Table 3 are defined in the following:

L1 : 0:43 m, total length of the 1st link;
L2 : 0:33 m, total length of the 2nd link;
L3 : 0:13 m, total length of the 3rd link;

l1 : 0:37 m, length from mount joint to the center of gravity of
1st link;

l2 : 0:3 m, length from 1st joint to the center of gravity of 2nd link;

l3 : 0:05 m, length from 2nd joint to the center of gravity of 3rd
link;

m1 : 0:4506 kg, mass of the 1st link;

m2 : 0:219 kg, mass of the 2nd link;

m3 : 0:0568 kg, mass of the 3rd link;
M: 1.014 kg, mass of the whole cart;

g : 9:8 m=s2, acceleration of gravity;

I1 : 0:0042 kg m2, mass moment of inertia of the 1st link about
its center of gravity;

I2 : 0:0012 kg m2, mass moment of inertia of the 2nd link
about its center of gravity;

I3 : 0:00010609 kg m2, mass moment of inertia of the 3rd link
about its center of gravity;
Cc : 5:5 Nm s, dynamic friction coefficient between the cart and
the track;
C1 : 0:00026875 Nm s, dynamic friction coefficient for the 1st
link;
C2 : 0:00026875 Nm s, dynamic friction coefficient for the 2nd
link;
C3 : 0:00026875 Nm s, dynamic friction coefficient for the 3rd link.

In this case, the only control unit u (in voltage), generated by
the action network, is converted into force by an analog amplifier
(with gain Ks¼24.7125 N/V) to the DC servo motor. Each link here
only rotates in a vertical plane, and the sample time interval is
chosen to be 5 ms. In order to better show the performance of the
proposed three network algorithm with Runge–Kutta methods,
the system equations are transformed into the state-space forms
as follows:

_Q ðtÞ ¼ f ðQ ðtÞ,uðtÞÞ ð34Þ
f ðQ ðtÞ,uðtÞÞ ¼
04�4 I4�4

04�4 �F�1
ðQ ðtÞÞGðQ ðtÞÞ

" #

þ
04�1

�F�1
ðQ ðtÞÞ½HðQ ðtÞÞ�LðQ ðtÞ,uðtÞÞ�

" #
ð35Þ

and

Q ¼ ½x y1 y2 y3 _x _y1
_y2

_y3 � ð36Þ

Specific physical meanings for these eight state variables are
illustrated in Fig. 4. They are
(a)
 x, position of the cart on the track;
(b)
 y1, vertical angle of the 1st link joint to the cart;

(c)
 y2, vertical angle of the 2nd link joint to the 1st link;

(d)
 y3, vertical angle of the 3rd link joint to the 2nd link;

(e)
 _x, cart velocity;

(f)
 _y1 , angular velocity of y1;

(g)
 _y2 , angular velocity of y2;

(h)
 _y3 , angular velocity of y3.
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4.2. Experiment setup

In this experimental setup, the constraints for the triple-linked
inverted pendulum are (1) the cart track extends 1.0 m to both
sides from the center point; (2) the voltage applied to the motor
should be within [�30 V, 30 V]; (3) each link angle should be
within the range of [�201, 201] with respect to the vertical axis.
Here, condition (2) is guaranteed by using a sigmoid function.
While for the other two conditions, if either one fails or both fail,
the system will be provided with an external reinforcement signal
r¼�1 at the moment of failure, otherwise r¼0 all the time. Based
on this external reinforcement signal, our three-network ADP
approach will automatically and adaptively develop an internal
reinforcement signal to facilitate the learning and optimization
process over time. For performance assessment, we also adopted
Table 4
Summary of the parameters used in triple-link inverted pendulum balancing task.

Para. lcð0Þ lað0Þ lrð0Þ lcðf Þ laðf Þ lrðf Þ

Value 0.3 0.3 0.3 0.001 0.001 0.001

Para. Nc Na Nr Tc Ta Tr a
Value 80 100 50 0.05 0.005 0.05 0.95

Table 5
Performance evaluation on case II: triple-link balancing task. The 2nd and the 3rd

columns are with our proposed method, while the 4th and the 5th columns are the

results from [24].

Noise type Success

rate (%)

# of

trial

Success

rate (%)

# of

trial

Noise free 99 571.4 97 1194

Uniform 5% a. 99 596.9 92 1239

Uniform 10% a. 99 673.1 84 1852

Uniform 5% s. 99 620.1 89 1317

Uniform 10% s. 99 657.9 80 1712

Gaussian s2ð0:1Þ s. 80 1170.4 85 1508

Gaussian s2ð0:2Þ s. 50 1372.2 76 1993
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Fig. 5. Statistics of the successful runs. (a) Number of required
the same criteria as in [24] for this triple-linked inverted pendu-
lum in this case study.

One hundred runs in our current study are conducted. Simi-
larly as cart-pole problem, for different runs, here we will use
different initial starting states. Specifically, we set the three
angles and angle velocity of the triple links to be uniformly
within the range of [�11, 11] and ½�0:50, 0:50�180=pi rad=s,
respectively. As for x and _x, their initial states are set to zero.
The critic network is chosen as a 10–20–1 multi-layer perceptron
(MLP) (i.e., ten input neurons, twenty hidden layer neurons, and
one output neuron) structure, the action neural network is chosen
as 8–14–1 MLP structure and the reference network is set as 9–
14–1 MLP structure. The learning parameters such as learning
rate, internal cycle, and internal training error threshold for the
action network, reference network, and critic network are pre-
sented in Table 4.

4.3. Simulation results

Summary of the simulation results with different noise condi-
tions is presented in Table 5. Comparing with those in [24], we can
see the proposed three network ADP architecture in this paper can
achieve competitive results in this case as well. To observe how the
proposed approach performs under this task, here we present a
snapshot of the statistics of different runs under noise free
condition. Fig. 5(a) shows the number of required trials for each
successful run, and Fig. 5(b) shows the corresponding histogram
information. Again, we would like to note that our results pre-
sented here are based on different initial conditions as specified in
Section 4.2 (i.e., the three angles and angle velocities of the triple
links are set to be uniformly within the range of [�11, 11] and
½�0:50, 0:50�180=pi rad=s, respectively, and the initial states of x

and _x are set to zero).
To further analyze how the proposed ADP structure can

accomplish the control task, Fig. 6(a)–(h) shows a typical trajectory
on the task for all the state variables under noise free condition,
namely the position x of the cart (Fig. 6(a)), the first, second, and
third joint angle of the triple link pendulum (Fig. 6(b)–(d)),
the velocity of the cart Fig. 6(e), and the angular velocity of the
first, second, and third joint angle of the triple link pendulum
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Histogram of number of trials in successful runs

number of trials in successful runs

trials for the successful runs. (b) Histogram the statistics.
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Fig. 6. Typical trajectory on the triple-link inverted pendulum balancing task. (a) The position x of the cart. (b) The 1st joint angle of the triple link pendulum. (c) The 2nd
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(Fig. 6(f)–(h)). The corresponding histogram information for the
position x and three joint angle information are also shown in
Fig. 7(a)–(d). All these results clearly indicate that the proposed
ADP approach can effectively control the system to achieve desired
states during the online learning process.

Furthermore, since the main objective of the reference net-
work is to provide an internal reinforcement signal to facilitate
the learning and optimization in the ADP structure, we further
analyze how the J value and control action u looks like in this
case. Fig. 8(a) shows a snapshot of the convergence of the J value
during the learning process, and Fig. 8(b) shows another snapshot
of the control action u during a typical successful run. Both figures
also clearly demonstrate that our proposed approach can effec-
tively accomplish the control performance in this case.
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5. Conclusion and future directions

In this paper, we present a three-network ADP architecture
with an action network, a critic network, and a reference network
for adaptive learning, control, and optimization. The key idea of
our approach is the introduction of a new reference network in
the ADP design to develop internal goal-representation to facil-
itate learning and optimization. This provides an effective way to
adaptively and automatically build the internal goal representa-
tions for the intelligent systems to achieve the goals. A detailed
design architecture and learning algorithm is presented, followed
by detailed simulation analysis on two benchmark tasks (i.e.,
balancing a cart-pole model and a triple-link inverted pendulum
model) to demonstrate the effectiveness of our approach.

As a new ADP architecture with the potential powerful cap-
ability of learning and optimization, there are several interesting
and important future research topics to explore along this direc-
tion. First, in this work we mainly focus on the ADP architecture
design, it would be important to study the theoretical aspect of
this approach such as convergence and stability of such a
structure. Such analytical analysis and theoretical proof will be
important to fully understand the internal mechanism and
foundation of this approach. Second, the learning algorithm we
developed in this work is based on the backpropagation method,
it will be interesting to investigate other weights turning and
adaptation techniques such as Levenberg–Marquardt (LM) algo-
rithm to see its performance [18,31]. Third, our current approach
in this paper is based on the action dependent HDP category of
ADP design, and it would be useful to investigate the integration
of this approach with other types of ADP design, such as DHP and
GDHP design to explore its capabilities to handle large-scale
complex optimization problems. Also, on a strongly related
aspect, our approach in this paper is built on the online actor-
critic framework without model network. It is well known that
model network plays an important role in many of the complex
adaptive control and optimization problems [1], therefore, the
integration of our approach with the model network design will
be another important future research direction. Finally, our case
study in this paper is limited to two balancing tasks (e.g., cart-
pole and triple-link inverted pendulum), it would be useful to test
the application of our approach to different benchmarks and
practical industrial control applications to fully justify its effec-
tiveness across different domains. Our group is currently inves-
tigating all these issues and will report corresponding results in
the future. Motivated by our results in this work, we hope the
proposed three-network ADP architecture will not only advance
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the fundamental ADP research for machine intelligence develop-
ment, but it can also provide potential new techniques and tools
for critical engineering applications across different domains.
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