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Data-Driven Robust Approximate Optimal Tracking
Control for Unknown General Nonlinear Systems
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Abstract— In this paper, a novel data-driven robust approxi-
mate optimal tracking control scheme is proposed for unknown
general nonlinear systems by using the adaptive dynamic pro-
gramming (ADP) method. In the design of the controller, only
available input–output data is required instead of known sys-
tem dynamics. A data-driven model is established by a recur-
rent neural network (NN) to reconstruct the unknown system
dynamics using available input–output data. By adding a novel
adjustable term related to the modeling error, the resultant
modeling error is first guaranteed to converge to zero. Then,
based on the obtained data-driven model, the ADP method is
utilized to design the approximate optimal tracking controller,
which consists of the steady-state controller and the optimal
feedback controller. Further, a robustifying term is developed
to compensate for the NN approximation errors introduced by
implementing the ADP method. Based on Lyapunov approach,
stability analysis of the closed-loop system is performed to
show that the proposed controller guarantees the system state
asymptotically tracking the desired trajectory. Additionally, the
obtained control input is proven to be close to the optimal control
input within a small bound. Finally, two numerical examples are
used to demonstrate the effectiveness of the proposed control
scheme.

Index Terms— Adaptive dynamic programming, data-driven
model, neural networks, optimal tracking control, robust control.

I. INTRODUCTION

DURING the last decades, the adaptive dynamic program-
ming (ADP) as an effective intelligent control method

has played an important role in seeking solutions for the
optimal control [1]–[11]. Some recent surveys in [12]–[14]
on ADP techniques present excellent overview of the state-
of-the-art developments. However, it is worth mentioning that
most of the existing results based on ADP technique require a
knowledge of known nonlinear dynamics. Hence, some studies
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have attempted to solve the optimal control solution based on
ADP technique without an a priori system model [15]–[18].
For linear discrete-time systems, Q-learning was introduced
to relax some of the exact model-matching restrictions in [15]
and [16], which allows model-free tuning of the action and
critic networks. For linear continuous-time systems, Vrabie
et al. proposed a new formulation of the proportional algorithm
which converges to the optimal control solution without using
internal dynamics of the system in [17]. Then this idea
was extended to nonlinear continuous-time systems in [18],
where the knowledge of the input-to-state dynamics was still
required. Nevertheless, the requirement of system dynamics
is hard to be satisfied, either fully or even partially known.
Hence, for the unknown general nonlinear systems, ADP
methods mentioned above cannot be applied directly.

Fortunately, we can access input–output data of the
unknown general nonlinear systems in many practical control
processes. So it is desirable to use available input–output
data in the design of the controller. Such techniques belong
to the field of data-driven control techniques [19]–[23]. The
historical input–output data could be incorporated indirectly
in the form of a data-driven model. The data-driven model
could extract useful information contained in input–output data
and capture input–output mapping. Markov models, neural
network (NN) models, well-structured filters, wavelet models,
and other function approximation models can be regarded
as data-driven models [24]–[31]. In this paper, we proposed
a data-driven model based on a recurrent neural network
(RNN) to reconstruct the unknown system dynamics by using
available input–output data. At first, a novel adjustable term
related to the modeling error is added to the data-driven model,
which guarantees the modeling error to converge to zero. Once
the obtained data-driven model is established, it can be used to
design controller. Consequently, it paves the way of applying
the ADP method to deal with the optimal control problem of
the unknown general nonlinear systems.

It is noted that most works based on ADP mentioned above
deal with stabilization issues. However, few results consider
the optimal tracking control problem based on ADP except
in [32]– [37]. In fact, optimal tracking problem is at least as
significant as the stabilization problem in the control field.
To the best of our knowledge, to date there have been no
attempts to solve the optimal tracking problem of unknown
general nonlinear systems based on the ADP method. In this
paper, for the first time, we propose a robust approximate
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optimal tracking controller via constructing a novel data-driven
model for the unknown general nonlinear systems. The derived
controller consists of the steady-state controller, the optimal
feedback controller, and a robustifying term. The steady-
state controller is designed to achieve the desired tracking
performance at the steady-state stage. The optimal feedback
controller is developed based on ADP to stabilize the state
tracking error dynamics at the transient stage in an optimal
way. In most existing literature [2]–[5], the critic NN and
the action NN are updated sequentially. By contrast, both
these are updated simultaneously in this paper. Because of
the utilization of NNs, there exist NN approximation errors
inevitably. Few of these papers mentioned above considered
the NN approximation errors (except [6], [10], [35]). However,
the results obtained in [6], [10], and [35] are uniformly
ultimately bounded (UUB). In this paper, a robustifying term
is developed to compensate for the NN approximation errors,
and hence the asymptotical tracking results can be obtained.
Moreover, the obtained control input is ensured to be close to
the optimal control input within a small bound.

The main contributions of this paper include the following.
1) It is the first time that the optimal tracking problem of

the unknown general nonlinear systems based on ADP
method is investigated.

2) A novel data-driven model is established based on an
RNN which guarantees the modeling error to asymptot-
ically converge to zero.

3) A robust approximate optimal tracking controller is
developed to ensure that the tracking error converges to
zero asymptotically. Moreover, the proposed controller
can ensure that the obtained control input is close to the
optimal control input within a small bound.

4) In the design of the optimal feedback controller based
on ADP, the critic NN and the action NN are updated
simultaneously.

The rest of this paper is organized as follows. In Section II,
the problem formulation is given. The establishment of data-
driven model is presented in Section III. Then the ADP-based
approximate optimal tracking control scheme is proposed
with stability proof in Section IV. The ADP-based robust
approximate optimal tracking control scheme is developed
with stability proof in Section V. Two simulation examples are
presented to show the satisfactory performance of the proposed
scheme in Section VI. Finally, the conclusions are drawn in
Section VII.

II. PROBLEM FORMULATION

Consider the following general nonlinear continuous-time
systems:

ẋ(t) = h(x(t), u(t)) (1)

where x(t) = (x1(t), x2(t), . . . , xn(t))T ∈ R
n is the state

vector, u(t) = (u1(t), u2(t), . . . , um(t))T ∈ R
m is the input

vector, and h(·, ·) is an unknown continuous nonlinear smooth
function with respect to x(t) and u(t).

For optimal tracking control problem, the control objective
is to design an optimal controller for (1) which ensures that
the state vector x(t) tracks the specified trajectory xd(t) and

minimizes the infinite horizon performance index function as
follows:

V (e(t)) =
∫ ∞

t
r(e(τ ), u(e(τ )))dτ (2)

where e(t) = x(t) − xd(t) denotes the state tracking error,
r(e(t), u(t)) = eT (t)Qe(t)+uT (t)Ru(t) is the utility function,
and Q and R are symmetric positive definite matrices with
appropriate dimensions.

Since the system dynamics is completely unknown, we
cannot apply existing ADP methods to (1) directly. Therefore,
it is desirable to devise a novel control scheme that does
not need the exact system dynamics but only the input–
output data which can be obtained during the operation of the
system. In this paper, we propose a data-driven robust optimal
tracking control scheme using the ADP method for unknown
general nonlinear continuous-time systems. Specifically, the
design of proposed controller is divided into two steps:
1) establishing a data-driven model based on an RNN by using
available input–output data to reconstruct the unknown system
dynamics, and 2) designing the robust approximate optimal
tracking controller based on the obtained data-driven model.
In the following, the establishment of data-driven model and
the controller design are discussed in detail.

III. ESTABLISHMENT OF DATA-DRIVEN MODEL

In this section, a data-driven model is established based on
an RNN to reconstruct the unknown system dynamics by using
available input–output data. By adding a novel adjustable term
related to the modeling error, the resultant modeling error is
guaranteed to converge to zero.

To begin with the development, the system dynamics (1) is
rewritten in the form of an RNN as follows [38]:

ẋ(t) = C∗T x(t)+ A∗T f (x(t))+C∗T
u u(t)+ A∗T

u +ε(t) (3)

where ε(t) is assumed to be bounded, and C∗T , A∗T , C∗T
u ,

and A∗T
u are the unknown ideal weight matrices. The activa-

tion function f (·) is selected as a monotonically increasing
function satisfying

0 ≤ f (x)− f (y) ≤ k(x − y) (4)

for any x, y ∈ R and x ≥ y, k > 0, such as f (x) = tanh(x).
Based on (3), the data-driven model is then constructed as

˙̂x(t) = ĈT (t)x̂(t)+ ÂT (t) f (x̂(t))+ ĈT
u (t)u(t) + ÂT

u (t)

−υ(t) (5)

where x̂(t) is the estimated system state vector, Ĉ(t), Â(t),
Ĉu(t), and Âu(t) are the estimates of the ideal weight matrices
C∗, A∗, C∗

u , and A∗
u , respectively, and υ(t) is defined as

υ(t) = Sem(t)+ λ̂(t)em(t)

eT
m(t)em(t)+ η

(6)

where em(t) = x(t)− x̂(t) is the system modeling error, S ∈
R

n×n is a designed matrix, λ̂(t) ∈ R is an additional tunable
parameter, and η > 1 is a constant.

Assumption 1 [39]: The term ε(t) is assumed to be upper
bounded by a function of modeling error such that

εT (t)ε(t) ≤ εM (t) = λ∗eT
m(t)em(t) (7)
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where λ∗ is the bounded constant target value.
The modeling error dynamics is written as

ėm(t) = C∗T em(t)+ C̃T (t)x̂(t)+ A∗T f̃ (em(t))

+ ÃT (t) f (x̂(t))+ C̃T
u (t)u(t)+ ÃT

u (t)+ ε(t)

+Sem(t)− λ̃(t)em(t)

eT
m(t)em(t)+ η

+ λ∗em(t)

eT
m(t)em(t)+ η

(8)

where C̃(t) = C∗ − Ĉ(t), Ã(t) = A∗ − Â(t), C̃u(t) = C∗
u −

Ĉu(t), Ãu(t) = A∗
u − Âu(t), f̃ (em(t)) = f (x(t)) − f (x̂(t)),

and λ̃(t) = λ∗ − λ̂(t).
Theorem 1: The modeling error em(t) will asymptotically

converge to zero as t → ∞ if the weight matrices and the
tunable parameter of the data-driven model (5) are updated
through the following equations:

˙̂C(t) = �1 x̂(t)eT
m(t)

˙̂A(t) = �2 f (x̂(t))eT
m(t)

˙̂Cu(t) = �3u(t)eT
m(t)

˙̂Au(t) = �4eT
m(t)

˙̂
λ(t) = −�5

eT
m(t)em(t)

eT
m(t)em(t)+ η

(9)

where �i is a positive definite matrix such that �i = �T
i > 0,

i = 1, 2, . . . , 5.
Proof: Choose the following Lyapunov function candi-

date:
J (t) = J1(t)+ J2(t) (10)

where

J1(t) = 1

2
eT

m(t)em(t)

J2(t) = 1

2
tr

{
C̃T (t)�−1

1 C̃(t)+ ÃT (t)�−1
2 Ã(t)

+ C̃T
u (t)�

−1
3 C̃u(t)+ ÃT

u (t)�
−1
4 Ãu(t)

}

+ 1

2
λ̃T (t)�−1

5 λ̃(t).

Then the time derivative of the Lyapunov function candidate
(10) along the trajectories of the error system (8) is computed
as follows:

J̇1(t) = eT
m(t)C

∗T em(t)+ eT
m(t)C̃

T (t)x̂(t)

+ eT
m(t)A

∗T f̃ (em(t))+ eT
m(t) Ã

T (t) f (x̂(t))

+ eT
m(t)C̃

T
u (t)u(t)+ eT

m(t) Ã
T
u (t)+ eT

m(t)ε(t)

+ eT
m(t)Sem(t)− eT

m(t)λ̃(t)em(t)

eT
m(t)em(t)+ η

+ eT
m(t)λ

∗em(t)

eT
m(t)em(t)+ η

. (11)

From (4), we can obtain

eT
m(t)A

∗T f̃ (em(t)) ≤ 1

2
eT

m(t)A
∗T A∗em(t)

+1

2
k2eT

m(t)em(t). (12)

According to Assumption 1, we have

eT
m(t)ε(t) ≤ 1

2
eT

m(t)em(t)+ 1

2
εT (t)ε(t)

≤ 1

2
eT

m(t)em(t)+ 1

2
λ∗eT

m(t)em(t). (13)

Therefore (11) can be rewritten as

J̇1(t) ≤ eT
m(t)C

∗T em(t)+ eT
m(t)C̃

T (t)x̂(t)

+ 1

2
eT

m(t)A
∗T A∗em(t)

+
(

1

2
+ 1

2
λ∗ + 1

2
k2

)
eT

m(t)em(t)

+ eT
m(t) Ã

T (t) f (x̂(t))

+ eT
m(t)C̃

T
u (t)u(t)+ eT

m(t) Ã
T
u (t)

+ eT
m(t)Sem(t)− eT

m(t)λ̃(t)em(t)

eT
m(t)em(t)+ η

+ eT
m(t)λ

∗em(t)

eT
m(t)em(t)+ η

. (14)

Computing the time derivative of J2(t) yields

J̇2(t) = tr
{

C̃T (t)�−1
1

˙̃C(t) + ÃT (t)�−1
2

˙̃A(t)
+ C̃T

u (t)�
−1
3

˙̃Cu(t)+ ÃT
u (t)�

−1
4

˙̃Au(t)
}

+ λ̃T (t)�−1
5

˙̃λ(t). (15)

Combining (14) with (15), we have

J̇ (t) ≤ eT
m(t)C

∗T em(t)+ 1

2
eT

m(t)A
∗T A∗em(t)

+eT
m(t)

((
1

2
+ 1

2
λ∗ + 1

2
k2

)
In + S

)
em(t)

+ eT
m(t)λ

∗em(t)

eT
m(t)em(t)+ η

≤ eT
m(t)�em(t) (16)

where In denotes a n × n identity matrix and

� = C∗T + 1

2
A∗T A∗ +

(
1

2
+ 3

2
λ∗ + 1

2
k2

)
In + S.

S is selected to make � < 0. Therefore, it can be concluded
that J̇(t) < 0. Since J (t) > 0, it follows from [40] that
em(t) → 0 as t → ∞.

This completes the proof.
Remark 1: According to the results of Theorem 1, since

em(t) → 0 as t → ∞, the term υ(t) → 0 as t → ∞. In
addition, ˙̂C(t) → 0, ˙̂A(t) → 0, ˙̂Cu(t) → 0, and ˙̂Au(t) → 0
as em(t) → 0. It means that Ĉ(t), Â(t), Ĉu(t), and Âu(t) all
tend to be constant matrices, which are denoted as C , A, Cu ,
and Au , respectively.

Consequently, the nonlinear system (1) can be rewritten as

ẋ(t) = CT x(t)+ AT f (x(t))+ CT
u u(t)+ AT

u . (17)

The original optimal tracking problem of (1) is transformed
into the optimal tracking problem of (17). In the following
sections, the controller design based on (17) will be given in
detail.
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IV. ADP-BASED APPROXIMATE OPTIMAL TRACKING

CONTROLLER DESIGN

Assume that the desired trajectory xd(t) has the following
form:

ẋd(t) = CT xd(t)+ AT f (xd(t))+ CT
u ud (t)+ AT

u (18)

where ud(t) is the control input of the desired system.
By using (17) and (18), the error system can be formulated

as

ė(t) = CT e(t)+ AT fe(t)+ CT
u ue(t) (19)

where fe(t) = f (x(t))− f (xd(t)) and ue(t) = u(t)−ud (t). It
is noted that the controller u(t) is composed of two parts, i.e.,
the steady-state controller ud(t), and the feedback controller
ue(t).

The steady-state controller ud(t) can be obtained from (18)
as

ud (t) = C−T
u

(
ẋd(t)− CT xd(t)− AT f (xd(t))− AT

u

)
(20)

where C−1
u stands for the pseudo-inverse of Cu , which is used

to maintain the tracking error close to zero at the steady-state
stage. From (20), ud (t) is related to Cu , C , A, Au , xd(t), and
ẋd(t). And it can be computed directly.

Next, the feedback controller ue(t) is designed to stabilize
the state tracking error dynamics at transient stage in an
optimal manner. In the following, for brevity, the notations
e(t), ud(t), ue(t), u(t), and V (e(t)) are rewritten as e, ud , ue,
u, and V (e).

The infinite horizon performance index function (2) is
transformed into

V (e) =
∫ ∞

t
r(e(τ ), ue(e(τ )))dτ (21)

where r(e, ue) = eT Qe + uT
e Rue is the utility function,

and Q and R are symmetric positive definite matrices with
appropriate dimensions.

It is desirable to find the optimal feedback control u∗
e that

stabilizes (19) and minimizes the performance index (21). This
kind of control is called admissible control.

Definition 1 [2]: A control policy μ(e) is defined as admis-
sible with respect to (21) on 	, denoted by μ(e) ∈ ψ(	), if
μ(e) is continuous on 	, μ(0) = 0, μ(e) stabilizes (19) on
	, and V (e) is finite, ∀e ∈ 	.

Define the Hamiltonian function as

H (e, ue, Ve) = V T
e

(
CT e + AT fe + CT

u ue

)

+ eT Qe + uT
e Rue (22)

where Ve = ∂V (e)/∂e.
The optimal cost function V ∗(e) is defined as

V ∗(e) = min
ue∈ψ(	)

(∫ ∞

t
r(e(τ ), ue(e(τ )))dτ

)
(23)

and satisfies

0 = min
ue∈ψ(	)

[H (e, ue, V ∗
e )]. (24)

Further, we can obtain the optimal control u∗
e by solving

∂H (e, ue, Ve)/∂ue = 0 as

u∗
e = −1

2
R−1Cu V ∗

e (25)

where V ∗
e = ∂V ∗(e)/∂e. Then the overall optimal control

input can be rewritten as u∗ = ud + u∗
e .

In the following, we will focus on the optimal feedback con-
troller design using the ADP method, which is implemented
by employing the critic NN and action NN.

A. Critic NN Design

A NN is utilized to approximate V (e) as follows:

V (e) = W T
1 φ1(e)+ ε1 (26)

where W1 is the unknown ideal constant weights and φ1(e) :
R

n → R
N1 is called the critic NN activation function vector,

N1 is the number of neurons in the hidden layer, and ε1 is the
critic NN approximation error.

The derivative of the cost function V (e) with respect to e is

Ve = �φT
1 W1 + �ε1 (27)

where �φ1 � ∂φ1(e)/∂e and �ε1 � ∂ε1/∂e.
Let Ŵ1 be an estimate of W1, then we have the estimate of

V (e) as
V̂ (e) = Ŵ T

1 φ1(e). (28)

Then, the approximate Hamiltonian function can be derived
as follows:

H
(

e, ue, Ŵ1

)

= Ŵ T
1 �φ1

(
CT e + AT fe + CT

u ue

)
+ eT Qe + uT

e Rue

= e1. (29)

Given any admissible control policy ue, it is desired to select
Ŵ1 to minimize the squared residual error E1(Ŵ1) as

E1(Ŵ1) = 1

2
eT

1 e1. (30)

The weight update law for the critic NN is a gradient descent
algorithm, which is given by

˙̂W1 = −a1σ1

(
σ T

1 Ŵ1 + eT Qe + uT
e Rue

)
(31)

where a1 > 0 is the adaptive gain of the critic NN, σ1 =
σ/(σ T σ + 1), σ = �φ1(CT e + AT fe + CT

u ue). According to
the definition of σ1, there exists a positive constant σ1M > 1
such that ||σ1|| ≤ σ1M . Define the weight estimation error of
critic NN to be W̃1 = Ŵ1 − W1, and note that, for a fixed
control policy ue, the Hamiltonian function (22) becomes

H (e, ue,W1)

= W T
1 �φ1

(
CT e + AT fe + CT

u ue

)
+ eT Qe + uT

e Rue

= εH J B (32)

where the residual error due to the NN approximation is
εH J B = −�ε1(CT e + AT fe + CT

u ue).
Rewriting (31) by using (32), we have

˙̃W1 = −a1σ1

(
σ T

1 W̃1 + εH J B

)
. (33)
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B. Action NN Design

To begin the development of the feedback control policy,
ue is approximated by the action NN as

ue = W T
2 φ2(e)+ ε2 (34)

where W2 is the matrix of unknown ideal constant weights and
φ2(e) : R

n → R
N2 is called the action NN activation function

vector, N2 is the number of neurons in the hidden layer, and
ε2 is the action NN approximation error.

Let Ŵ2 be an estimate of W2, the actual output can be
expressed as

ûe = Ŵ T
2 φ2(e). (35)

The feedback error signal used for tuning action NN is
defined to be the difference between the feedback control
input applied to the error system (19) and the control input
minimizing (28) as

e2 = Ŵ T
2 φ2 + 1

2
R−1Cu�φT

1 Ŵ1. (36)

The objective function to be minimized by the action NN
is defined as

E2(Ŵ2) = 1

2
eT

2 e2. (37)

The weight update law for the action NN is a gradient
descent algorithm, which is given by

˙̂W2 = −a2φ2

(
Ŵ T

2 φ2 + 1

2
R−1Cu�φT

1 Ŵ1

)T

(38)

where a2 > 0 is the adaptive gain of the action NN.
Define the weight estimation error of action NN to be W̃2 =

Ŵ2−W2. Since the control policy in (34) minimizes the infinite
horizon performance index function (26), from (25) we have

ε2 + W T
2 φ2 + 1

2
R−1Cu�φT

1 W1 + 1

2
R−1Cu�ε1 = 0. (39)

Combining (38) with (39), we have

˙̃W2 = −a2φ2

(
W̃ T

2 φ2 + 1

2
R−1Cu�φT

1 W̃1 + ε12

)T

(40)

where ε12 = −(ε2 + R−1Cu�ε1/2).
Remark 2: It is important to note that the tracking error

must be persistently excited sufficiently for tuning critic NN
and action NN. In order to satisfy the persistent excitation
condition, probing noise is added to the control input [6].
Further, the persistent excitation condition ensures ‖σ1‖ ≥ σ1m

and ‖φ2‖ ≥ φ2m , with σ1m and φ2m being positive constants.

C. Stability Analysis

Based on the above analysis, the optimal tracking controller
is composed of the steady-state controller ud and the optimal
feedback controller ue. As a result, the control input is
written as

u = ud + ûe. (41)

According to (35) and the error system (19), we have

ė = CT e + AT fe + CT
u Ŵ T

2 φ2. (42)

Subtracting and adding CT
u W2φ2 to (42), and recalling (34),

(42) is rewritten as

ė = CT e + AT fe + CT
u W̃ T

2 φ2 + CT
u ue − CT

u ε2. (43)

In the following, the stability analysis will be performed.
First, the following assumption is made, which can reasonably
be satisfied under the current problem settings.

Assumption 2:

1) The unknown ideal constant weights for the critic NN
and the action NN, i.e., W1 and W2, are upper bounded
so that ‖W1‖ ≤ W1M , ‖W2‖ ≤ W2M , respectively.

2) The NN approximation errors ε1 and ε2 are upper
bounded so that ‖ε1‖ ≤ ε1M , ‖ε2‖ ≤ ε2M , respectively.

3) The vectors of the activation functions of the critic NN
and the action NN, i.e., φ1 and φ2, are upper bounded
so that ‖φ1(·)‖ ≤ φ1M , ‖φ2(·)‖ ≤ φ2M , respectively.

4) The gradients of the critic NN approximation error and
the activation function vector are upper bounded so that
‖�ε1‖ ≤ ε′1M , ‖�φ1‖ ≤ φd M . And the residual error is
upper bounded so that ‖εH J B‖ ≤ εH J B M .

Now we are ready to prove the following theorem.
Theorem 2: Consider the system given by (17) and the

desired trajectory given by (18). Let the control input be
provided by (41). The weight updating laws of the critic NN
and the action NN are given by (31) and (38), respectively.
And let the initial action NN weights be chosen to generate
an initial admissible control. Then the tracking error e and the
weight estimate errors W̃1 and W̃2 are UUB with the bounds
specifically given by (53)–(55). Moreover, the obtained control
input u is close to the optimal control input u∗ within a small
bound εu , i.e., ‖u − u∗‖ ≤ εu as t → ∞ for a small positive
constant εu .

Proof: Choose the following Lyapunov function candi-
date:

L(t) = L1(t)+ L2(t)+ L3(t) (44)

where L1(t) = tr{W̃ T
1 W̃1}/2a1 L2(t) = a1tr{W̃ T

2 W̃2}/2a2 and
L3(t) = a1a2(eT e + �V (e)) with � > 0.

According to Assumptions 1 and 2 and using (21), (33),
and (40), the time derivative of the Lyapunov function can-
didate (44) along the trajectories of the error system (43) is
computed as

L̇(t) = L̇1(t)+ L̇2(t)+ L̇3(t) (45)

where

L̇1(t) = 1

a1
tr

{
W̃ T

1
˙̃W1

}

= 1

a1
tr

{
W̃ T

1 [−a1σ1(σ
T
1 W̃1 + εH J B)]

}

≤ −
(
σ 2

1m − a1

2
σ 2

1M

)
‖W̃1‖2 + 1

2a1
ε2

H J B (46)

L̇2(t) = a1

a2
tr{W̃ T

2
˙̃W2}

= a1

a2
tr

{
W̃ T

2 [−a2φ2(W̃
T
2 φ2
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+1

2
R−1Cu�φT

1 W̃1 + ε12)
T ]

}

≤ −
(

a1φ
2
2m − 3

4
a1a2φ

2
2M

)
‖W̃2‖2

+ a1

4a2
‖R−1‖2‖Cu‖2φ2

d M‖W̃1‖2 + a1

2a2
εT

12ε12 (47)

L̇3(t) = 2a1a2eT ė + a1a2�
(
−eT Qe − uT

e Rue

)

= 2a1a2eT
(

CT e + AT fe + CT
u W̃ T

2 φ2 + CT
u ue

−CT
u ε2)+ a1a2�

(
−eT Qe − uT

e Rue

)

≤ a1a2(2‖C‖ + 3 + ‖A‖2 + k2 − �λmin(Q))‖e‖2

+ a1a2φ
2
2M‖Cu‖2‖W̃2‖2 + a1a2‖Cu‖2εT

2 ε2

+ a1a2(‖Cu‖2 − �λmin(R))‖ue‖2.

Then

L̇(t) ≤ −
(
σ 2

1m − a1

2
σ 2

1M − a1

4a2
‖R−1‖2‖Cu‖2φ2

d M

)
‖W̃1‖2

−
(

a1φ
2
2m − 3

4
a1a2φ

2
2M − a1a2φ

2
2M‖Cu‖2

)
‖W̃2‖2

− a1a2

(
−‖Cu‖2 + �λmin(R)

)
‖ue‖2

− a1a2

(
−2‖C‖ − 3 − ‖A‖2 − k2 + �λmin(Q)

)
‖e‖2

+ 1

2a1
ε2

H J B + a1

2a2
εT

12ε12 + a1a2‖Cu‖2εT
2 ε2. (48)

By using Assumption 2, we have ‖ε12‖ ≤ ε12M , where ε12M =
ε2M + R−1Cuε

′
1M/2. Then

1

2a1
ε2

H J B + a1

2a2
εT

12ε12 + a1a2‖Cu‖2εT
12ε12 ≤ DM (49)

where

DM = ε2
H J B M

2a1
+ a1ε

2
12M

2a2
+ a1a2‖Cu‖2ε2

12M .

If �, a1, and a2 are selected to satisfy

� > max

{ ‖Cu‖2

λmin(R)
,

2‖C‖ + 3 + ‖A‖2 + k2

λmin(Q)

}
(50)

a1 <
4a2σ

2
1m

2a2σ
2
1M + ‖R−1‖2‖Cu‖2φ2

d M

(51)

a2 <
4φ2

2m

3φ2
2M + 4φ2

2M‖Cu‖2
(52)

and given that the inequalities

‖e‖ >
√

DM

a1a2(−2‖C‖ − 3 − ‖A‖2 − k2 + �λmin(Q))

� be (53)

or

‖W̃1‖ >
√

DM

σ 2
1m − a1

2 σ
2
1M − a1

4a2
‖R−1‖2‖Cu‖2φ2

d M

� bW̃1

(54)

or

‖W̃2‖ >
√

DM

a1φ
2
2m − 3

4 a1a2φ
2
2M − a1a2φ

2
2M‖Cu‖2

� bW̃2

(55)

hold, then L̇(t) < 0. Therefore, using Lyapunov theory [41], it
can be concluded that the tracking error e and the NN weight
estimation errors W̃1 and W̃2 are UUB.

Next we will prove ‖u − u∗‖ ≤ εu as t → ∞. Recalling
the expression of u∗ together with (34) and (41), we have

u − u∗ = W̃ T
2 φ2 + ε2. (56)

When t → ∞, the upper bound of (56) is

‖u − u∗‖ ≤ εu (57)

where εu = bW̃2
φ2M + ε2M .

This completes the proof.
Remark 3: From (31) and (38), it is noted that the weights

of critic NN and action NN are updated simultaneously in
contrast to some standard ADP methods in which the weights
of critic NN and action NN are updated sequentially.

Remark 4: If the NN approximation errors ε1 and ε2 are
considered to be negligible, then from (49) we have DM = 0,
with u → u∗. Otherwise, the obtained control input u is close
to the optimal input u∗ within a small bound εu .

Due to the presence of the NN approximation errors ε1
and ε2, the tracking error is UUB instead of asymptotically
converging to zero. In the following section, for improving
the tracking performance, an additional robustifying term is
developed to attenuate the NN approximation errors such that
tracking error converges to zero asymptotically.

V. ADP-BASED ROBUST APPROXIMATE OPTIMAL

TRACKING CONTROLLER DESIGN

In this section, a robustifying term is developed to compen-
sate for the NN approximation errors in order to obtain asymp-
totic tracking results, which can be constructed in the form

ur = Kr e

eT e + ζ
(58)

where ζ > 0 is a constant, and Kr > Krmin is a designed
parameter. Krmin is selected to satisfy the following inequality:

Krmin ≥ DM
(
eT e + ζ

)
2a1a2‖Cu‖eT e

. (59)

Then the overall control input is given as

uad = u − ur (60)

where u is the same as (41).
Applying (60) to the error system (17) and using (18), a

new error system is obtained as

ė = CT e+ AT fe +CT
u W̃ T

2 φ2 +CT
u ue −CT

u ε2 −CT
u ur . (61)

Theorem 3: Consider the system given by (17) and the
desired trajectory given by (18). Let the control input be
provided by (60). The weight updating laws of the critic NN
and the action NN are given by (31) and (38), respectively.
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And let the initial action NN weights be chosen to generate
an initial admissible control. Then the tracking error e and
the weight estimation errors W̃1 and W̃2 will asymptotically
converge to zero. Moreover, the obtained control input uad is
close to the optimal control input u∗ within a small bound
δu , i.e., ‖uad − u∗‖ ≤ δu as t → ∞ for a small positive
constant δu .

Proof: Choose the same Lyapunov function candidate as
in Theorem 2. Differentiating the Lyapunov function candidate
in (44) along the trajectories of the error system in (61), similar
to the proof of Theorem 2, by using (58) and (59), we can
obtain

L̇(t) ≤ −
(
σ 2

1m − a1

2
σ 2

1M − a1

4a2
‖R−1‖2‖Cu‖2φ2

d M

)
‖W̃1‖2

−
(

a1φ
2
2m − 3

4
a1a2φ

2
2M − a1a2φ

2
2M‖Cu‖2

)
‖W̃2‖2

− a1a2

(
−‖Cu‖2 + �λmin(R)

)
‖ue‖2

− a1a2(−2‖C‖ − 3 − ‖A‖2 − k2 + �λmin(Q))‖e‖2.

(62)

Choosing �, a1, and a2 as in Theorem 2, we have L̇(t) ≤ 0.
Equations (44) and (62) guarantee that the tracking error e and
NN weight estimation errors W̃1 and W̃2 are bounded since L
is nonincreasing. Because all the variables on the right-hand
side of (61) are bounded, ė is also bounded. From (62), we
have

L̇(t) ≤ −Be‖e‖2 (63)

where Be = a1a2(−2‖C‖ − 3 − ‖A‖2 − k2 + �λmin(Q)).
Integrating both sides of (63) and after some manipulations,

we have ∫ ∞

0
‖e‖2dt ≤ B−1

e (L(0)− L(∞)). (64)

Since the right side of (61) is bounded, ‖e‖ ∈ L2. Using
Barbalat’s lemma [41], we have lim

t→∞ ‖e‖ = 0. Similarly, we

can prove that lim
t→∞ ‖W̃1‖ = 0 and lim

t→∞ ‖W̃2‖ = 0.

Next we will prove ‖uad − u∗‖ ≤ δu as t → ∞. From (34)
and (60), we have

uad − u∗ = W̃ T
2 φ2 + ε2 + ur . (65)

Since ‖e‖ → 0 as t → ∞, the robustifying control input
‖ur‖ → 0 as t → ∞. Then the upper bound of (65) is

‖uad − u∗‖ ≤ δu (66)

where δu = ε2M .
This completes the proof.
Remark 5: From (57) and (66), it can be seen that δu is

smaller than εu , which reveals the role of the robustifying
term in making the obtained control input closer to the optimal
control input.

Remark 6: It is noted that the controller design is based on
the result of the data-driven model established in this paper.
During the process of modeling, sufficient learning time is
needed to guarantee that the modeling error converges to zero
asymptotically, which may be the weakness of this paper. Next,
our research efforts will be directed toward implementing the
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Fig. 1. Modeling error for the affine nonlinear system.
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Fig. 2. Tracking error for the affine nonlinear system.

system modeling and controller design simultaneously with
the purpose of suiting for fast changing dynamics.

VI. SIMULATION

In this section, two examples are provided to demonstrate
the effectiveness of the proposed approach.

Example 1: Consider the following affine nonlinear
continuous-time system:

ẋ1 = −x1 + x2

ẋ2 = −0.5x1 − 0.5x2

(
1−(cos(2x1)+ 2)2

)
+ (cos(2x1)+ 2)u. (67)

The performance index function is defined by (21), where
the Q and R are chosen as identity matrices of appropriate
dimensions. The control objective is to make x1 follow the
desired trajectory x1d = sin(t). It is assumed that the system
dynamics is unknown and input–output data are available.

At first, a data-driven model is established to estimate the
nonlinear system dynamics. Let us select the RNN as (5) with
S = −30I2 and η = 1.5. The activation function f (x̂) is
selected as hyperbolic tangent function tanh(x̂). Select the
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Fig. 5. Comparison result between initial admissible controller and robust
approximate optimal controller.

design parameters in Theorem 1 as �1 = [1, 0.1; 0.1, 1],
�2 = [1, 0.2; 0.2, 1], �3 = [1, 0.1; 0.1, 1], �4 = 0.2, and
�5 = 0.1. Then, we can obtain the curves of the modeling
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Fig. 6. Modeling error for the nonaffine nonlinear system.
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Fig. 7. Tracking error for the nonaffine nonlinear system.

error as shown in Fig. 1. It is observed that obtained data-
driven model can reconstruct the nonlinear system dynamics
successfully as Theorem 1 predicted.

Then, based on the obtained data-driven model, the approxi-
mate robust optimal controller is implemented for the unknown
affine nonlinear continuous-time system (67). The activation
function of critic NN is selected as φ1 = [x2

1 x1x2 x2
2 ]T , and

the critic NN weights are denoted as Ŵ1 = [Wc1 Wc2 Wc3]T .
The activation function of action NN φ2 is chosen as the
gradient of the critic NN, and the action NN weights are
denoted as Ŵ2 = [Wa1 Wa2 Wa3]T . The adaptive gains
for the critic NN and action NN are selected as a1 = 0.8
and a2 = 0.5, and the design parameters of the robusti-
fying term are selected as Kr = [20, 20], and ζ = 1.2.
Additionally, the critic NN weights are set as [1, 1, 1]T

at the beginning of the simulation with the initial weights
of the action NN chosen to reflect the initial admissi-
ble control. To maintain the excitation condition, probing
noise is added to the control input for the first 5000 s as
in [6].
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After simulation, the curve of the tracking error is shown in
Fig. 2. The convergence curves of the critic NN weights and
action NN weights are shown in Figs. 3 and 4, respectively. For
comparing the tracking performance, we apply the obtained
robust optimal controller and initial admissible controller to
(67) under the same initial state, and obtain the curves of
tracking error as shown in Fig. 5. It can be seen from
Fig. 5 that the proposed robust approximate optimal controller
yields better tracking performance than the initial admissible
controller.

Example 2: Consider the following nonaffine nonlinear
continuous-time system:

ẋ1 = x2

ẋ2 = x2
1 + 0.15u3 + 0.1(4 + x2

2 )u + sin(0.1u). (68)

The performance index function is defined as in Example 1.
The control objective is to make x1 follow the desired trajec-
tory x1d = sin(t). It is assumed that the system dynamics is
unknown and input–output data are available.

Using a similar method as in Example 1, we can obtain the
curves of modeling error as shown in Fig. 6. It is observed
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Fig. 10. Comparison result between initial admissible controller and robust
approximate optimal controller.

that obtained data-driven model learns the nonlinear system
dynamics successfully as Theorem 1 predicted. Then, based
on the obtained data-driven model we design the robust
approximate optimal controller, which is then applied to the
unknown nonaffine nonlinear system (68). The activation
functions of critic NN and action NN are the same as the
ones in Example 1. The adaptive gains for the critic NN
and action NN are selected as a1 = 0.5 and a2 = 0.2,
and the parameters of the robustifying term are selected as
Kr = [10, 10], ζ = 1.2. Additionally, the critic NN weights
are set as [1, 1, 1]T at the beginning of the simulation with
the initial weights of the action NN chosen to reflect the
initial admissible control. Similarly, to maintain the excitation
condition, probing noise is added to the control input for the
first 1500 s as in [6].

After simulation, the curve of the tracking error is shown
in Fig. 7. The convergence curves of the critic NN weights
and action NN weights are shown in Figs. 8 and 9, respec-
tively. Similarly, for comparing the tracking performance, we
apply obtained robust optimal controller and initial admissible
controller to (68) under the same initial state, and obtain the
curves of tracking error as shown in Fig. 10. It can be seen
from Fig. 10 that the proposed robust approximate optimal
controller yields better tracking performance than the initial
admissible controller. The simulation results reveal that the
proposed controller can be applied to nonaffine nonlinear
systems and obtain satisfying tracking performance even for
the unknown system dynamics.

VII. CONCLUSION

In this paper, we have proposed an effective scheme to
design the data-driven robust optimal tracking controller for
unknown general nonlinear systems. An RNN was employed
to establish the data-driven model. Morever, based on the
obtained model, the robust approximate optimal tracking con-
troller was developed, which is composed of the steady-state
controller for maintaining desired tracking at the steady-state
stage, the feedback controller for stabilizing the state tracking
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error dynamics at transient stage based on ADP method, and
a robustifying term for attenuating the NN approximation
errors. The simulation results have demonstrated the validity of
the proposed data-driven robust approximate optimal tracking
control scheme.
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